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ABSTRACT 
The process of excitation of harbors and bays by transient non- 
linear long waves is investigated theoretically and experimentally. In 
addition, nonlinear shallow water waves generated in a closed rectangu- 
lar basin by the motion of the basin are also examined. 
Two numerical methods based on finite element techniques are used 
to solve the weakly nonlinear-dispersive-dissipative equations of motion 
and are applied to the basin excitation problem and the transient harbor 
oscillation problem, respectively. In the latter case, the open sea 
conditions are simulated by including a radiative boundary condition in 
time at a finite distance from the harbor entrance. Various dissipative 
effects are also included. In addition to the numerical results, 
analytical solutions are presented to investigate certain particular 
aspects of basin and harbor oscillations (e.g., the effects of viscous 
dissipation in a harbor with sbple geometry). 
Experiments conducfed in the closed rectangular basin indicate 
that for a continuous excitation at or near a resonant mode of oscilla- 
tion the linear theory becomes inadequate and the nonlinear-dispersive- 
dissipative theory must be used. For a transient excitation the validity 
of the linear theory depends on the value of the Stokes parameter. 
Indeed, some features not predicted by the linear theory can be directly 
inferred from the magnitude of this parameter. 
Experiments on the continuous wave induced oscillations of a narrow 
rectangular harbor with constant depth show that at the first resonant 
mode convective nonlinearities can be neglected and a linear dissipative 
solution is sufficient to describe the waves inside the harbor. At the 
second resonant mode which corresponds to a longer harbor relative to 
the length of the incident wave, nonlinear convective effects 
become important and must be incorporated into the numerical model. 
Also the characteristics of various sources of dissipation which reduce 
resonance in the harbor are investigated experimentally. The sources 
considered include, among others, laminar boundary friction, leakage 
losses underneath the harbor walls, and energy dissipation due to flow 
separation at the entrance of the harbor. 
The good agreement obtained between the experiments and the non- 
linear numerical model developed in this study suggests that this model 
could be used with some confidence to predict the response characteristics 
of prototype harbors. As an example, the results of this study have been 
applied to the response of Ofunato Bay (Japan) to the tsunami generated 
by the Tokachi-Oki earthquake of May 16,1968. The model has been used 
to investigate the effects of convective nonlinearities on the bay 
oscillations and also to determine the efficiency of the breakwater 
which was built to reduce the effects of tsunamis at Ofunato. 
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CHAPTER 1 
INTRODUCTION 
The word tsunami is  used t o  des igna te  t h e  sea  waves which a r e  
generated by a geophysical mechanism such as an under-sea l a n d s l i d e  
o r  earthquake. It is taken from t h e  Japanese and t r a n s l a t e s  l i t e r a l l y  
t o  "harbor wave". This  i s  q u i t e  d e s c r i p t i v e  of one of t h e  major 
a s p e c t s  of t h e  problems assoc ia ted  with tsunamis, namely t h e  i n t e r -  
a c t i o n  of t h e  waves wi th  harbors  and bays. 
The propagation of tsunamis from t h e i r  source t o  t he  c o a s t l i n e  
can be  divided i n t o  t h r e e  major aspects :  
( i )  Generation and deep ocean propagation where t h e  tsunami is  
t y p i c a l l y  t ens  t o  hundreds of ki lometers  long, wi th  wave speeds of 
several hundreds of k i lometers  per  hour and a maximum wave he ight  of 
order  of perhaps a meter. 
(ii) Nearshore propagat ion where t h e  tsunami approaches t h e  coas t  
and undergoes some transformation a s  i t  propagates p a s t  t h e  con t inen ta l  
she l f  break and onto t h e  s h e l f ,  wi th  a reduct ion  i n  depth i n  a r a t i o  of t h r e e  
o r  four  going from t h e  open sea  t o  t h e  o f f sho re  c o a s t a l  regions.  
( i i i )  The i n t e r a c t i o n  with the  c o a s t l i n e  which combines r e f r a c t i o n ,  
shoal ing,  geometric energy focusing, and dynamic resonance e f f e c t s  which 
may r e s u l t  i n  s i g n i f i c a n t l y  increas ing  t h e  wave height .  These r e s u l t a n t  
waves which s t r i k e  t h e  sho re l ine  can present  s i g n i f i c a n t  hazards t o  l i f e  
and proper ty  i n  populated regions. 
An important c o a s t a l  e f f e c t  of tsunamis i s  t h e  dynamic e x c i t a t i o n  
of harbors  and bays which can be g r e a t l y  enhanced by the  l o c a l  
c h a r a c t e r i s t i c s  of t h e  embayment and may r e s u l t  i n  l a r g e  wave he igh t s  
and associated currents .  The currents  can cause damage t o  f l o a t i n g  
and f ixed s t ruc tu res  ins ide  t h e  bay and harbor. Of course it is  t h e  
wave runup a t  t h e  l a t e r a l  boundaries of a harbor o r  bay which can bring 
about considerable damage through the  inundation of coas ta l  areas. 
A s  an i l l u s t r a t i o n  of harbor o s c i l l a t i o n s  induced by tsunamis the  
t i d e  gage recordings a t  Honolulu (Hawaii) and Mokuoloe Island (near 
Oahu Island,  Hawaii) a r e  presented i n  Fig. 1.1 f o r  both the 1960 
. Chile Tsunami and t h e  1964 Alaska Tsunami. Those records show t h a t  
f o r  a given tsunami, the  wave response a t  two ra the r  c lose ly  spaced 
s t a t i o n s  ( l e s s  than 50 km apar t )  can be widely d i f f e r e n t  i n  both t h e  
wave amplitude and the apparent frequency d i s t r i b u t i o n  of the  energy. 
They a l s o  show tha t ,  f o r  a given location,  the shape of the  o s c i l l a t i o n s  
tends t o  be s imi lar  f o r  d i f f e r e n t  tsunamis suggesting t h a t  the  response 
of the l o c a l  waters is  of prime importance i n  defining the wave 
charac te r i s t i c s .  
A b e t t e r  understanding of the  wave dynamics ins ide  a bay i s  motivated 
i n  two ways. F i r s t ,  it can lead t o  b e t t e r  protec t ion of the coas ta l  
communities against  tsunami act ion.  Second, it may provide a means to  
determine i n  a r e l i a b l e  manner the incident  wave outside the  harbor 
or  bay. This may i n  tu rn  y ie ld  useful  information concerning the  deep 
water wave signature of the  tsunami which is  s t i l l  l a rge ly  unknown. 
1.1 Objectives and Scope 
The object ive of t h i s  study is t o  inves t igate  both theore t i ca l ly  
and experimentally the process of exc i t a t ion  of harbors by t r ans ien t  
nonlinear long waves which may r e s u l t  i n  nonlinear osc i l l a t ions .  
The emphasis i s  placed on some in te rac t ive  a f f e c t s  usually neglected 

i n  the  l i n e a r  i n v i s c i d  approach; t hese  include:  convect ive n o n l i n e a r i t i e s ,  
frequency d ispers ion ,  and viscous d i s s ipa t ion .  Two major a spec t s  of t h i s  
i nves t iga t ion  have evolved: 
( i )  The f i r s t  dea ls  with t h e  waves induced i n  a c losed rec tangular  
b a s i n , p a r t i a l l y  f i l l e d  with water,by ho r i zon ta l  motions. A wide range 
of experiments and complementary t h e o r e t i c a l  r e s u l t s  were obtained 
pr imar i ly  t o  study var ious  a spec t s  of boundary f r i c t i o n  i n  a con t ro l l ed  
environment where t h e  r e s u l t s  could be appl ied  d i r e c t l y  t o  the  harbor  
problem. It became apparent  when these  s t u d i e s  began t h a t  c e r t a i n  
nonl inear  e f f e c t s  which appl ied  t o  t h e  o s c i l l a t i o n s  i n  a c losed bas in  
i n  t h e  shallow water range a l s o  could be appl ied  t o  t h e  waves induced 
i n  a harbor.  Therefore,  t hese  c h a r a c t e r i s t i c s  were s tudied  t h e o r e t i c a l l y  
and experimental ly  i n  some d e t a i l .  
( i i )  The continuous and t r a n s i e n t  e x c i t a t i o n s  of a harbor is  t h e  
second (and t h e  most important) a spec t  inves t iga ted .  A numerical model 
was constructed t o  incorpora te  t he  va r ious  e f f e c t s  mentioned previously.  
The experimental i n v e s t i g a t i o n  of a harbor exc i t ed  by continuous t r a i n s  
of waves ( s t a r t i n g  from r e s t )  was r e s t r i c t e d  t o  a planform of a simple 
geometry, namely a long and narrow rec t angu la r  harbor wi th  a cons tan t  
depth. It was f e l t  t h a t  a d e t a i l e d  experimental study f o r  t h i s  harbor 
shape could y i e l d  information which would l ead  t o  f a i r l y  genera l  
conclusions app l i cab le  t o  more complicated shaped harbors .  I n  t h i s  
connection, c e r t a i n  d i s s i p a t i o n  mechanisms p e c u l i a r  t o  t h e  harbor 
problem were inves t iga t ed  experimental ly .  Most important of t hese  i n  
view of tsunamis i s  t h e  energy l o s s  a t  t he  en t rance  of t he  harbor f o r  
both a f u l l y  open and a p a r t i a l l y  closed harbor.  The t r a n s i e n t  e x c i t a t i o n  
of a harbor  was a l s o  inves t iga t ed  experimental ly  and extended t o  o the r  
harbor  geometries. 
I n  Chapter 2 previous s t u d i e s  of t h e  long wave dynamics i n  closed 
bas ins  and harbors  a r e  surveyed. A t h e o r e t i c a l  a n a l y s i s  i s  presented 
i n  Chapter 3. It c o n s i s t s  of t h e  d e r i v a t i o n  of t h e  long wave equat ions 
appl ied  t o  t he  present  s tudy,  t he  development of va r ious  s o l u t i o n s  f o r  
waves i n  a c losed  rec tangular  bas in  caused by a to-and-fro motion of 
t h e  basin, a linear analytical solution including various forms of 
d i s s i p a t i o n  f o r  the  wave-induced o s c i l l a t i o n s  i n  a rec tangular  harbor 
and t h e  development of a genera l  numerical s o l u t i o n  f o r  t h e  t r a n s i e n t  
wave dynamics i n  a harbor  with a r b i t r a r y  planform and v a r i a b l e  depth 
and nonl inear  wave e x c i t a t i o n  and response. The experimental equipment 
and procedures a r e  descr ibed i n  Chapter 4. T h e r e s u l t s  of t h e  
i n v e s t i g a t i o n  f o r  t h e  closed bas in  and f o r  t h e  harbor a r e  presented i n  
Chapters 5 and 6 ,  respec t ive ly .  Applicat ions of t h e  study t o  prototype 
s i t u a t i o n s  a r e  discussed i n  Chapter 7 and major conclusions a r e  presented 
i n  Chapter 8. 
Page 6 is blank. 
CHAPTER 2 
LITERATURE SURVEY 
I n  t h i s  chapter  t h e  l i t e r a t u r e  which p e r t a i n s  t o  t h i s  s tudy w i l l  be 
reviewed. It is divided i n t o  two major p a r t s :  t h e  f i r s t  d e a l s  with 
nonl inear  o s c i l l a t i o n s  i n  closed bas ins ,  and the  second d e a l s  with the  
response of bays and harbors  t o  t r a n s i e n t  waves. 
2.1. Nonlinear O s c i l l a t i o n s  i n  Closed Basins 
I n  t h i s  s e c t i o n  only inves t iga t ions  r e l a t e d  t o  nonl inear  f e a t u r e s  
which a r e  assoc ia ted  wi th  long wavesinduced i n  a  closed bas in  by hori-  
zon ta l  motions a r e  reviewed. 
Verhagen and Wijngaarden (1965) performed a t h e o r e t i c a l  and an 
experimental study of t h e  s teady s t a t e  f i n i t e  amplitude forced o s c i l l a-  
t i o n s  of a  f l u i d  i n  a shallow rec tangular  container .  They used the  
nonl inear ,  nondispersive shallow water wave equat ions and derived t h e i r  
s o l u t i o n  from t h e  method of c h a r a c t e r i s t i c s  and by allowing a  d i scon t i-  
n u i t y  t o  occur somewhere along t h e  wave p r o f i l e  a t  resonance and applying 
shock r e l a t i o n s h i p s  ac ros s  it. The experiments showed d i f f e rences  with 
the  r e s u l t s  of t h e i r  a n a l y s i s  due perhaps t o  important e f f e c t s  which 
were neglected,  such a s  frequency d i spe r s ion  and d i s s i p a t i o n .  
Chester (1968) recognized the  importance of t hese  f a c t o r s  and 
derived a  s teady  s t a t e  s o l u t i o n  f o r  t h e  waves induced i n  a  c losed basin 
by ho r i zon ta l  motions inc luding  the  e f f e c t s  of d i spe r s ion  and d i s s i p a t i o n .  
The method of s o l u t i o n  w a s  based on t h e  r e p r e ~ e n t a ~ i o n  of t h e  unknown 
q u a n t i t i e s  by Fourier  s e r i e s  which were subs t i t u t ed  i n t o  the  equat ions 
and t runcated f o r  t h e  numerical ca l cu la t ions .  This l ed  t o  an a lgeb ra i c  
system of nonlinear equatidns to be solved for the Fourier components. 
Chester found that, although nonlinear effects remained important near 
resonance,dispersion introduced higher harmonics in the spectrum of the 
solution. When combined with viscous dissipation these effects tended 
to smooth the shape of the shock predicted by the nonlinear shallow water 
wave theory. Chester and Bones (1968) performed a series of experiments 
with a tank moved horizontally with a sinusoidal excursion near resonant 
frequencies. They found reasonably good agreement with the theoretical 
results of Chester (1968). In particular they were able to characterize 
and quantify to some extent the effects of each mechanism: nonlinearities, 
dispersion and dissipation. This study is important in the context of 
long wave excitation of harbors because the three effects observed in 
closed basins are expected to have similar characteristics (at least 
qualitatively) for the harbor problem. 
Finally, Rogers and Mei (1975) derived an analytical expression for 
one dimensional standing gravity waves in a shallow basin from the 
equations of Boussinesq. They showed that as the Stokes parameter 
increased the standing wave changed from one with the usual sinusoidal 
shape to a solitary~wave moving to-and-fro within the basin. 
None of these studies investigated the transient features associated 
with the excitation of the basin. This aspect is important in the 
context of the tsunami problem and will be studied in some detail in 
this investigation. 
2.2 The Response of ~ a ~ s  and Harbors to Transient Waves 
In this section only the mare recent studies of wave induced 
oscillations in'harbors and bays are discussed. For a complete survey 
of the work done in this area the reader is referred to Raichlen (1966), 
Wilson (1972), Miles (1974) and Raichlen (1976). Various aspects of 
the tsunami problem, including some coastal effects, have been reviewed 
by Van Dorn (1965). A recent survey can also be found in Hwang (1979). 
The following dhcussion is divided into three parts. The linear 
inviscid approach is discussed first in Section 2.3.1. A f e w  papers 
which specifically discuss viscous effects associated with harbor 
oscillations are presented in Section 2.3.2.  Finally, the nonlinear 
approach is discussed in Section 2.3.3. 
2.2.1 Linear Inviscid Solutions 
A significant amount of work has been done in the past on 
the steady state characteristics of the linear inviscid response of 
harbors to harmonic incident waves. In all of these studies the flow 
is assumed to be irrotational and the boundary conditions at the water 
surface are linearized. These simplifications lead to the Helmholtz 
equation which must be solved in the region of interest. 
An important contribution to the dynamics of harbor oscillations 
was introduced by Miles and Munk (1961) who treated the problem of a 
rectangular harbor connected directly to the open sea by including the 
effect of energy radiation from the harbor mouth to the open sea. This 
effect limits the maximum wave amplitude within the harbor for the 
inviscid case to a finite value even at resonance. They found that in 
the absence of viscous dissipation the narrowing of the harbor entrance 
leads to an enhancement in harbor surging of resonance. This result, 
termed "harbor paradox'' by the authors,was found later to become invalid 
if viscous dissipation is introduced. 
Ippen and hichlen (1962) investigated both analytically and experi- 
mentally the wave induced oscillations in a smaller rectangular harbor 
connected to a larger highly reflective rectangular wave basin. Because 
of the high deg~ee of coupling .between the two basins the response 
characteristics of the harbor as a function of incident wave period were 
radically different from a similar prototype harbor connected to the open 
sea.- The former was characterized by a large number of closely spaced 
spikes as opposed to the latter that would have discrete resonant modes 
of oscillations. This study emphasized the need for efficient wave 
. - 
filters and wave absorbers in a wave basin for the proper simulation 
of the open sea conditions in laboratory. 
Ippen and Goda (1963) also studied, both theoretically and experi- 
mentally, the problem of a rectangular harbor connected to the open 
sea. Fairly good agreement waefound between the theory and the 
experiments conducted in a wave basin (2.75 m wide and 3.35 m long) where 
satisfactory wave energy dissipators were .installed around the boundary 
to simulate the open sea. 
Hwang and Tuck (1970) and Lee (1971) independently developed 
analytical methods to solve the harbor resonance problem for  harbors ~f 
arbitrary shape and constant depth connected to the open sea and excited 
by continuous wave trains. They both used integral techniques, but the 
former investigators considered only one fluid domain while the latter 
considered two regions, the outside ocean and the inside harbor with a 
matching procedure used at the harbor entrance. In addition, Lee (1971) 
performed careful experiments in the laboratory for various simple 
geometric shapes as well as for a more complicated configuration (Long 
Beach Harbor). For all cases the agreement between the theory and the 
experiments was good. All the.experiments were done in deep water 
using small amplitude incident waves. A subsequent theoretical and 
experimental study was conducted by Lee and Raichlen (1972) extending 
the results of Lee (1971) to harbors composed of connected basins. It 
was found in some cases that the coupling of the main basin in a harbor 
to smaller ones can aggravate the resonance problem instead of 'improving 
it. 
Olsen and Hwang (1971) considered a harbor with arbitrary planform 
and variable depth. They used a finite difference model for the harbor and 
at some distance outside the entrance this model was matched to an 
open sea integral solution to determine the response defined in terms 
of the power density. They applied their model to a harbor in Hawaii 
where field measurements were available and reproduced reasonably well 
the trend of the distribution of energy. 
Chen and Mei (1974) developed a hybrid f inite-element model applicable 
to general linear diffraction problems. Two regions were considered. 
A finite element formulatian was used in the interior region. The . 
solution in the outer region was represented as the superposition of 
the incident wave system and the radiated wave sy.stem. The latter was 
represented as a series solution which satisfied the radiation condition 
automatically. A matching procedure, integrated into the variational 
formulation of the global problem,was applied at the boundary between 
the two regions. 
Miles and Lee (1975) presented an approxinate analytical method to 
determine the characteristics of the oscillations in a harbor at the 
Helmholtz mode for the case of an arbitrary planform and variable 
depth. Their  method a p p l i e s  reasonably w e l l  f o r  ca ses  where most of t h e  
k i n e t i c  energy of t h e  wave o s c i l l a t i o n  remains concentrated mainly near 
t he  mouth. 
Once t h e  t r a n s f e r  func t ion  of t h e  harbor a t  a  p a r t i c u l a r  l o c a t i o n  
has been computed by one of t h e  previously mentioned methods t h e  t r a n s i e n t  
response of t h e  harbor a t  t h a t  l o c a t i o n  can be obtained f o r  any inc iden t  
t r a n s i e n t  wave using Four ie r  techniques, assuming t h e  process  t o  be 
e n t i r e l y  l i n e a r .  This  approach was chosen by va r ious  i n v e s t i g a t o r s  
t o  s tudy the  t r a n s i e n t  a spec t s  r e l a t e d  t o  harbor o s c i l l a t i o n .  
Ca r r i e r  and Shaw (1969) used t h i s  method t o  i n v e s t i g a t e  t h e o r e t i c a l l y  
t h e  response of a narrow mouthed r ec t angu la r  harbor ,  wi th  and without an 
entrance channel,  Lo an  inc iden t  wave which had the  form of a  pulse.  
They found o s c i l l a t i o n s  wi th  a  r e l a t i v e l y  long du ra t ion  compared t o  t h e  
du ra t ion  of t h e  inc iden t  wave; t h i s  shows t h e  e f f e c t  of resonance where 
a p a r t  of t h e  energy i s  r ad ia t ed  ou t  of t h e  harbor while a  p a r t  remains 
trapped i n s i d e  f o r  some time. An entrance channel coupled t o  t h e  harbor 
i n  t h i s  i nv i sc id  t reatment  increased  t h e  energy t rapping.  
L e p e l l e t i e r  (1978) performed a s e t  of t r a n s i e n t  experiments i n  
deep water and intermediate depths for a fully open rec tangular  harbor 
and compared t h e  experimental r e s u l t s  wi th  the  l i n e a r  i nv i sc id  theory. 
The inc ident  wave looked l i k e  an  impulse followed by seve ra l  small  
o s c i l l a t o r y  waves. Good agreement was obtained between t h e  experiments 
and t h e  l i n e a r  theory except f o r  t h e  decay r a t e ;  t h i s  was l a r g e r  f o r  
t he  experiments i n d i c a t i n g  e f f e c t s  of v i scous  d i s s i p a t i o n .  I n  p a r t i c u l a r  
t h e  energy s p e c t r a  f o r  t h e  experiments obtained from measurements a t  t h e  
backwall of t h e  harbor agreed reasonably we l l  with t h e  corresponding 
spec t r a  obtained from t h e  l i n e a r  theory and were q u i t e  d i f f e r e n t  from 
t h e  spec t r a  of t h e  inc iden t  waves. The good agreement between l i n e a r  
theory and experiments even f o r  l a r g e  f i n i t e  amplitude inc iden t  waves 
sugges ts  t h a t  t h e  response of t h e  harbor,  under c e r t a i n  condi t ions ,  may 
remain l i n e a r  even i n  extreme cases .  
Houston (1978) used a f i n i t e  element numerical model based upon t h e  
method developed by Chen and Mei (1974) t o  c a l c u l a t e  t h e  i n t e r a c t i o n  
of tsunamis with t h e  Hawaiian I s lands .  Using a numerical model f o r  t h e  
genera t ion  and deep ocean propagation of t h e  tsunami and da t a  of ground 
u p l i f t  f o r  t h e  1960 Chilean tsunami and f o r  t h e  1964 Alaskan tsunami, 
Houston (1978) determined deep ocean wave shapes f o r  t hese  two tsunamis. 
These waves were used as input  t o  t h e  f i n i t e  element model and the  
tsunamis were propagated t o  shore.  Good agreement was found with t i d e  
gage records  of t h e s e  tsunamis a t  s eve ra l  l o c a t i o n s  around t h e  Hawaiian 
I s l ands .  Such good agreement i n d i c a t e s  t he  poss ib l e  good behavior,  
under c e r t a i n  condi t ions ,  of a l i n e a r  theory t o  p r e d i c t  t h e  i n t e r a c t i o n s  
of a tsunami wi th  c o a s t a l  regions.  
Very few s t u d i e s  have tackled the  d i r e c t  t r a n s i e n t  harbor problem 
i n  which t h e  equat ions a r e  solved with a time marching procedure. One 
d i f f i c u l t y  stems from t h e  semi- inf in i te  domain i n  t h e  ou te r  region.  
For purposes of computation t h i s  ou te r  reg ion  must be l imi t ed  by an 
a r t i f i c i a l  boundary a t  some f i n i t e  d i s t a n c e  from t h e  harbor.  This  i n  
t u r n  introduces numerical r e f l e c t i o n s  of t h e  rad ia ted  wave a t  t he  
boundary which may a f f e c t  t h e  response i n  t h e  bay. Mungal and Reid (1978) 
circumvented t h i s  problem by applying a condi t ion  a t  t h i s  boundary which 
becomes v a l i d  f a r  enough from t h e  r a d i a t i o n  source. 
They were a b l e ,  using t h i s  method, t o  so lve  t h e  d i r e c t  l i n e a r  t r a n s i e n t  
problem of d i f f r a c t i o n  of a  tsunami by an  i s l a n d  o r  a  group of i s l ands .  
2.2.2 
with bays 
response. 
E f fec t s  of Viscous Di s s ipa t ion  on Harbor O s c i l l a t i o n s  
An important aspec t  of t h e  s tudy of t h e  i n t e r a c t i o n  of tsunamis 
and harbors  i s  t h e  r o l e  of d i s s i p a t i o n  i n  mi t iga t ing  the  
It is of i n t e r e s t  i n  t h i s  s e c t i o n  t o  review t h e  va r ious  
s t u d i e s  which p e r t a i n  t o  t h e  inf luence  of d i s s i p a t i o n  on resonance i n  
harbors  and bays. The main emphasis i n  t h i s  s e c t i o n  w i l l  be t h e  e f f e c t  
of a r e s t r i c t e d  en t rance  on t h e  response. This  i s  because i t  has been 
recognized t h a t  t h i s  form of d i s s i p a t i o n  i s  most e f f e c t i v e  i n  reducing 
t h e  harbor and bay response i n  some s i t u a t i o n s .  
I t o  (1970) i nves t iga t ed  numerical ly  t h e  e f f e c t  of a  narrow passage 
between two breakwaters i n  reducing t h e  response of Ofunato Bay i n  
Japan t o  tsunamis. He employed t h e  l i n e a r  nondispersive long wave 
equat ions and assumed t h e  ex i s t ence  of t h e  quadra t ic  head l o s s  ac ros s  
t h e  narrow passage of the  form: 
where g is t h e  a c c e l e r a t i o n  of g r a v i t y ,  u  i s  t h e  v e l o c i t y  a t  t h e  en t rance  
and f e  i s  t h e  sepa ra t ion  l o s s  c o e f f i c i e n t  which he assumed equal  t o  1 .5  
from t h e  r e s u l t s  of one dimensional hydraul ics .  The ou te r  s ea  was 
replaced by a  channel of cons tan t  width and depth. This computation 
ind ica ted  t h a t  a  breakwater b u i l t  i n  1967 a t  Ofunato t o  mi t iga t e  tsunami 
hazards had cont r ibu ted  t o  reducing t h e  tsunami of May 16,  1968 a t  t h e  
bay head t o  l e s s  than ha l f  t h e  value i t  would have been without t he  
breakwater. 
Horikawa and Nishimura (1970) perforined some laboratory experiments 
to investigate the efficiency of breakwaters in reducing wave induced 
oscillations in bays. They found that the reduction of the overall bay 
response increased with smaller openings at the bay mouth. They also 
analyzed tsunami records from Ofunato Bay before and after the construction 
of the breakwater mentioned previously. The frequency response curves 
they obtained from these records showed a significant attenuation of 
the wave inside the bay for the lowest mode of oscillation (T - 37 min) 
of the bay whereas the amplitude of the second mode (T = 15 min) was 
hardly affected by the presence of the breakwater. 
Using analytical arguments Mei, Liu and Ippen (1976) modified the 
form of Equation (2.1) for the case of unsteady flow. They added an 
inertia term on the right hand side of Equation 2.1. They showed that 
when the entrance loss coefficient associated with the incoming flow 
differs from that associated with the outgoing flow a nonzero mean 
velocity is induced through the opening. 
~nliiata and Mei (1975) performed an analytical study on the effect 
of entrance dissipation on the steady state response of a partially 
closed rectangular harbor. Assuming a constant entrance loss coefficient 
fe they derived an analytical solution which showed the effectiveness of 
entrance dissipation for small entrance gaps. 
Miles and Lee (1975) compared the relative effects of entrance 
dissipation and turbulent boundary friction for the Helmholtz mode and 
concluded that the efficiency of the former dissipative source in 
reducing amplification is higher by several orders of magnitude than the 
latter. 
I n  a l l  of t h e s e  s t u d i e s  t h e  va lue  of t h e  sepa ra t ion  l o s s  c o e f f i c i e n t  
f e  was assumed. One of t h e  purposes of t h i s  present  i nves t iga t ion  is  
t o  measure t h i s  c o e f f i c i e n t  experimental ly  and t o  s tudy the  r e l a t i v e  
importance of s e v e r a l  o t h e r  sources of d i s s i p a t i o n  i n  t h e  harbor,  both 
i n  l abo ra to ry  and pro to type  s i t u a t i o n s .  
2.2.3 Nonlinear Solu t ions  
Leendertse (1967) developed a finite difference numerical model for 
t h e  propagation of nonl inear  nondispersive long-period waves i n  an  
a r b i t r a r y  shaped bas in  inc luding  nonl inear  boundary f r i c t i o n .  The 
r e s u l t s  agreed we l l  wi th  c e r t a i n  f i e l d  measurements; however, t h e  water 
su r f ace  time h i s t o r y  a t  a  given l o c a t i o n  must be spec i f i ed .  Similar  
models were developed by Houston and Garcia (1978), Kawahara e t  a l .  (1978) 
and Chen et  a l .  (1978) t o  i n v e s t i g a t e  t h e  i n t e r a c t i o n  of tsunamis wi th  
c o a s t a l  reg ions .  Houston and Bu t l e r  (1979) developed a  model which 
i n  a d d i t i o n  c a l c u l a t e s  land inundat ion of a  tsunami with reasonably 
good agreement wi th  some a v a i l a b l e  f i e l d  da ta .  
Chwang and Wu (1976) i nves t iga t ed  i n  d e t a i l  t h e  e f f e c t s  of non- 
l i n e a r i t i e s  and d i spe r s ion  assoc ia ted  wi th  t h e  propagation of a c y l i n d r i c a l  
weakly nonl inear  d i s p e r s i v e  wave towards a c y l i n d r i c a l  i s l and  followed by a  
r e f l e c t i o n  from t h e  i s l and  and propagation away from it. They showed, 
by comparing t h e i r  numerical r e s u l t s  t o  experiments, t h a t  t h e  wave 
evolu t ion  f o r  t h e  condi t ions  they considered w a s  b e s t  descr ibed by a  
nonl inear  d i s p e r s i v e  theory. Their  r e s u l t s  could conceivably be appl ied  
t o  t h e  case  of an incoming wave propagating along a  long t r apezo ida l  
bay wi th  a  nonzero depth a t  t h e  bay head. 
Rogers and Mei (1978) reported the  r e s u l t s  of an  inves t iga t ion  of 
t h e  nonl inear  resonant  e x c i t a t i o n  of a  long and narrow bay f o r  s teady 
state conditions. The primary purpose was to investigate the importance 
of the effects of convective nonlinearities in the equation of motion in 
affecting the response of this simple geometric shape at resonance. They 
used the weakly nonlinear Boussinesq equations inside the bay and 
assumed that the wave system outside the bay was governed by linear 
equations. Their numerical results showed that near resonance higher 
harmonics are generated with a corresponding reduction in the magnitude 
of the first harmonic. They also found that nonlinear interaction could 
generate "secondary" resonant £eatures not predicted by the linear 
theory. They suggested from their study that the effect of nonlinearities 
could result in an enhancement of resonance due to the generation of these 
closely spaced "secondary" resonant peaks. Experiments were performed 
by Rogers and Mei (1978) for three different bay lengths (corresponding 
to the first three resonant modes). The relative importance of entrance 
loss for the fully open harbors and boundary layer dissipation was 
estimated. They found that for short bay lengths, nonlinearities remained 
small and entrance dissipation was the most important source of damping. 
The reverse was found for longer bay lengths with the relative importance 
of nonlinearities increasing with the harbor length. However, their 
experiments were performed in the intermediate depth range and the 
conditions were outside the range of validity of the Boussinesq model: 
this rends to invalidate certain comparisons made between their experi- 
ments and their numerical results. Nevertheless, this appears to be the 
only past study where the importance of the effects of nonlinearities 
and dispersion in the harbor oscillation problem was investigated in some 
detail. 
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CHAPTER 3 
THEORETI-CAI, ANALYSIS 
The analysis of the transient excitation of a rectangular basin 
and the transient wave-induced oscillations of an arbitrary shaped 
harbor with variable depth are presented in this chapter. The main 
features of this analysis are the inclusion of the convective non- 
linearities, dispersion and various sources of dissipation to assess 
their relative importance in prototype and laboratory situations. 
The viscous long wave equations in two horizontal dimensions for 
a variable depth are derived in Section 3.1. These equations are used 
in Section 3.2 for the analysis of the transient excitation of a rec- 
tangular basin, including a numerical solution of the nonlinear tran- 
sient problem, an analytical solution of the corresponding linearized 
problem and a first order analytical nonlinear solution for the free 
steady state oscillations. Special attention is given in Section 3.3 to 
the various sources of dissipation affecting harbor oscillations in 
the laboratory, as well as in the field, by using a simple geometrical . 
shape and a linearized mbdel; this model will be used later for the 
experimental determination of the entrance loss and leakage coefficients 
and as a basis of comparison with the experiments. Finally, a numerical 
model for the treatment of the transient wave-induced oscillations of 
an arbitrary shaped harbor with variable depth is presented in Section 4. 
This model includes the effects of convective nonlinearities, dispersion 
and also some of the sources of dissipation discussed in Section 3.3. 

3.1 Derivation of the Long Wave Equations in Two Horizontal 
Dimensions and for Variable Depth Including the Effect 
of Viscous Bottom Friction 
A definition sketch for the coordinate systems is presented 
in Figure 3.1.1. The unknown quantities are the wave amplitude 
n(x x ,z,t), the pressure p(xl,x2,z,t) and the velocity components 1' 2 
u1(x1,x2, z,t), uZ(x1,x2,z,t), w b  x ,z,t) in the two horizontal xl and 1' 2 
x, directions and in the vertical z direction, respectively, in the 
L 
coordinate system (0,x ,x ,z) .  The following assumptions are made: 2 
The fluid density p is constant. 
The kinematic viscosity v o'f the fluid is small 
(but not negligible everywhere). 
The characteristic length R of the wave in the xl 
direction is of the same order of magnitude as in 
the x2 direction and is large compared to the depth. 
The characteristic height H of the wave elevation 
is small (although not infinitesimal) compared to 
the depth. 
The rate of change of the depth h with xl and x 2 
is small. 
The last four assumptions will be stated more precisely later. In 
addition, it is assumed that the frame of reference (0,x ,x ,z) is non- 1 2  
Newtonian and moves in a translational motion which is defined by the 
velocity components [vI0 (t) ,VZO (t) ,0 1 in the Newtonian frame [ O0 ,x10 ,x20, z0 I. 
@his slightly more general feature has direct application to the closed 
basin excitation problem). 
Most of the  previous s tud ies  have used the p o t e n t i a l  theory t o  
der ive  the  inv i sc id  long wave equations (e.g., Whitham, 1974). I n  the 
present  case, however, the  presence of viscous forces  introduces 
r o t a t i o n a l i t y  i n t o  the  flow and a d i f f e r e n t  f o r m u l a t i ~ n  must be used. 
The continuity and momentum equations a r e  given by: 
where g is the  accelera t ion of g rav i ty  and t the  t i m e ;  a l l  the  other 
quan t i t i e s  have been defined previously. I n  order to  abbreviate 
the  notations i n  such equations, the  Eins te in  sumnation convention f o r  
indices 1 and 2 has been used; it  w i l l  b e  employed throughout t h i s  
subsection. 
The boundary conditions are: 
( i )  zero ve loc i ty  a t  the  bottom: 
u 0, i = 1,2 z -h i 
w = O  z = -h 
( i i )  kinematic boundary condition at: the  surface: 
( i i i )  dynamic boundary conditions a t  the  surface: 
Eq. (3.1.8) expresses the  f a c t  tha t  no shear force takes place a t  
the f r ee  surface. 
A t  t h i s  point i t  is  anticipated (to be confirmed l a t e r )  tha t  t he  
viscous forces a r e  negligible except near the  so l id  boundary z = -h. 
Therefore, two regions a r e  defined: an i n t e r i o r  region near z = - h ,  
(also termed the  boundary layer region) i n  which t he  viscous forces are 
considered, and an exter ior  region (also termed the  f r e e  region) i n  
which the  viscous terms a re  neglected. The analyt ical  procedure consists  
of deriving the  veloci ty  d i s t r ibu t ions  i n  t he  exter ior  region and the  
i n t e r i o r  layer  region and,using them along with boundary conditions (3.1.4) 
through (3.1.8), to simplify the  form of Eqs .  (3.1.1) through (3.1.3). 
The velocity dis t r i t iu t ion i n  t he  boundary layer region i n  t h e  
presence of an unsteady flow has been derived by several  authors, 
e.g., Keulegan (1948), Lin C1957). The derivation of the  solution i s  
presented i n  Appendix A and only the  main r e su l t s  a r e  summarized here. 
Assuming a laminar boundary layer  and neglecting the convective non- 
l i n e a r i t i e s ,  the  relevant boundary layer  equation i n  t he  ith di rect ion 
can be wri t ten  as: 
R 
where ui (x. x z, t )  is  the  ith component of veloci ty  i n  the  i n t e r i o r  
1' 2' 
region, u (x x .-h+6,,t) is the ith component of the velocity in the i 1, 2 
exterior region just outside the boundary layer, and 6e denotes the 
boundary layer thickness (see Figure 3.1.2) . Considering Eq . (3.1.9) 
the pertinent boundary conditions are: 
Figure 3.1.2 Definition sketch for the boundary 
layer in an unsteady flow. 
Equation (3.1.9), along with boundary conditions (3.1- 10) and (3.1-111, 
can be solved analytically and the expression for the velocity gradient 
in the z direction at the bottom is found as: 
= & j "i'"" dt' m 
where IT is 3.14159... and u is computed at z = -h+6,. An order of i 
magnitude for ge  can be estimated by considering Eq. (3.1.9) w i t h  
z H 6 t m l/G. Substituting these values for z and t into Eq. 
e ' 
(3.1.9) the expression for 6= is obtained as: 
' e In most laboratory conditions -i;.< 0.01, so that little error is 
introduced if the velocity component ui in Eq. (3.1.12) is computed at 
z = -h instead. of z = -h+cSe. The validity of the present solution 
inside the boundary layer, as the wave height ratio H/h becomes finite, 
can be questioned since the convective terms may no longer be neglected 
and the flow may become turbulent. These considerations will be further 
discussed in Section 5.1. 
The velocity distribution in the free region is derived as 
follows: neglecting the viscous terms in Eq. (3.1.2) and (3.1.3) yields 
the Euler equations. It is well known that the flow derived from these 
equations remains irrotational if it has been irrotational at some 
previous time. Therefore, a potential function 0(xl,x2,z,t) exists 
such that: 
The proper boundary condition at the bottom for the exterior 
solution is zero velocity normal to the boundary expressed by: 
The crucial step consists of normalizing each variable by a character- 
istic quantity: 
where starred symbols represent the original dimensional variables. 
The parameters H, 2 and ho refer to a characteristic wave height, wave 
length and depth, respectively. The scaling, based on the linear non- 
dispersive wave theory, is such that all the previously defined dimen- 
sionless variables are of order unity (henceforth all the equations 
will be dimensionless unless specifically stated otherwise). 
Three dimensionless parameters emerge from the dimensionless 
equations : 
(i) The 
(ii) The 
(iii) The 
nonlinear parameter a = H/ho 
dispersionparameter B=(~JL)' 
dissipation parameter Y = l/ho - ( )(.&-" 
As usual in dealing with long waves it is assumed that 8CC 1. 
The relative importance of the nonlinearities is best measured by 
the Ursell number zr = a/B (after Ursell, 1953) ; when Ur < 0 (I) nonlinear 
- 
effects can be omitted and the linear dispersive dissipative theory 
(a=O) can be used; when gr > 0 (1) the equations are dominated by non- 
linearities and the nonlinear. nondispersive dissipative theory ( P O )  
can be used. When - U r  = 0(1 ) ,  both n o n l i n e a r i t i e s  and d i spe r s ion  a r e  im-  
po r t an t  and t h e  weakly nonl inear  d i s p e r s i v e  d i s s i p a t i v e  theory must be used. 
Rewriting t h e  re levant  equations and boundary condi t ions  i n  dimen- 
s i o n l e s s  form one obta ins :  
( i )  The con t inu i ty  equation: 
( i i )  The dynamic boundary condit ion a t  t h e  f r e e  sur face :  
( i i i )  The kinematic boundary condi t ions  a t  t h e  f r e e  su r f ace  and 
a t  the  bottom i n  t h e  e x t e r i o r  region: 
where i t  is  assumed t h a t  ah/ax = 0(1 ) ,  o r  equiva len t ly ,  t h a t  j 
the  r a t e  of change of depth h* wi th  x; is O(ho/k) 
( i v )  The in t eg ra t ed  momentum equat ion  i n  t h e  xi d i r e c t i o n  aver- 
aged through the depth: 
where Eqs. (3.1.8) and (3.1.12) have been used. 
(v) The momentum equation i n  the  z direc t ion:  
(v i )  The re la t ionsh ip  between t h e  ve loc i ty  components 
and the ve loc i ty  potent ia l :  
The assumptions made i n i t i a l l y  can now be s t a ted  more precise ly  by 
imposing t h a t  the  th ree  parameters a, B, y be of the  same small order 
of magnitude: 
I n  the  subsequent a lgebra ic  manipulations only terms of the order 
of magnitude a, 6, y w i l l  be retained.  It can be f i r s t  noticed t h a t ,  
by inspection of E q s .  (3.1.19) and (3.1.20) the  viscous terms a r i s i n g  
outside the  boundary layer  a r e  a t  most o ( ~ ~ )  and thus can be neglected 
when compared t o  the  viscous term a r i s i n g  from the  boundary layer  region 
which is O(y). A d i f f e r e n t i a l  equation f o r  alone is  obtained by 
subs t i tu t ing  Eq. (3.1.23) and (3.1.24) i n t o  Eq. (3.1.17) as: 
An expansion fo r  Q , suggested by t h e  form of Eq. (3.1.26), i s  assumed i n  
the  form: 
from Eq. (3.1.24) aQ/az=O(B) s i n c e  w = O(1) from the  previous choice on 
t h e  nondimensionalization o f t h e  v e r t i c a l  v e l o c i t y  component. This implies:  
Subs t i t u t ing  Eq. (3.1.27) i n t o  (3.1.26) and using boundary condi t ion  a t  
t he  bottom (3.1.20) a proper form f o r  @ r e s u l t s  i n :  
'I 
The expressions f o r  t h e  v e l o c i t y  components a r e  a s  fol lows:  (3.1.29) 
Defining t h e  average ho r i zon ta l  v e l o c i t y  component u a s  : i 
the  con t inu i ty  equat ion ( 3 . 1 1 7  can be in t eg ra t ed  through t h e  depth 
and becomes, a f t e r  using t h e  kinematic boundary condit ions (3.1.19) and 
a~ 
+ [ ( h a )  I = 0 a t  axj  j 
One no t i ce s  t h a t  Eq. (3.1.33) is exact  and does not  r equ i r e  f o r  i ts der i-  
v a t i o n  a knowledge of t h e  depthwise v e l o c i t y  p r o f i l e .  
The integrat ion of Eq. (3.1.21) must be performed i n  two steps.  
F i r s t ,  the pressure d i s t r ibu t ion  is found by integrating Eq. (3.1.22) 
i n  the  v e r t i c a l  d i rect ion from zl= z t o  z =an and using dynamic bound- 2 
ary condition (3.1.18) along with Eqs. (3.1.30) and (3.1.31). 
Finally,  the  depth-averaged momentum equation is obtained by in tegrat ing 
Eq. (3.1.21) using Eqs. (3.1.30)' (3.1.31)' (3.1.32), and (3.1.34), and 
by noticing from ~ q .  (3.1.32) tha t  a;,/ax = aG./ax, + NB) : j J 
Equations (3.1.33) and (3.1.35) a r e  the primary equations used i n  
the viscous modeling of long wave dynamics i n  two horizontal dimensions 
i n  a t ransla t ing frame of reference. The unknown quant i t ies  are  the 
wave elevation ?l(xl,x2,t) and the averaged potent ia l  ve loc i t i es  i n  the 
horizontal d i rect ions  ; (x ,x t) and U2(x1,x2, t) . One would like t o  1 1 2' 
find an approximate form f o r  the viscous term i n  Eq. (3.1.35) which 
would be more amenable t o  numerical treatment. Equation (3.1.35) is  
f i r s t  rewrit ten i n  dimensional form as: 
a;* i a;: av 
-+ ? - - + g 7 + -  an* 
a t *  j a x *  i axi a t *  
* 
where T is t h e  component of the  shear stress force  i n  the  x d i rec t ion  i i 
a t  t h e  bottom, and,in the  case of shear laminar f r i c t i o n ,  is  equal to :  
I n  order t o  simplify Eq. (3.1.37), a funct ional  form f o r  the veloc- 
i t y  must be assumed. Since t h e  equations a r e  t o  be applied t o  
o s c i l l a t i o n  problems, the  veloci ty  can be chosen sinusoidal  i n  time with 
c i r c u l a r  frequency a : 
'5* = U* cos at* i i 
An equivalent expression f o r  the  laminar shear term is sought i n  
the  form: 
The constant C* is found by equating the  mean r a t e  of energy diss ipated  
through laminar f r i c t i o n  using Eqs.(3.1.37) and (3.1.38), respectively.  
(See Appendix A f o r  d e t a i l s  of t h i s  derivation.)  The r e s u l t  gives: 
From Eqs. (3.1.33), (3.1.36), and (3.1.39), t h e  s imp l i f i ed  form f o r  
t he  v iscous  long wave equat ions can b e  w r i t t e n  i n  dimensionless form as :  
H 
where a = - ho vo ID R 
ho 
, = 1 ,  Y s = ( +  
h &  
0 0 
The form of t h e  d i s s i p a t i o n  term i n  Eq. (3.1.41) is accura te  f o r  a 
s inuso ida l  motion. It is expected t o  y i e l d  a good approximation t o  
t he  exact d i s s i p a t i o n  term i n  t h e  case  of an o s c i l l a t o r y  flow dominated 
by a s i n g l e  harmonic with frequency a. I f  t he  wave energy is d is-  
t r i b u t e d  over a wide range of f requencies ,  t hen  t h e  d i s s i p a t i o n  term 
i n  Eq. (3.1.41) can only y i e l d  an  order  of  magnitude f o r  t h e  a c t u a l  
d i s s i p a t i o n ;  f o r t u n a t e l y ,  as seen i n  t h e  expression f o r  y t h e  dis- 
s ' 
s i p a t i o n  c o e f f i c i e n t  y v a r i e s  l i k e  t h e  square roo t  of t h e  frequency. 
s 
Equations (3.1.40) and (3.1.41) w i l l  be  used t o  so lve  t h e  b a s i n  
e x c i t a t i o n  problem i n  Sec t ion  3.2 .  
In t h e  following de r iva t ion  i t  is assumed t h a t  t h e  frame of r e f e r-  
ence is aga in  Newtonian, i . e . ,  VO = 0. Wu (1979) proposed an a l t e r n a t i v e  
* 
form f o r  Eqs. (3.1.40) and (3.1.41) t o  enhance t h e i r  numerical t reatment-  
Following Wu's de r iva t ion  t h e  average ve loc i ty  p o t e n t i a l  funct ion 
- 
9 is  defined a s :  
Also, t h e  pseudo-velocity component ; is defined as :  
i 
.. a3 
u =-  
i - ax, 
The d i f f e rence  between ; and u. is obtained using Eqs. (3.1.29) , i 1 
(3.1.30), (3.1.42), and (3.1.43) as: 
- 
O r ,  s i n c e  a@o/ax = ui+0(f3) from Eq. (3.1.32): i 
Subs t i tu t ing  Eq. (3.1.45) i n t o  Eqs. (3.1.40) and (3.1.41), an  
equivalent  form f o r  t h e  con t inu i ty  equat ion,  v a l i d  up t o  order  a,  B, 
is obtained as :  
- 
a h a h  a 
= 8- -- a@ h 2 a h  a25 
ax [I ax.  ax, (h-) --- a% 3 ax. axkaxk I + 0 ( a B , 8 ~ )  (3.1.46) j J J 
O r ,  i n  vec to r  no ta t ion :  
where V denotes t h e  g rad ien t  opera tor .  S imi la r  eva lua t ions  f o r  each 
momentum equat ion (3.1.41) l eads  to :  
O r ,  i n  vec to r  no ta t ions :  
Equations (3.1.47) and (3.1.49) without the  v iscous  term were f i r s t  de- 
r ived  by Wu (1979). Combining f u r t h e r  those two equat ions ,  one equat ion 
f o r  3 a lone  is obtained as : 
Mathematically, Eq. (3.1.50) is equivalent  t o  Eqs. (3.1.40) and (3.1.41). 
Numerically, however, t he  use  of Eq. (3.1.50) is more advantageous, s i n c e  
- 
only one equat ion wi th  one unknown, cP, needs t o  be solved. Once the  
v e l o c i t y  p o t e n t i a l  3 is known, t h e  wave amplitude 0 can be computed using 
Eq. (3.1.48). A t  t h e  lowest order:  
Equation (3.1.50) forms an a l t e r n a t i v e  t h e o r e t i c a l  b a s i s  f o r  long wave 
dynamics i n  v a r i a b l e  depth and w i l l  be  appl ied  t o  t h e  harbor  o s c i l l a-  
t i o n  problem i n  Sec t ion  3.4. 
3.2 The Excitation of a Closed Rectangular Basin 
In this section several methods are presented to investigate the 
shallow water oscillations of a liquid in a narrow rigid rectangular 
basin subjected to a horizontal translational motion. The emphasis 
is put on the transient as well as on the steady state aspects of this 
problem. 
A numerical solution based on the nonlinear dispersive 
and dissipative long wave equations is derived in subsection 3.2.1. 
A linear analytical transient solution which only includes dispersive 
and dissipative effects is presented in subsection 3.2.2. A first 
order analytical nonlinear standing wave solution is presented in 
subsection 3.2.3 with the primary purpose of gaining some physical 
understanding of the nature of the finite oscillations in a closed 
basin. Finally, the range of validity of the linear and nonlinear 
dispersive theories for closed basin excitation problems is discussed 
in subsection 3.2.4. 
3.2.1 A Numerical Solution for Nonlinear Response Due to a 
Transient Excitation 
3.2.1.1 The Analytical Formulation of the Problem 
The rigid rectangular basin shown in Fig. 3.2.1 has 
a length L and a still water depth h. It is submitted to a transla- 
tional motion in the x0 direction defined by the velocity 
V* (t) . The system (OOx'zo) denotes a Newtonian coordinate system in 
which the velocity V o ( t )  is defined while (0x2 )  is the coordinate 
system attached to the bash. 
Fig. 3.2.1 Definition sketch for the 
Basin Excitation Problem. 
Since the following analysis is restricted to long period oscillation 
h it is assumed that O(z) << 1. Also the water particle motion is 
assumed to develop in the xx plane only, i.e., no variations are 
permitted in the direction perpendicular to the xz plane. 
The equations used for this problem are the nonlinear dispersive, 
dissipative long wave equations developed in Section 3.1, applied here 
to the unidirectional case in dimensional form: 
- 
where n(x,t) is the wave elevation, u(x,t) is the velocity averaged in 
the z direction in the Oxz frame of reference, u,is the kinematic 
viscosity, and ais a characteristic frequency of the fluid motion. 
In this section the averaged velocity u(x, t) , for simplificity of 
notation, will be denoted as u(x,t). 
In order to account for dissipation due to wall friction and 
surface effects, the coefficient of the dissipation term in Eq. 3.2.2 can 
2h be multiplied by (1 + -r;-+ C) where b is the basin width and C a "surface 
contaminatiod'factor which, according to Miles (1967), can vary between 0 
and 2; for details of the discussion on these dissipation mechanisms, see 
Section 3.3. The end walls of the basin are assumed to be perfectly 
reflective and at time t = 0 the fluid is at rest. Thus, the initial 
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and boundary condi t ions  a r e  prescr ibed  as: 
~l(x,O) = 0 
u(x,O) = 0 
u ( 0 , t )  = 0 
u(L,t)  = 0 
The v a r i a b l e s  are nondimensionalized as follows: 
17" = Hq x* = LX t*oLt 
4% 
H - 
u* = - Jgh u h v:* = ~ ~ f O ( u t  *) 
where t h e  s t a r r e d  symbols r ep re sen t  t h e  o r i g i n a l  dimensional va r i ab l e s .  
(Henceforth a l l  t h e  v a r i a b l e s  w i l l  be dimensionless i n  t h e  remainder of 
t h i s  subsec t ion  un le s s  s p e c i f i c a l l y  s t a t e d  otherwise.)  The cha rac t e r i s-  
t i c  wave he ight  H can  be determined from the  fol lowing cons idera t ion :  
when a bas in  w i t h  length  L is moved i n  t h e  x d i r e c t i o n  wi th  a cons tan t  
acce l e ra t ion  A then t h e  water  su r f ace  e l eva t ion  a t  e i t h e r  end of the  
c ' 
bas in  is O(AcL/g). Therefore,  f o r  normalizat ion,  i t  seems reasonable t o  
choose B = AcL/g, s o  t h a t  t he  dimensionless water  su r f ace  e l eva t ion  q is  
O(1). The c h a r a c t e r i s t i c  frequency U of t h e  wave motion .usual ly can be 
taken equal  t o  t h e  fo rc ing  frequency of t h e  bas in  motion. Therefore,  Eqs. 
(3.2.1) and (3.2.2) a r e  r ewr i t t en  i n  a dimensionless form as :  
wi th  t he  i n i t i a l  condi t ions:  
and t h e  boundary conditions: 
Four nondimensional parameters appear i n  Eqs. (3.2.7) and (3.2.8): 
( i )  a nonlinear parameter a = AcL/gh 
( i i )  a dispersion parameter 2 2 B = h / L  (3.2.12) 
( i i i )  a d i s s ipa t ion  parameter w 1/2 2h (3.2.13) y,= (TI ( 1 + C +  
h&K 
( iv )  a frequency parameter 6 9: UL/@ (3.2.14) 
The f i r s t  three  parameters have been derived i n  the  l a s t  sect ion.  The 
four th  parameter 6 serves a s  an indicator  of resonant con- 
di t ions  (and thus nonl inear i t ies)  i n  the  basin. The r e l a t i v e  impor- 
tance of these  four parameters f o r  t h e  basin exc i t a t ion  problem w i l l  
be examined i n  d e t a i l  i n  Section 3.2.2 and i n  Section 5.2. 
3.2.1.2 A F i n i t e  Element Solution 
The Strong form (S) is: 
, Find the  amplitude n(x, t)  and the ve loc i ty  u ( x , t )  
i n  t h e  i n t e r v a l  0 5 x s 1 and 0 r t r t' satisfying 
E q s .  (3.2.7) and (3.2.8) along with the  i n i t i a l  
' conditions (3.2.9) and boundary conditions (3.2.10) . 
A weak form (W) of (S) is : 
Find the  amplitude rt(x,t) i n  the  function space H' and 
u(x, t)  i n  Ho' such t h a t  f o r  a l l  functions i n  H' and 
f o r  a l l  functions 6 i n  Ho ' : 
4 
and 
where : 
8' = {f(x,t): f dx is bounded for all t i n  [ O , f l ] }  i 
0 
H = f(x,): f(x,t) is in 8' and f(0,t) = f(1,t) = 0) 
and the dot above the symbols denotes partial differentiation with 
respect to time. Under appropriate smoothness hypotheses, the solution 
of the weak formulation can be easily shown to be identical to the 
solution of (S) . 
The Galerkin form (G) of (W) is: 
h h Find rl ( x , t )  in the function space S' and u (_x,t) in the function 
-b  apace S such that for all functions II (x,t) i n  S '  and iih(x,t) i n  So1 : 0 
where S t  is a subspace of Hf 
and sof is a subspace of EO' . 
The finite element discretization consists of choosing the subspace 
S' in a simple manner in order to transform the Galerkin formulation into 
a matrix formulation with a finite number of unknowns. Sf can be defined 
where fi(t) denotes any arbitrary continuously differentiable function 
in the time interval [ O , t l ]  and gi(x) is a piecewise linear function 
defined as: 
Oi(x) = O  for x >  x i+l o r x <  x i-1 
The functions 4 ( x )  are called shape functions and are represented i 
schematically on Fig. 3.2.2.  
Fig. 3.2.2 Definition sketch for the 
shape functions. 
The location x where the shape function is defined is called a i 
node. 
From the definition of the functions (i it follows that fi(t) is 
h the value of the functioq f at the node i. 
h h --h Therefore, the functions q Cx,t], ilhb,t), u (x,t), u (x,t) can 
be written as: 
The unknowns are the functions qi(t) and ui(t) at each node. (Note 
that ul = uN - 0 in accordance with the requirement that uh belongs t a  
S ' . The next step is to substitute Eqs. (3.2.23) into Eqs. (3.2.19) 
0 
through (3.2.22). Since the Galerkin equations must be checked for all 
functions Gi (ie[l ,N] ) and Gi(ie[2 ,N-11). the coefficients of each 
function ti and ; must be zero and the following matrical system is i 
obtained : 
Or, in matrix form: 
with: 
Eqs. (3.2.27) and (3.2.28) are coupled through the vectors f'l and 
N 
f
U
. The matrix M~ and M~ are tridiagonal, symmetric, positive, which 
*Y N N 
provides computational efficiency,and exact integration is performed 
on all the terms. 
3.2.1.3 The Integration Algorithm 
Equations (3.2.27) and (3.2.28) form a first order 
nonlinear differential system which can be solved using the generalized 
midpoint rule: 
where 
where 
B, is  a numerical parameter which can vary between 0 and 1. A t  time 
tn+l , the  unknown vectors 0 n+l and a r e  found by solving Eqs. , d-1 
(3.2.33) and (3.2.34) using the  following i t e r a t i v e  procedure: 
1. F i r s t  i t e ra t ion :  
Solve Eq. (3.2.34) f o r  u (1) 
, n+l 
(II, Solve Eq. (3.2.33) f o r  nn+l 
2. Subsequent i t e ra t ions :  
tk) where u (k) 
, n+B, 31 !L+l + (1  - B,): 
and rl (k) = % n + ~ ,  
Solve Eq. (3.2.34) fo r  
n+l 
&+I) 
* Solve Eq. (3.2.33) for 2 n+l 
3.2.1.4 The Convergence and Accuracy of the Algorithm 
The scheme presented previously belongs to the class 
of one-step integration schemes for nonlinear first order differential 
equations. It is considered specific to the problem of interest, and thus 
it may not be relevant to more general situations. A local truncation 
error analysis shows that the scheme is first order accurate except if 
B, = 1/2, for which it is second order accurate. Stability analysis 
proved difficult owing to the form of the nonlinear terms and could 
not be carried out successfully. Instead, numerical experiments were 
performed with B* = 1/2 and the results can be summarized as follows: 
The condition 
At s Ax 
where Ax = xifl - x and At = tn+l - t must be 
n 
fulfilled for all segments. Otherwise the scheme 
does not converge. 
The number of iterations required per time step 
must not be less than 3, when Ax m At. 
The number ~~(=l/dr) of segments discretizing the 
basin must be large enough to describe the wave 
profile accurately; if the wave is linear Nx can 
be related conveniently to a particular mode 
shape by 
where t h e  i n t e g e r  n is 
of nodes i n  t h e  bas in .  
equal  t o  t h e  number 
I f  f i n i t e  amplitude e f f e c t s  a r e  important ,  N, must be increased i n  
o rde r  t o  desc r ibe  t h e  secondary o s c i l l a t i o n s  accu ra t e ly ,  otherwise 
numerical damping occurs.  When those  t h r e e  condi t ions  a r e  met, t h e  
scheme y i e l d s  q u i t e  s a t i s f a c t o r y  r e s u l t s  a s  w i l l  be  shown i n  
Sec t ion  5.2. I n  p a r t i c u l a r ,  numerical d i s s i p a t i o n  does not  take  p lace  
and a high degree of accuracy is  achieved, allowing t o  perform in tegra-  
t i o n s  wi th  a number of time s t e p s  up t o  10,000. 
Using Ax = A t ,  t h e  number of time s t e p s  per  per iod of o s c i l l a t i o n s  
i s  about twice the  number of elements f o r  t h e  s losh ing  mode (n= l ) .  
For i n s t ance ,  i f  Nx = 20 then 4,000 time s t e p s  a r e  requi red  t o  compute 
t h e  s o l u t i o n  f o r  100 cyc le s  of o s c i l l a t i o n s .  
A l l  t h e  c a l c u l a t i o n s  f o r  t h e  closed bas in  problem have been 
performed on a PDP11/60 computer i n  s i n g l e  p rec i s ion  (32 b i t s  per  word) 
and t h e  r e s u l t s  of t h e  numerical runs w i l l  be  presented i n  Sect ion 5.2. 
3.2.2 The Analy t ica l  Solu t ion  f o r  t h e  Linear  Response Due 
t o  a Trans ien t  Exc i t a t i on  
I n  t h i s  s e c t i o n  t h e  l i n e a r  d i s p e r s i v e  d i s s i p a t i v e  theory 
is appl ied  t o  t h e  e x c i t a t i o n  of a closed bas in .  Two approaches a r e  
ava i l ab l e .  The f i r s t  method involves computing t h e  t r a n s f e r  func t ion  
of a bas in  forced by an  harmonic exc i t a t i on .  Based on the  derived 
t r a n s f e r  function, numerical Four ie r  techniques can be used t o  compute 
the basin response to a given transient excitation. The second method 
consists of using integral transform techniques when the expression for 
the transfer function can be obtained in an analytical form simple enough 
to allow an explicit analytical computation of the transient solution; 
this is the method which was followed. 
The statement of the problem and the notation used are the same as 
in Section 3.2.1. Linearizing Eqs. (3.2.1) and (3.2.2) yields: 
(The walls and surface friction are accounted for by multiplying the 
friction coefficient by (1 +F+ C )  . 
The initial conditions and boundary conditions are: 
In dimensionless units Eqs. 3.2.35 through 3.2.38 can be 
rewritten as: 
where 
and - n* z= a l  s h 
The starred quantities refer to dimensional variables. It is noted 
the nonlinear parameter, a, does not appear in the equations; 
it merely acts now as a scaling parameter for q*/h and u*/G. 
The vadable u(x,t) is eliminated between Eq. (3.2.39) and 
Eq. (3.2.40); this yields an equation in terms of n(x,t) alone: 
with the following initial conditions and boundary conditions: 
Equations ( 3 . 2 . 4 3 )  through ( 3 . 2 . 4 5 )  are conveniently solved using 
integral transfcrn techniques. Laplace transform is chosen because 
of the initial conditions: 
Multiplying both sides of Eq. ( 3 . 2 . 4 3 )  by the 'kernel e-st and using 
the initial conditions ( 3 . 2 . 4 4 )  yields a differential equation for : 
with the transformed boundary conditions: 
where 
0 
The solution for ;i i r :  
and i denotes the imaginary number . 
Using the inversion integral for the Laplace transform, the 
solution for q(x,t) is obtained as: 
where 
sinh K~(X - 
pt?,s) q(x,t) - K ds 
r0cosh(~) 
r 
r lim J is the Bromwich contour integral. p- i r  
The time displacement history of the basin is defined dimensionally 
as : 
-d if t* s 0 
xe*(t*) = d cos at* if 0 a t* s 7 ma 
-(-llrnd if t* 2 - mn m=l,2,3 ... 
a 
where d is the amplitude of the basin displacement. 
From Eq. 3.2.53 it is seen that the acceleration number Ac for 
this motion is do2, and: 
I 0 mn i f  t s  O o r t r  7 f 0 ( 6 t )  = mll cos 6 t  i f  Or t 4 
- 
The transform function fo(s)  becomes: 
and from Eq. (3.2.52) t h e  i n t e g r a l  so lut ion f o r  the  surface e levat ion 
is  
Eq. (3.2.56) can be evaluated e x p l i c i t l y  using the  Residue theorem. 
For d e t a i l s  of t h e  ca lcula t ions  the  in te res ted  reader i s  di rec ted  t o  
Appendix B; the  f i n a l  r e s u l t  is a s  follows: 
mll i f  t >  6 :  
where : 
The inequality shown in Eq. ( 3 . 2 . 6 0 )  validates this form of the solu- 
tion mathematically. Physically this condition must always be met as 
will be seen in Section 3 . 2 . 4 .  
Equations ( 3 . 2 . 5 1 )  through (3 .2 .58)  will be used in Chapter 5 as a 
basis of comparison with the nonlinear dispersive dissipative theory 
and with the experiments. A physical discussion of the linear solution 
and a derivation of several useful relationships follow in the remainder 
of that section. It is understood that B << 1 and ys << 1 in accordance 
with the assumptions underlying the derivation of the dissipative long 
wave equations in Section 3.1. 
The solution closely parallels that for the motion of a damped 
s i n g l e  degree of freedom o s c i l l a t o r .  During t h e  e x c i t a t i o n  phase 
mr ( t  '-6 two groups of terms c o n t r i b u t e  t o  t h e  so lu t ion :  a l i n e a r  
combination of a l l  t h e  f r e e  modes of o s c i l l a t i o n  of t h e  bas in  repre-  
sen t ing  t h e  t r a n s i e n t s  and a harmonic func t ion  wi th  t h e  frequency of 
t h e  e x c i t i n g  motion corresponding t o  t h e  s teady  s t a t e .  During t h e  
i n i t i a l  s t a g e  of t h e  e x c i t a t i o n  t h e  t r a n s i e n t s  p lay  t h e  dominant r o l e  
and may induce a maximum amplitude g r e a t e r  than  t h e  s teady  s t a t e  
amplitude. A s  t ime progresses ,  however, t h e  t r a n s i e n t s  decay due t o  
t h e  presence of t h e  exponent ial  v i scous  term approximately equal  t o  
exp (- -5- ) i n  each term of t h e  s e r i e s  i n  Eq. (3.2.57) and a f t e r  a 
1 rnr time t = 0(-) only t h e  s teady  state s o l u t i o n  remains. When t >  T ,  Y s 
t h e  bas in  is no longer  exc i ted  and t h e  expression f o r  t he  forced solu-  
t i o n  does no t  appear any more. Only t h e  t r a n s i e n t  terms a r e  present  
and they  decay a t  t h e  same r a t e  as during t h e  e x c i t a t i o n  phase. It can 
be noted from Eqs. (3.2.57) and (3.2.58) t h a t  because of t h e  manner i n  
which t h e  bas in  i s  exc i ted ,  only t h e  modes of o s c i l l a t i o n  corresponding 
t o  an  add number of nodes are exc i ted .  Also, t h e  water e l eva t ion  
at t h e  middle of t h e  bas in  is  zero f o r  a l l  times. Spec ia l iz ing  t o  t h e  
harmonic problem, the s t eady  state response can b e  derived from Eqs.  
(3.2.57) and (3.2.59) and is w r i t t e n  down f o r  c l a r i t y :  
Equation (3.2.65) can be interpreted as the dispersion relation for 
this problem. It is seen from Eq. (3 .2 .64)  that wave amplitude I 1 ri (x, t) 1 1 
1 is O(;) except at resonance when cos (5) + 0. 
K 
Thus maximum excitation is achieved when Re[~os(~)]=O, that is: 
where ys and 8 d 2  are considered to be much less than unity: 
. . 
Equation (3.2.66) can be rewritten as: 
Thus, at resonance the excitation frequency is equal to one of the 
natural frequencies of oscillation of the basin, as expected. 
The corresponding steady state wave amplitude at either end of the 
basin is computed at resonance from Eq. (3.2.64) through Eq. (3.2.66) as: 
2 Or, since a = d6 /L and 6 x (2n3.1)~ from Eq. (3.2.67): 
I n  t y p i c a l  l abo ra to ry  condittons, O(ys) = 10-' and d i L  - so chat 
I 1 n*(O,t) 1 1 / h  ' 0.4,  which tends t o  i n v a l i d a t e  t he  a p p l i c a t i o n  of t h e  
l i n e a r  theory near  resonance. A d e t a i l e d  d i scuss ion  on t h e  range of 
v a l i d i t y  of t h e  l i n e a r i z e d  theory  w i l l  be  postponed u n t i l  Sect ion 3 . 2 . 4 .  
Assuming f o r  the  moment t h a t  t h e  l i n e a r  theory remains v a l i d  f o r  
a l l  ranges of amplitude, the c h a r a c t e r i s t i c  number of o s c i l l a t i o n s  
requi red  f o r  s teady  s t a t e  t o  be achieved near  a resonant  frequency, 
s t a r t i n g  t h e  e x c i t a t i o n  of 
exponent ial  decay terms i n  
dimensional u n i t s :  
t h e  bas in  from r e s t , i s  con t ro l l ed  by the  
Ys Eq. (3 .2 .57) ,  i . e . ,  exp [ - T t] o r  i n  
where T denotes t h e  e x c i t a t i o n  period.  The t r a n s i e n t s  a r e  reduced t o  
5% of t h e i r  o r i g i n a l  va lue  f o r :  
F ina l ly ,  from expression (3.2.70) and Eq. (3.2.69) an  e s t ima t ion  
of growth of t h e  wave amplitude with time a t  e i t h e r  end w a l l  a t  reson- 
ance can be made when, s t a r t i n g  from r e s t ,  the b a s i n  is  cont inuously 
exc i t ed  a t  a  per iod equal  t o  one 
a s  : 
of i t s  n a t u r a l  per iods of o s c i l l a t i o n ,  
Y s  t* ( 1  - expj- -2n+l TI ) 
I n  p a r t i c u l a r ,  during the i n i t i a l  s tages  of t h e  exc i t a t ion  t h e  wave 
amplitude grows l i n e a r l y  with time: 
A l l  of these  r e s u l t s  obtained from the  l i n e a r  theory w i l l  be used 
as a bas i s  of reference i n  Section 5.2. 
3.2.3 The F i r s t  Order Solution f o r  Nonlinear Standing Waves 
It i s  a w e l l  known r e s u l t ,  e.g., Ippen (1966), t h a t  t h e  
l i n e a r  unidi rec t ional  na tu ra l  modes of o s c i l l a t i o n s  i n  a  rectangular  
basin a r e  formed by the  superposi t ion of two s inusoidal  waves which 
have the  same amplitude and t r a v e l  i n  opposite d i rec t ions ,  The 
re la t ionsh ips ,  f o r  a  long d ispers ive  wave, using dimensional 
nota t ions ,  are: 
where L is  t h e  basin length,  h is  the  s t i l l  water depth, n is  the  wave 
e levat ion ,  H is  t h e  wave height ,  g is  the  accelera t ion  of gravi ty ,  
T is  t h e  period,  Co is t h e  wave c e l e r i t y ,  X i s  t h e  wave 
l eng th  of t h e  two progress ive  waves and n is an  i n t e g e r  r e f e r r i n g  t o  t h e  
p a r t i c u l a r  mode and equal  t o  the number of nodes i n  t h e  bas in .  This  
r e s u l t  is v a l i d  only  f o r  i n f i n i t e s i m a l  waves. 
Rogers and Mei (1975, unpublished r e p o r t )  showed t h a t  i n  t h e  case 
of a rec tangular  c losed bas in  t h e  f i n i t e  wave amplitude could be 
represented a s  t h e  sum of two nonl inear  waves propagat ing i n  oppos i te  
d i r e c t i o n s ,  each being a s o l u t i o n  of t h e  Korteweg-de Vr ies  equat ion 
corresponding t o  its d i r e c t i o n  of propagation. From t h a t  r e s u l t ,  t h e  
n a t u r a l  modes of o s c i l l a t i o n s  inc luding  t h e  nonl inear  and d i spe r s ion  
f e a t u r e s  can be defined a n a l y t i c a l l y .  
F i r s t ,  t h e  de r iva t ion  of t h e  aforementioned b a s i c  r e s u l t  using t h e  
approach of Rogers and M e i  (1975) based on. t h e  m u l t i p l e  s c a l e s  method, 
e.g. s e e  Cole (1969), is  presented.  The i n v i s c i d  one-dimensional non- 
l i n e a r  d i s p e r s i v e  long wave equat ions appl ied  t o  a cons tan t  depth can 
. be w r i t t e n  i n  dimensionless form as (see Eqs. (3.1.50), (3.1.51)): 
where: 
and (3 i s  the  depth-averaged v e l o c i t y  p o t e n t i a l ,  H i s  a c h a r a c t e r i s t i c  
wave amplitude, R is a c h a r a c t e r i s t i c  wavelength. The s t a r r e d  
q u a n t i t i e s  denote t h e  dimensional va r i ab l e s .  A l l  t h e  dimensionless 
v a r i a b l e s  a r e  of order  un i ty  and O(a) = O(B) < 1. 
Equation (3.2.77) can be transformed wi th  t h e  same degree of 
accuracy in to :  
The method of mu l t ip l e  s c a l e s  i s  based on t h e  assumption t h a t  t h e  
system i s  governed by r ap id  changes i n  time and space modulated by 
slow v a r i a t i o n s  i n  both t i m e  and space. Mathematically t h i s  can be 
expressed by assuming a s o l u t i o n  of t h e  form: 
where x 1  = ax t1 = a t  (3.2.81) 
IS, t , x l ,  t ' a r e  considered as independent v a r i a b l e s  i n  @(o)  and . 
Subs t i t u t ing  Eq. (3.2.80) i n t o  Eq. (3.2.79.) a ze ro th  and a f i r s t  o rder  
equat ion a r e  obtained as: 
0(a) : p (1) 1 @(O) - @  = - -  t t xx 3 a xxtt - [2 @x x t  t t 
+ 2  ( @ x x '  (O) - @ t t '  (O) ) 
The general solution to Eq. (3.2.82) is: 
Substituting Eq. (3 .2 .84 )  into the right-hand side of Eq. (3.2.83) 
two sets of terms are obtained, those which are functions of (t4-x) or 
( t - x )  alone, and hence secular, and those which are mixed. Thus, 
Eq. (3.2.83) can be rewritten as: 
where z+==t31I 2 - = t-x 
The integration of Eq. (3.2.85) yields a solution of the form: 
Since a bounded solution is desired at all times, the function 
+ 
P (2,) and P-(z ) must be set to zero. This gives: 
- 
- - - - - 18, 1 - -  
' ~ X I -  @tt I~ 6 a xxtt + - c p  Q) ) = o  - (Qx @tt 2 t tt 
+ 
Now define n and n- as: 
using Eq. (3.2.78) along with Eq. (3.2.84): 
(0) + - 
n = - mt + O(a,B) = - Qt + O(a,B) = n + n + O(a,$) (3.2.91) 
Thus, a t  t h e  zero th  order:  
From Eqs. (3.2.89)-(3.2.90) and t h e  form of the  funct ions  @+ and 0- 
i n  Eq. (3.2.84) , it  follows t h a t  : 
Subs t i tu t ing  Eq. (3.2.93) and (3.2.94) i n t o  E q s .  (3.2.87) and 
(3.2.88), two uncoupled equat ions f o r  II+ and 0- a r e  obtained: 
Equations (-3.2.95) and (3.2.96) a r e  now applied t o  t h e  wave 
motion i n  a rec tangular  tank  wi th  length  L. It appears reasonable t o  
L L 
assume t h a t  O(T) = 1. Thus, the  absc issa  x = O(T) = O(1) and t h e  
dependence on the variablex'can be neglected in Eq. (3.2.95) and 
(3.2.96). Thus: 
Reverting back to the initial variables x and t, Eqs. (3.2.95) and 
(3.2.96) can be expressed as : 
It is noted that these are simply the KdV equations (after Korteweg 
and de Vries (1895)) for waves moving to the left and to the right, 
respectively. 
The following basic result based on Eqs. (3.2.92), .(3.2.99) and 
(3.2.100) can now be stated: in a narrow, closed rectangular basin the 
wave amplitude in shallow water can be described by the linear super- 
position of two nonlinear waves traveling in opposite directions, each 
satisfying its own KdV equation. Note that the approximation leading to 
that result is of the same order of magnitude as that which leads to the 
KdV equation from the nonlinear dispersive equations. Thus, to the same 
order of approximation, two waves propagating in the same direction do 
interact in a nonlinear fashion (e.g., Whitham (1974), p. 580) but 
two waves propagating in opposite directions do not! This can be understood 
physical ly on the  b a s i s  t h a t  a s  two waves propagate i n  t h e  same direc t ion 
t h e i r  in te rac t ion  time i s  r e l a t i v e l y  long while when they propagate i n  
opposite d i rec t ions  t h e i r  in te rac t ion  time is much shor ter ,  too shor t  
in f a c t  t o  allow nonllnear in te rac t ion  t o  take place. 
The next s t e p  is t o  l o o k f o r a  solut ion represented as:  
+ 
where C is  t h e  wave speed and n (Ct-x)  and q - ( ~ t ~ )  are solut ions  
of Eqs. (3.2.99) and <3.2.100),respectively, which s a t i s f y  the  zero 
ve loc i ty  boundary conditions at e i t h e r  end of . the  basin: 
Using Eqs. (3.2.84), (3.2.93) and (3.2.94), and choosing L = L 
one obtains: 
and from Eq. (3.2.103): 
Applying t h i s  r e l a t i o n  t o  Eq. (3.2.104) t h e  following resu l t s :  
F(Ct+l) F(C t-1) (3.2.106) 
Thus, the  p a r t i c u l a r  solut ion must be periodic and of the  form: 
n(x,t) F(Ct4-x) + F(Ct-x) 
Equation (3.2.106) is s a t i s f i e d  i f ,  i n  dimensional u n i t s ,  the  basin 
length L is an i n t e g r a l  mult iple of hal f  the  wave length A .  
An obvious solut ion f o r  F is t h e  cnoidal wave which is  a periodic 
solut ion of the  KdV equation. I n  dimensional nota t ions  the  solut ion 
is wr i t t en  as: 
t 
where h is t h e  depth, H is  t h e  wave height ,  d is t h e  d is tance  t o  the  
wave trough from the  bottom, X i s  the  wave length,  T is  the  period, 
C is the wave c e l e r i t y ,  m is the  e l l i p t i c  parameter, K = K(m) and 
E = E(m) a r e  the  f i r s t  and second complete e l l i p t i c  i n t e g r a l s ,  
respectively,  and cn i s  the  cnoidal Jacobian e l l i p t i c  function. The 
in teger  n r e f e r s  t o  a p a r t i c u l a r  mode of f r e e  o s c i l l a t i o n  of the  
rectangular basin. A d e f i n i t i o n  sketch f o r  the  various parameters 
is  presented i n  Fig. 3.2.3. 
Fig. 3.2.3 Def in i t i on  ske tch  f o r  t h e  cnoida l  
wave parameters.  
Equations (3.2.107) t o  (3.2.111) d e f i n e  t h e  f i n i t e  amplitude 
u n i d i r e c t i o n a l  n a t u r a l  modes of o s c i l l a t i o n s  i n  a rec tangular  basin.  
Two f a m i l i a r  f e a t u r e s  cha rac t e r i ze  those  nonl inear  modes. F i r s t ,  
s i n c e  a cnoida l  wave is not  symmetric wi th  r e spec t  t o  t h e  mean water 
l e v e l ,  f i xed  nodes do no t  e x i s t .  Second, t h e  per iod  of t h e  o s c i l l a-  
t i o n s  v a r i e s ' w i t h  the -ampl i tude  as can be  seen from Eq. (3.2.110) where 
t h e  wave c e l e r i t y  can be expressed a s :  
It is noted t h a t  those  two f e a t u r e s  
o s c i l l a t i o n  i n  t h e  in te rmedia te  and 
A t  t h e  two extreme va lues  of m: 
a l s o  c h a r a c t e r i z e  f i n i t e  amplitude 
t h e  deep water  range. 
IT l T  
as m + 0 ,  - + 0, K + , E -c - and: 
h 2 
(This  is t h e  l i n e a r i z e d  r e s u l t  s t a t e d  a t  t h e  beginning of Sec. 3 . 3 . 3 . )  
For t h i s  l i m i t i n g  case  s o l i t a r y  waves w i l l  t r a v e l  back and f o r t h  i n  
t he  basin.  
The r a t i o  C/Co, where Co denotes  t h e  wave c e l e r i t y  computed from 
the  l i n e a r  d i spe r s ive  theory,  is p l o t t e d  a s  a func t ion  of H/h i n  Fig. 
3.2.4 f o r  s e v e r a l  va lues  of h/h.  It is  seen t h a t  f o r  a f i xed  va lue  of 
h /h ,  C / C o i s  a n  increas ing  func t ion  of H/h and f o r  a f ixed  va lue  of H/h 
i t  is a decreasing func t ion  of h/h; t h e  app l i ca t ion  of t h i s  property 
w i l l  appear c l e a r l y  i n  Sec t ion  5.2. It can be  noted t h a t  f o r  a given 
bas in  length  and a given mode of o s c i l l a t i o n  t h e  r a t i o  C/Co is a l s o  
equal  t o  o/uO, where uO d e n o t e s t h e  frequency of t h e  fundamental mode of 
o s c i l l a t i o n  as computed from t h e  l i n e a r  d i spe r s ive  theory. 
An important parameter i n  t h e  s tudy  of long wave o s c i l l a t i o n s  i n  


c losed  bas ins  i s  t h e  Stokes parameter HX2/h3. Inspec t ion  of Eqs. 
(3.2.107) t o  (3.2.109) shows t h a t  t h e  shape of t h e  curve rl (x, t )  /H 
depends only  on t h e  va lue  of H X ~ / ~ ~  at a given time t /T.  The evolu- 
t i o n  i n  t ime of t h e  wave i n  t h e  b a s i n  has  been p l o t t e d  i n  Fig. 3.2.5 
f o r  t h r e e  d i f f e r e n t  va lues  of HX2/h3. For H12/h3 = 10  the  p r o f i l e s  
a r e  s i m i l a r  t o  those predic ted  by t h e  l i n e a r  theory. However, no 
f i x e d  node e x i s t s  a t  x/L = 0.5 al though t h e  su r f ace  e l eva t ion  remains 
small  a t  a l l  t imes at  t h a t  l oca t ion .  For H X ~ / ~ ~  = 100 t h e  comparison 
wi th  t h e  l i n e a r  theory becomes poor; t h e  s tanding wave p a t t e r n  becomes 
a progress ive  wave p a t t e r n  and t h e  envelope of maximum su r face  e l eva t ions  
has cons tan t  he ight  d i f f e r e n t  from zeroa long  t h e  basinaway f romthewa l l s .  
This  nonl inear  f e a t u r e  p e r t a i n s  only t o  t he  long wave range and is not  
observed i n  t h e  in te rmedia te  o r  deep water range. For FIX2/h3 = 1000 
t h e  t r a v e l i n g  wave p a t t e r n  i s  even more apparent ,  a c t u a l l y  t h e  wave looks 
very much l i k e  a single'hump"trave1ing back and f o r t h  i n  t h e  bas in  
almost e n t i r e l y  above t h e  st i l l  water l e v e l .  
A comparison of t hese  a n a l y t i c a l  r e s u l t s  w i th  experiments w i l l  be  
presented i n  Sect ion 5.2. One major advantage of t h i s  a n a l y s i s  is  
t h a t ,  a l though r e s t r i c t e d  t o  n a t u r a l  modes of o s c i l l a t i o n s ,  it provides 
i n s i g h t  i n t o  t h e  c h a r a c t e r i s t i c s  of t h e  f i n i t e  amplitude o s c i l l a t i o n s .  
Using t h i s  approach it i s  a l s o  poss ib l e  t o  d e l i n e a t e  q u a n t i t a t i v e l y  the  
l i m i t s  of v a l i d i t y  of t h e  l i n e a r i z e d  theory.  
3.2.4 
dimensional 
The Range of Va l id i ty  of t h e  Linear  and Nonlinear 
Dispersive Theories 
I n  t h i s  subsec t ion  a l l  t h e  v a r i a b l e s  a r e  expressed i n  
form. One common assumption t o  both t h e  l i n e a r  and 
h 
nonlinear dispersive theories is that O(T)  < 0(1) where is a character- 
istic wavelength and h is the still water depth. Mathematically this 
assumprion is expressed by the approximation of the classical linear 
dispersion relation by: 
1 
a2 = kg [kh - -5 (kh)3] 
This approximation is valid within 2% error if: 
For the problems of the basin excitation or the wave-induced harbor 
oscillations, 0 denotes some characteristic frequency of the excitation 
function. 
Both linear and nonlinear long wave theories are applicable only 
if Eq. (3.2.113) is verified. If not, higher order dispersion terms 
should be introduced into the equations. 
The second limitation concerns the effects of nonlinearities 
neglected in the linear theory. A relevant parameter indicating the 
importance of nonlinearities relative: to dispersion is the Stokes 
parameter defined in Subsection 3.2.3 for the case of standing waves 
in a closed rectangular basin: . 
where H and X denote the cnoidal wave height and cnoidal wave length, 
respectively, associated with the standing wave oscillations. 
It has been seen (Fig. 3.2.5) t h a t  if U is less than t e n ,  f i n i t e  
-s 
amplitude e f f e c t s  remain s m a l l  i f  no t  n e g l i g i b l e  f o r  a l l  modes of 
o s c i l l a t i o n ,  b u t  as IS increases ,  t h e  s tanding wave p a t t e r n  changes 
i n t o  a wave p a t t e r n  which is  q u i t e  d i f f e r e n t  from what t he  l i n e a r  
theory p red ic t s .  The c r i t i c a l  va lue  U = 10 presumably can be chosen 
-s 
t o  de f ine  the  upper l i m i t  a t  which f i n i t e  amplitude e f f e c t s  can be 
neglected. For U < 10 l i t t l e  e r r o r  i s  introduced by rep lac ing  
-s 
X by 2 7 ~ G / u .  Furthermore, a l though t h e  c r i t e r ion -. has  been e s t ab l i shed  
f o r  t h e  f r e e  o s c i l l a t i o n  of a s tanding wave system, i t  seems reasonable 
t h a t  i t  could a l s o  b e  extended f o r  more genera l  wave systems develop- 
ing  i n  t h e  bas in  as w e l l .  Therefore,  i t  is proposed t o  express  t he  
range of v a l i d i t y  of t h e  l i n e a r  theory f o r  long waves by: 
For a bas in  continuously exc i t ed  w i t h  t h e  motion descr ibed i n  Sec t ion  
3.2.2 a resonant  frequency is given by: 
aL 
-- (2n+l )~r  n = 0 , 1 , 2 - . -  (3.2.117) 
a 
Using Eqs. (3.2.72), (3.2.116), and (3.2.117), an es t imate  of t he  
e v o l u t i o n .  of t he  Stokes number with t i m e  when t h e  bas in  i s  continu- 
ously exc i t ed  a t  a resonant  frequency can be derived a s :  
I n  p a r t i c u l a r ,  during t h e  f i r s t  few o s c i l l a t i o n s :  
The s i g n i f i c a n c e  of Eqs. (3.2.116), (3.2.118), and (3.2.119) w i l l  
appear c l e a r l y  i n  Sect ion 5.2. 
It  is use fu l ,  a t  t h i s  p o i n t ,  t o  s t r e s s  t he  d i f f e r ence  between the  
Stokes number, def ined s p e c i f i c a l l y  f o r  t h e  e x c i t a t i o n  of a  c losed 
basin,and t h e  Urse l l  number, mentioned i n  Sect ion 3 .1  and used i n  a  
more general  context  t o  desc r ibe  t h e  evolu t ion  of a  long wave system. 
The c h a r a c t e r i s t i c  wave he igh t  H and the  depth h a r e  t h e  same f o r  t h e  
two parameters,  bu t  t h e  c h a r a c t e r i s t i c  length  f, is d i f f e r e n t .  For t h e  
Stokes number t he  length  X is the  usua l  wavelength, r e l a t e d  t o  the  f r e-  
quency a by A 2 2 7 ~ 4 5 1 ~ ~ ~  and i t  is independent of t h e  l o c a l  shape of 
the wave i n  the  bas in .  I n  t h e  U r s e l l  number, t h e  length  R r e f e r s  t o  
t he  l o c a l  wave shape independent of t he  e x c i t i n g  condi t ions .  A more 
q u a n t i t a t i v e  d e f i n i t i o n . o f  R has been given by Hammack (1972) a s  
= no 1 where 0 is t h e  maximum wave amplitude i n  t he  region of / 0 
the  wave under cons idera t ion  and n is defined a s  t h e  maximum value  of 
X 
t h e  shape of t h e  p r o f i l e  i n  t h a t  region. One important property of 
long waves, pointed out  by Hammack (1972), is  t h a t  they  tend t o  evolve 
during t h e i r  propagation i n  t h e  absence of f r i c t i o n  and geometric 
spreading e f f e c t s  towards a  wave s t a t e  charac te r ized  by a l o c a l  Ursell 
number of order  un i ty .  An app l i ca t ion  of t h i s  cons idera t ion  w i l l  be 
discussed i n  some d e t a i l  i n  Sect ion 5.2. 
3 .3  
t h e  
The E f f e c t s  of Energy Diss ipa t ion  on t h e  Wave Induced O s c i l l a t i o n s  
of a Narrow Rectangular Harbor 
This  aspec t  of t h e  i n v e s t i g a t i o n  presented he re  was motivated i n  
following ways. The i n i t i a l  purpose was t o  use. a l i n e a r i z e d  
a n a l y t i c a l  model f o r  a harbor  conf igura t ion  with a simple geometry 
.to determine t h e  energy d i s s i p a t i o n  due t o  t h e  entrance of a 
harbor .  It turned ou t ,  however, t h a t  t h i s  method only yielded r e l i a b l e  
r e s u l t s  i f  t h e  o t h e r  sources of d i s s i p a t i o n  present  i n  l abo ra to ry  
experiments were considered, such as boundary f r i c t i o n ,  su r f ace  ten- 
s ion ,  and leakage underneath harbor w a l l s  ( f o r  a harbor j u s t  s i t t i n g  
on t h e  f l o o r  of a l a r g e r  wave bas in ) .  Once t h e  va r ious  sources of 
d i s s i p a t i o n  had been properly sca led ,  t h e  r e s u l t s  of t h e  l i n e a r  model 
could be used as a b a s i s  of comparison with t h e  experiments f o r  t he  
i n v e s t i g a t i o n  of t h e  f i n i t e  amplitude e f f e c t s  i n , b o t h  s teady  and 
t r a n s i e n t  wave induced o s c i l l a t i o n s .  Since most of t h e  experiments 
were performed f o r  a narrow, rec tangular  harbor ,  a rec tangular  con- 
f i g u r a t i o n  was chosen f o r  t h e  ana lys i s .  
The inc iden t  waves generated i n  t h e  labora tory  a r e  never s inusoida l ,  
but  conta in  higher  harmonics. These harmonics may a f f e c t  t he  harbor 
response s i g n i f i c a n t l y  and s i n c e  they  a r e  not  n e c e s s a r i l y  i n  t h e  shallow 
water range, t h e  use  of a f u l l y  d i s p e r s i v e  l i n e a r  theory is 
necessary.  
The va r ious  sources of d i s s i p a t i o n  which may a f f e c t  t h e  wave 
dynamics i n  t he  present  experimental harbor s tudy a r e  descr ibed i n  
Sect ion 3.3.1. The a n a l y t i c a l  formulation of t h e  harmonic problem and 
t h e  de r iva t ion  of t h e  d ispers ive ,  f u l l y- d i s s i p a t i v e  so lu t ion  a r e  
presented i n  Sec t ion  3.3.2. A phys i ca l  d i scuss ion  of t h e  s o l u t i o n  and 
a co r r ec t ion  f o r  t h e  sources of d i s s i p a t i o n  no t  included i n  t h e  model, 
such as su r f ace  tens ion ,  is  presented i n  Sec t ion  3.3.3. F i n a l l y ,  t h e  
a p p l i c a t i o n  of t h e  d i s s i p a t i v e  s teady  s t a t e  s o l u t i o n  t o  t r a n s i e n t  
problems is  presented i n  Sect ion 3.3.4. 
3.3.1 The Various Sources of Diss ipa t ion  
I n  t h i s  s e c t i o n  only  t h e  sources  of d i s s i p a t i o n  a f f e c t i n g  
t h e  present  experimental harbor s tudy  a r e  discussed.  
( i )  Laminar bottom f r i c t i o n  
This  source of d i s s i p a t i o n  has been included i n  t h e  d i s s ipa-  
t i v e  long wave equat ions derived i n  Sect ion 3.1. It i s  caused by t h e  
laminar shear  stress of t h e  f l u i d  a g a i n s t  t h e  bottom r e s u l t i n g  i n  a 
v e l o c i t y  g rad ien t  a t  t h e  bottom which can be approximated by (see  Eqs. 
A.19 and A.23 i n  Appendix A): 
where n is t h e  normal vec to r  t o  t h e  s o l i d  boundary, po in t ing  toward t h e  
* 
f l u i d  domain, ui i s  one of t h e  v e l o c i t y  components p a r a l l e l  t o  t h e  bound- 
a ry ,  j u s t  ou t s ide  the  boundary l a y e r ,  v i s  t h e  kinematic v i s c o s i t y  
and o is  a c h a r a c t e r i s t i c  frequency of t h e  wave motion. 
(if) Laminar  wall f r i c t i o n  
When t h e  f l u i d  domain i s  bounded l a t e r a l l y  by v e r t i c a l  
w a l l s ,  shear  s t r e s s  of t h e  f l u i d  aga ins t  t h e  l a t e r a l  boundaries t akes  
p lace ,  causing a d d i t i o n a l  d i ss ipa t ion ,and  t h e  r e s u l t i n g  v e l o c i t y  grad ien t  
a t  t h e  wa l l  is a l s o  given by Eq. (3.3 .I). 
(iii) Laminar surf ace friction 
In laboratory conditions a laminar shear stress often 
occurs at the water surface. It is caused by the formation of a 
thin film resulting from surface contamination. When the film is 
insoluble and becomes fully contaminated it acts as a solid boundary 
in the horizontal direction and the resulting velocity gradient at 
the surface can be expressed as: 
where C denotes the surface contamination factor which can, in principle, 
vary from 0 to 2 (Miles, 1967). In practice, for initially clean liquid 
surface in contact with.ambient atmosphere experiments by Van Dorn (1966) 
indicate that C rapidly approaches a limiting value of unity. This 
value corresponds to the establishment of the fully contaminated surface 
film . 
(iv) Dry friction from meniscus action 
For a solid surface not wetted by a liquid, 
"Coulomb-1ike"frictional forces take place, according to Miles (1967), when 
the meniscus moves along the solid surface and can be expressed by: 
per unit length of meniscus, where I' is the surface tension at the 
e 
air-water interface and K a constant approximately equal to 0.31 
for a distilled water-air-lucite contact (Miles, 1967). More precisely, 
1 
according to Miles (1967), is equal to [cosOR - c0s0~] where BA and BR 
denote the contact angles of advance and recession, respectively, of the 
meniscus moving along the solid surface, which have unequal, but 
constant values. In the case of a distilled water-air-glass contact 7 
is nearly zero; this is reflected in the fact that distilled water wets 
glass but not lucite. In order to drastically reduce this friction 
force in the case of lucite (which was used in the present investigation) 
it is sufficient to add a small quantity of detergent in the water, 
e. g., see Keulegan (1959) , 
(v) Residual dissipative source related to surface tension 
An additional damping mechanism related to surface tension 
was apparently first measured by Keulegan (1959) in a special case and 
involves some "obscure surface activity phenomena" as expressed by 
Keulegan, apparently independent of surf ace film shear stress or dry menis- 
cus friction. It becomes significant only for narrow vessels. One way to 
characterize this mechanism is to consider the surface as a membrane 
with a uniform tensile force T, per unit length actigg parallel to the 
water surface and connected to the walls (see definition sketch in 
Fig. 3.3.1). 
Fig. 3.3.1 Definition sketch for the additional surface 
dissipation mechanism. 
The force  F per u n i t  length required t o  p u l l  the membrane t o  an elevation 
rl i s  given by: 
re' F 2, re s i n  O h -  b 
where F is  the  surface tension a t  the  air-water in te r face ,  b is  distance 
e 
between the  two wal ls  and q is  the  wave height.  One way t o  render t h i s  
force  d i s s ipa t ive  is t o  assume the existence of a s l i g h t  phase s h i f t  
between F and n. 
It can be noted t h a t  t h i s  d i s s ipa t ion  mechanism and the  four o thers  
previously mentioned a f f e c t  the experimental study of the  closed basin 
exc i t a t ion  a s  w e l l  a s  the  experimental study of harbor osc i l l a t ions .  
(v i )  Leakage losses  
Many of the  harbor experiments presented i n  Section 5.3 
were performed with the harbor j u s t  s i t t i n g  on t h e  f l o o r  of the wave 
basin without seals. It was rea l ized l a t e r  i n  t h e  program t h a t  t h i s  
procedure introduced addi t ional  damping due t o  a small gap underneath 
the walls  of the  harbor. Thus, an analys is  of t h i s  source of dissipa-  
t i o n  was necessary; t h i s  analys is  is presented i n  Appendix D. The 
r e s u l t s  can be expressed i n  the  following way. F i r s t ,  the  expressions 
fo r  the  hor izonta l  component of the  veloci ty  vector  and f o r  the  wave 
e levat ion a r e  assumed t o  be of the  form: 
where un denotes the outward normal component of the  hor izonta l  
ve loc i ty  vector  a t  the  wall ,  rl i s  the  wave elevation,  h is  the  s t i l l  
water depth, 0 is  the  c i r c u l a r  frequency of the  harmonic motion and k 
the  corresponding wave number. The'lealdngboundary condition can be 
expressed as: 
where e is  the width of the  gap between the  wal l  and the  f l o o r ,  t e i s t h e  
wall  thickness, g is t h e  accelera t ion of gravity,  and v is the  kinematic 
v iscos i ty .  One of these parameters, the  gap e, is undefined and i t  w i l l  
have to be found from the experiments presented i n  Section 6.2. Con- 
sider ing shallow water waves, the  dependence of the  leakage ve loc i ty  on 
A n 
k i n  Eq. (3 .3 .7 )  disappears and u is  re la ted  t o  q by: 
n 
It can be noticed t h a t  s ince  Eq. (3.3.8) does not contain the  
frequency 0 o r  the  wave number k it appl ies  equally well to  the  
t r ans ien t  case f o r  long waves. 
(v i i )  Entrance separat ion l o s s  
SFmilar t o  the  approach of I t o  (1970) and %&ta and 
M e i  (1975), at  the  harbor mouth a head l o s s  is  assumed t o  e x i s t  such 
t h a t  the  amplitude di f ference  across the  entrance is expressed as: 
where un denotes the  veloci ty  across the  entrance, t h e  
horizontal  bars denote the  average along the  entrance and the  v e r t i c a l  
b a r s  denote t h e  abso lu t e  va lue  f o r  a r e a l  expression and t h e  modulus 
f o r  a complex expression. The f r i c t i o n  f a c t o r  f, is ill defined f o r  
t h e  unsteady case  and w i l l  be  i nves t iga t ed  from experiments which w i l l  
be  descr ibed i n  Sec t ion  6.2. I n  add i t i on ,  a d i scuss ion  of t h e  
dependence of f on c e r t a i n  r e l evan t  phys ica l  parameters w i l l  be  post- 
e 
poned a l s o  u n t i l  Sec t ion  6.2. 
If Eq. (3.3.9) is appl ied  t o  t h e  harmonic problem, higher  harmonics 
a r e  generated due t o  t h e  quadra t i c  terms. However, as a first.approxi- 
mation i n  Eq. (3.3.9) t h e  quadra t i c  en t rance  l o s s  can  be replaced by 
a n  equiva len t  l i n e a r i z e d  expression: 
where 6 is defined by Eq. (3.3.5). Equation (3.3.10) is obtained from 
n 
Eq. (3 .3 .9)  i n  the case  of a s inuso ida l  wave by computing t h e  l o s s  of 
energy i n  one period a t  t h e  en t rance  f o r  a quadra t ic  and a l i n e a r  d i s s i -  
pa t ion  term and equating t h e  r e s u l t s .  
3.3.2 The Solu t ion  of t h e  Harmonic Problem 
The harbor under s tudy  has a r ec t angu la r  shape and is 
p a r t i a l l y  closed a t  t h e  mouth by a t h i n  breakwater as shown by t h e  
d e f i n i t i o n  ske tch  i n  Fig. 3.3.2. Several  assumptions a r e  made: 
( i )  The s t i l l  water depth h i s  cons tan t  throughout 
t h e  f l u i d  domain. 
( i i )  The c o a s t l i n e  AE,BF is s t r a i g h t .  
( i i i )  The d i r e c t i o n  of t h e  i n c i d e n t  wave is  perpendicular  t o  
t h e  coas t l i ne .  
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Fig .  3 .3 .2  Definition sketch of a rectangular harbor. 
( i v )  F i n i t e  amplitude e f f e c t s  a r e  neglected.  This implies  
t h e  wave amplitude is  s m a l l  compared t o  t h e  depth. 
(v) The following d i s s i p a t i o n  sources,  among those d i s-  
cussed i n  Sec t ion  3.3.1 a r e  included i n  t h e  present  
formulation: laminar boundary f r i c t i o n  a t  t he  
bottom, the  w a l l s ,  and a t  t h e  s u r f a c e  i n s i d e  t h e  
harbor ,  leakage l o s s e s  under t h e  w a l l s  DH, HG, and 
GC, sepa ra t ion  l o s s e s  ac ros s  t h e  en t rance  AB. A co r rec t ion  
f o r  t he  remaining sources of d i s s i p a t i o n  l i s t e d  i n  Sect ion 
3.3.1 bu t  not  included i n  t h e  formulat ion,  namely t h e  
two d i s s i p a t i v e  sources r e l a t e d  t o  su r f ace  tens ion ,  
w i l l  be presented i n  Sec t ion  3.3.3. 
( v i )  The harbor width b i s  small  compared t o  t he  harbor 
length  (b/L 0.4, say) .  Also, t he  r a t i o  of b/) \ ,  
where X is t h e  wavelength of t h e  inc ident  wave, is  
s m a l l  compared t o  un i ty  (say,  b/X 5 .2)  . 
The assumptions l i s t e d  i n  ( v i ) ,  which a r e  cons i s t en t  with t h e  range of t h e  
experiments presented i n  Sec t ion  6.2, g r e a t l y  s impl i fy  t h e  de r iva t ion  
of t h e  a n a l y t i c a l  s o l u t i o n  a s  w i l l  be  seen l a t e r .  The s o l u t i o n  w i l l  
b e  obtained i n  fou r  success ive  s t eps :  de r iva t ion  of a s imp l i f i ed  form 
f o r  the  equations of motion inc luding  t h e  e f f e c t s  of laminar boundary 
f r i c t i o n ,  r ep re sen ta t ion  of t he  s o l u t i o n  i n s i d e  t h e  harbor ,  representa-  
t i o n  of t he  s o l u t i o n  ou t s ide  the  harbor ,  and matching between t h e  two 
regions a t  the  harbor  mouth. 
Using t h e  E ins t e in  summation convention, t h e  l i n e a r i z e d  con t inu i ty  
and momentum equat ions a re :  
where u (x x z , t )  is t h e  component of t h e  v e l o c i t y  vec to r  i n  t h e  i 1' 2' 
ho r i zon ta l  x d i r e c t i o n ,  w(x ,x z , t )  is  t h e  component of t h e  v e l o c i t y  i 1 2'  
v e c t o r  i n  t h e  z  d i r e c t i o n ,  p is  t h e  f l u i d  dens i ty ,  v is t h e  kinematic 
v i s c o s i t y ,  t is  t h e  time,, and Pd is  t h e  dynamic pressure  defined a s :  
where g is  t h e  a c c e l e r a t i o n  of g r a v i t y  and p t h e  s t a t i c  pressure .  
I n t e r n a l  d i s s i p a t i o n  i s  neglected throughout t h i s  a n a l y s i s  f o r  t h e  
reason discussed i n  Sect ion 3.1,and t h e  only v iscous  terms re t a ined  
a r e  assoc ia ted  wi th  t h e  v e l o c i t y  g rad ien t s  near  t h e  bottom and a t  t h e  
su r f ace  i n  a d i r e c t i o n  perpendicular  t o  t h e  bottom and su r f ace  
boundaries. 
The boundary condi t ions  a r e :  
where n(xl,x2,t) is  t h e  surface  elevation,  o is a c h a r a c t e r i s t i c  
frequency of the  f l u i d  motion and C the  surface  contamination fac to r .  
Equations (3.3.18) and (3.3 .l9) a r e  d i r e c t l y  derived from Eqs. (3.3 . l )  
and (3.3.2), respectively.  
The analys is  i s  now r e s t r i c t e d  t o  the  harmonic problem. Since the  
e f f e c t s  of f r i c t i o n  a r e  only important near the  s o l i d  boundaries, one 
could expect t h a t  the  veloci ty  and pressure f i e l d s  i n  the  f l u i d  domain 
away from t h e  boundaries have.  the  same s t r u c t u r e  a s  i n  the  f r i c t ion-  
less case. That is, ui,w,pd and n a r e  assumed t o  be of the  form: 
cosh k(h+z) ,-$at 
= Re ( ' i ( ~ 1 ~ ~ 2 )  cosh kh i ] i.1,~ 
cosh k ( h h )  e i u t  
'd * Re ( ' d ( ~ 1 ~ ~ 2 )  cosh kh 
where 5 denotes  t h e  imaginary number and k is  a wave parameter t o  
be found from t h e  equat ions and boundary condi t ions .  
Subs t i t u t ing  expressions (3.3.20) and (3.3.21) i n t o  Eq. (3.3.11) 
y i e l d s  
ac, A 
- + k w =  0 
axi 
Mult iplying Eqs. (3.3.12) and (3.3.13) by ui and w., r e spec t ive ly ,  and 
i n t e g r a t i n g  through t h e  depth y i e l d s :  
A 
2 1 vcr 1 / 2  4kh( l+  C cosh kh) A [-io + - (-1 d h 2 2kh+s inh  2kh I U i  = - p  axi + O ( v )  (3.3.25) 
The boundary condi t ion  (3.3.15) implies:  
Combining Eqs. (3.3.26) and (3.3.27) one obta ins :  
The el iminat ion of between Eqs. (3.3.28) and (3.4.24) y i e lds :  
Finally, a£ ter e l imina t ing  Gi and Gd between Eqs. (3.3.251, (3.3.27) 
and (3.3.29), an equat ion f o r  TI a lone  is obtained a s :  
where pbs is t h e  boundary d i s s i p a t i o n  f a c t o r  equal  to :  
1 v 112 2 s i n h  Zkh 
= - (-1 
%s h 20 [ tanh kh 2kh + C  2kh + s i n h  2kh s i n h  2kh kh I (3.3.31) 
The boundary cond i t i on  (3.3.16) has  s t i l l  t o  be  s a t i s f i e d .  Using Eq. 
(3.3.28),the c l a s s i c a l  d i spe r s ion  r e l a t i o n  between CJ and t h e  wave 
number k is  obtained as:  
0" = kg tanh kh (3.3.32) 
The equat ions of motion have now been reduced t o  t h e  modified Helmholtz 
equat ion  (3.4.30). The r e l a t i o n s h i p  between and t h e  o the r  v a r i a b l e s  
can be r ewr i t t en  using t h e  va r ious  r e l a t i o n s  derived so f a r :  
It i s  noted t h a t  w a l l  f r i c t i o n  e f f e c t s  a r e  n o t  included i n  t h e  
damping c o e f f i c i e n t  %s i n  Eq. (3.4.30), s i n c e  t h e  i n t e g r a t i o n  was only 
over t h e  depth, not  along t h e  boundaries.  Assuming momentarily t h a t  t he re  
is no v a r i a t i o n  of t h e  wave motion i n  t he  x d i r e c t i o n ,  t h e  momentum 2 
Equation (3.3.12) and (3.3.13) can be in t eg ra t ed  f i r s t  along t h e  width 
so  t h a t  t h e  con t r ibu t ion  of boundary f r i c t i o n  a t  t h e  wa l l s  can be 
obtained.  Then, fol lowing t h e  same procedure a s  i n  t h e  previous 
de r iva t ion ,  t h e  f i n a l  equat ion is  obtained as :  
with  t h e  
Ut 
For 
fol lowing express ion  f o r  vt :  
1 V 1 /2  2 s i n h  2kh I [ 2kh + 2h a (z) '2kh+sinh 2kh s i n h  2kh tanh Ckh kh + -1 b (3.3.37) 
a small aspec t  r a t i o  b/L one can  expect t h e  motion t o  remain one- 
dimensional except near  t h e  mouth. A s  a r e s u l t ,  a reasonable way t o  
inc lude  t h e  e f f e c t s  of w a l l  f r i c t i o n  i n  Eq. (3.3.30) is to repface 
pbs U t e  
For purposes of c l a r i t y  t h e  coord ina tes  xl and x2 are replaced by 
x and y and t h e  v e l o c i t y  components u1,u2 become u and v i n  t h e  remainder 
of t h i s  sec t ion .  
( i i )  Representat ion of t h e  s o l u t i o n  i n s i d e  t h e  harbor  (Region 3) 
The v a r i a b l e s  are referenced by t h e  subsc r ip t  3 i n  t h e  
i n t e r i o r  harbor region,  l imi t ed  on Fig.  3.3.1 by t h e  boundaries DH, HG, 
GC, and CD. 
The problem c o n s i s t s  i n  der iv ing  a proper r ep re sen ta t ion  f o r  G3(x,y) 
s a t i s f y i n g  t h e  Helmholtz equat ion:  
The proper boundary condi t ion  a t  the' leakinf 'boundary can be obtained 
by s u b s t i t u t i n g  Eq. (3.3.7) i n t o  Eq. (3.3.33) : 
where 
e 
3 u 
E 3-  
3Vte 2kh+ sinh 2kh 
2 Typically O(E) = O ( u t )  = 0.01, so  that terms of order EV E , and t '  
2 Ut w i l l  be neglected throughout the analysis .  The boundary conditions are: 
where 
Following Miles and Munk (19611, a Green function representation 
of the solution is soughtof the form: 
G3cxY~1 = c 3 e 9  G(x,Y,Y~)~Y' / (3.3.45) 
-b/2 
where the Green function G(x,y,n) must satisfy Eq. (3.3.38) to (303.43) 
(where R3 is replaced by G) and 
where 6(y-y') denotes the Dirac function. 
An elementary solution of Eq. (3.3.38) for G satisfying boundary 
conditions (3.3.41) to (3.3.43) is foupd as : 
where 
The general solution for G can be expressed in a series expansion: 
Each coefficient dn.yl) is found by applying boundary condition (3.3.46) 
and integrating across the harbor width after multiplying each side of 
Eq. (3.3.46) by cos (Eny) : 
It has been assumed previously t h a t  b/L 5 0.4. Thus, the  wave f o r  
those s i t u a t i o n s  can be considered unidi rec t ional  except near t h e  mouth, 
and most of the  wave energy remains concentrated i n  the  f i r s t  mode of 
. o s c i l l a t i o n  (corresponding t o  n=O). Hence, the  e f f e c t  of d i s s ipa t ion  
w i l l  be retained only i n  the  f i r s t  term of the  s e r i e s  i n  Eq. (3.3.48). 
Furthermore, i t  has been assumed t h a t  b / h  << 1; t h i s  implies tha t  
kb < 2 ~ r  and, thus, the f i n a l  form of Green's function is obtained from 
Eq. (3.3.49) as: 
-cos (goy ) cos (goy) cos (Go (x+L) + i s )  
G(x,y,yl) = 
b% sin(%L + i ~ )  
- cos (finyl) cos(Bny) cosh tan(x+L) I 
r' 
I A  
n=l b - a s inh (a,L) 2 n 
where 
A uniform ve loc i ty  d i s t r i b u t i o n  i s  assumed across  the  mouth. This implies 
from Eq. (3.3.33) a constant value f o r  c3(y): 
From Eq.  (3.3.45),  an average amplitude across the entrance can be com- 
puted as : 
and the result can be put in  the form: 
where 
E cau be expanded to the ' f irst  order in p and E : t 
E = - - -  a I I + + IE) 
b k tan kL 
where 
Ut  a I,,=-( + - L a 2 kb tan kL b sin2kt 1 
a IE = € - I  1 L P kb kb tan kL + ( 1 + 7 ; )  2 ,  1
s in  kL 
The unknown c is 3 
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t o  be found by matching the  s o l u t i o n  a t  t h e  mouth a s  
descr ibed  by Eq. (3.3.53) with the  form of s o l u t i o n  ou t s ide  
t h e  harbor ,  which w i l l  be  der ived next .  Once c is  known, t h e  s o l u t i o n  3 
i n s i d e  the  harbor i s  given by Eq. (3.3.45). More expLic i t l y ,  using 
Eq. (3.3.50) and expanding G(x,y,yi) t o  t h e  f i r s t  o rder  i n  u t  and E, 
* 
t h e  amplitude func t ion  n3 is  expressed as: 
where 
a 't 1 
=- -  
Ju b 2 s i n  k~ 
( i i )  Representat ion of t h e  s o l u t i o n  ou t s ide  t h e  harbor  (Region 4) 
The subsc r ip t  4 w i l l  be  used t o  denote t h e  v a r i a b l e s  i n  t he  
region ou t s ide  t h e  harbor.  I n  t h e  o u t e r  reg ion  v iscous  and leakage 
e f f e c t s  are neglected.  
Helmholtz equation.: 
The amplitude func t ion  ;14 must s a t i s f y  t h e  
with the  boundary condition: 
The amplitude can be conveniently divided i n t o  two par ts :  
where ;II denotes the  amplitude function of t h e  normally incident  and 
ref lec ted  wave system i n  the  absence of harbor: 
A 
n = A cos kx 
I I 
(3.3.67) 
A 
and ns i s  the  amplitude function of t h e  radia ted  wave produced by the  
presence of the  harbor. A proper representat ion of the  solut ion f o r  
A 
rls s a t i s f y i n g  Eqs. (3 .3 .64)  and (3.3.65) and t h e  Sommerfeld rad ia t ion  con- 
A 2 2 
d i t i o n a t  i n f i n i t y ,  i .e . ,  n s + O  a s  x +y +a, can be obtained along the  
mouth (e.g.,Lamb (1932, 5305) as: 
where BOt is  t h e  Hankel function of t h e  f i r s t  kind of zeroth order and 
c4 is t h e  normal de r iva t ive  of 6, across the harbor entrance, i .e . ,  
From Eqs. (3.3.67) and (3.3.68) the wave amplitude i n  the outer region 
at the harbor mouth can be represented as: 
6, 
Since - 
ay 7 0 at x = 0 for all values of y, c (y) also represents the 4 
n 
normal derivative of at the entrance: 
A uniform velocity distribution has been assumed across the mouth. This 
implies from Eq. (3.3.65) a constant value for c (y) 4 
An average amplitude can.be computed across the entrance (see Lee (1971)) as: 
(iii) Matching the sohfion of each,region at the harbor entrance 
The existence of a head loss across the mouth has previously 
been assumed defined by Eq. (3.3.10). With the present notations and 
using Eqs. (3.3.20) to (3.3.23), Eq. (3.3.10) can also be written as: 
h 
where the vertical bars denote the modulus of the complex quantity u3. 
The continuity requirement at the entrance implies: 
G3(0,y) = C4(0,y) 
where the assumption of small wave amplitude compared to the depth has 
been used. 
The remainder of the derivation follows directly. Substituting 
Eqs. (3.3.53). and (3.3.73) into Eq. (3.3.76) and using relations (3.3.77), 
(3.3.72) and (3.3.51) yields, after some manipulation, the following 
expression : 
a 
where B = - - " Zn(0.1987 lea) - 6 7r cotg kL + akzl 
- 
S is the real quantity given by Eq. (3.3.56) and: 1 
a 1 
x,-- b [ kb tan I~L + ( I + $  I ]  2 
sin kZ, 
The term xr comes about from the communication of the harbor with the 
open sea and is directly related to the imaginary part of Eq. (3.3.73). 
The physical significance of the four terms x 
r, Xu* XE and x will be f 
discussed in Section 3.3.3. 
Once the Eq. (3.3.78) has been solved for the unknown quantity c 3 
the wave amplitude can be computed at any location inside the harbor 
from Eq. (3.3.60). In particular, the series ??2(x,y) can be neglected 
at the backwall for b / ~  < 1 and a simple expression is obtained 
for G3 (-L, y) : 
;13(-Ly) 
= -y[- a +i(J +JE)] 
A~ b sin kL 5.1 
where J and Jc are defined by Eq. (3.3.61) and (3.3.62) respectively. lJ 
This concludes the analytical derivation of the solution for the 
wave-induced oscillations in a rectangular harbor with laminar boundary 
friction, entrance losses, and the effect of leakage incorporated (as 
mentioned, the primary application of the latteris in connection with 
the laboratory studies presented in Chapter 6)-, 
The application of these results for the indirect experimental 
determination of the entrance friction coefficient f, can be seen from 
Eqs. (3.3.84) and (3.3.78). The value of I Y 1 can be determined from the 
measurement of the wave amplitude at the backwall of the harbor and from 
Eq. (3.3.84). The coef f i c ien t  f e  i s  derived from Eq, (3.3.78), assuming 
t h a t  y, and x a r e  known. A physical in te rp re ta t ion  of the  solut ion 
lJ E 
and i ts  appl ica t ions  t o  the  evaluation of t h e  e f f e c t s  of o ther  sources 
of d i s s ipa t ion  not included i n  the  present formulation a r e  
next i n  Section 3.3.3. 
3.3.3 The Physical  In te rp re ta t ion  of the  Solution 
presented 
The s t r u c t u r e  of t h e  solut ion is  bes t  characterized by 
Eq. (3.3.78) which is  s imi la r  t o  t h a t  which defines the  amplif icat ion 
fac to r  f o r  t h e  harmonic o s c i l l a t o r .  The denominator cons i s t s  of a r e a l  
pa r t  B which becomes zero f o r  some values of t h e  incident wave number k,  
and an imaginary pa r t  composed of four terms, each general ly less than 
order unity.  These terms represent  the  e f f e c t s  of the four d i s s i p a t i v e  
sources described e a r l i e r  on t h e  dynamics of the  harbor. 
The rad ia t ive  damping term, xr, is  produced by the  communication 
of the  harbor with the  open sea which c rea tes  a leakage of energy away 
from the  harbor. Since xr is proportional t o  ka the  rad ia t ive  damping 
decreases a s  t h e  harbor opening ge t s  smaller leading t o  t h e  so-called 
harbor paradox (Miles and Munk C196L)). The boundary f r i c t i o n  term, x , 
lJ 
i n  t h i s  sec t ion i s  due t o  laminar f r i c t i o n  along the  bottom, l a t e r a l  and 
surface boundaries. Equation (3.3.81) shows t h a t  x increases with 
lJ 
kL, i .e . ,  with higher modes of osc i l l a t ion .  The term xE stems from the  
possible existence of a small gap beneath 
laboratory model, corresponding t o  a l o s s  
from Eq. (3.3.82), t h a t  t h e  importance of 
L the r a t i o  - increases. F inal ly ,  entrance b 
the  harbor walls  i n  t h e  
due t o  leakage. It is noted, 
leakage damping increases a s  
f r i c t i o n  is represented by the  
term xf and is produced by the head loss across the harbor entrance. 
b 
From Eqs. (3.3.83) and (3.3.84) xf increases with - and :3 so that the im- a 
portanceofentrance loss increasesasthe width of the entrance decreases 
and as the wave amplitude inside the harbor increases. If in Eq. (3.3.78) 
B = 0 for some wave number and xr <C 1, the quantity Y still remains 
finite because of the presence of the terms associated with viscous 
dissipation, i.e., xu, x,. xf. 
The amplification factor R b , y )  is defined as: 
Specializing to the situation where O(xr + x + x E  + xf) C 1, the FI 
reasonant conditions corresponding to a maximum velocity at the entrance 
are realized for B = 0 and the corresponding amplification factor is 
given at the backwall by: 
At resonance, the value of kL for which B = 0 in Eq. (3.3.79) depends 
a both on - and - b However, if b / ~  remains sufficiently small, a zeroth L *  
order approximation for kL is: 
(In actual fact, these values'of (kL) correspond to the limiting case 
b 
where - = 0.) The corresponding mode shapes can be defined approximately L 
from Eq. (3.3.60) as: 
I n  order t o  evaluate the  e f f e c t s  of d i s s ipa t ive  sources not included i n  
the  present model it  i s  useful  t o  def ine  a t  resonance t h e  fac to r  Qi 
associated with the  d i s s i p a t i v e  source Si as: 
where dWi/dt i s  t h e  mean power d iss ipated  by t h e  source Si, and E is  the  
n 
mean wave energy i n  t h e  harbor a t  resonance. From the  resonant character-  
i s t i c s  defined by Eqs. 13.3.87) and (3.3.88) En i s  given by (see e.g., 
Ippen (1966) ) : 
where A denotes t h e  wave amplitude a t  t h e  backwall. 
An a l t e r n a t i v e  parameter measuring the  e f f e c t  of the  d i s s ipa t ive  
source Si is t h e  decay coef f i c ien t  o which measures the  damping r a t e  of a i 
freely  o s c i l l a t i n g  wave system. It can be d i r e c t l y  re la ted  t o  Q a s  i 
follows. From t h e  energy conservation pr inciple  the  r a t e  of energy l o s s  
i n  a system i n  f r e e  o s c i l l a t i o n  mustbeexactly balanced by the  mean power 
d iss ipated  by the  source S i : 
since E it follows that: 
n 
Using Eq. (3.3.89) and (3.3.91), Eq. (3.3.90) becomes: 
Or, integrating 
A 
- =  
- .t 
exp f - a -1 
*o 
i T 
where the decay rate ai is related to Qi by: 
In case of n sources of dissipation, the sane reasoning leads to 
- 
an overa l l  decay rate a given by: 
The relationship (3.3.95) will be used in Section 5.1 for the 
experimental investigation of the sources of dissipation related to 
viscous boundary friction and surface tension dissipation. 
The determination of the Qi factor corresponding to radiation 
damping, laminar bottom, wall and surface friction, leakage losses and 
entrance dissipation is presented in detail in Appendix E; only the 
results will be summarized here as: 
1 4 b  1 
- -  
- - -  
1 kh 
IT a (Zn+l) ' I  + s inh  2kh' Xi i =  1 , 2 , 3 , 4  Qi 
- - - 
where x1 = x,, x2 - X u ,  x3 - X E ,  X 4  - X f w  I n  o the r  words, t h e  product 
xiQi does not  depend on t h e  p a r t i c u l a r  source of d i s s i p a t i o n  S i ' 
Combining E q s  . (3.3.86) and (3.3.96) y i e l d s  : 
4  1 1 kh 
= (2n+1) (2 + s i n h  2kh ) Q 
R .  can be defined a s  t h e  ampl i f i ca t ion  f a c t o r  a t  resonance corres-  
1 
ponding to  t he  d i s s i p a t i v e  source S Physical ly  it would be  the  va lue  i * 
taken by t h e  ampl i f i ca t ion  f a c t o r  a t  the  backwall of t h e  harbor i f  only 
the  source S .  was present .  These r e s u l t s  suggest t h a t  t h e  reduct ion  of 
1 
t he  ampl i f i ca t ion  f a c t o r  a t  ( o r  c l o s e  to)  resonance r e s u l t i n g  from any 
o the r  source of d i s s i p a t i o n  can be derived simply from the  Q .  f a c t o r  cor- 
1 
responding t o  t h a t  source by using Eqs. (3.3.97) and (3.3.99). 
I f  a  source of d i s s i p a t i o n  introduces too much damping, e .g . ,  lead- 
ing t o  a  va lue  of R l e s s  than 2, t he  r e s u l t s  from (3.3.97) can only be 
considered q u a l i t a t i v e ,  because i n  t h a t  case maximum ampl i f i ca t ion  may no 
longer  correspond t o  va lues  of k which cance l  t h e  expression f o r  B i n  
Eq .  (3.3.79). 
Several  app l i ca t ions  of these  cons idera t ions  a r e  mentioned i n  t h e  
remainder of t h i s  s ec t ion .  
( i )  Correct ion f o r  su r f ace  tens ion  e f f e c t s  
The e f f e c t s  of su r f ace  tens ion  not  included i n  t h e  a n a l y t i c a l  
s o l u t i o n  derived i n  Sec t ion  3.3.3 can be est imated by computing t h e  Q i 
f a c t o r s  corresponding t o  t h i s  d i s s i p a t i v e  source. The d e t a i l s  of 
t h e  de r iva t ion  a r e  presented i n  Appendix E. Then t h e  co r r ec t ion  f o r  
t h e  ampl i f i ca t ion  f a c t o r  R a t  resonance can be obtained from Eq. (3.3.97) 
and (3.3.99). This  co r r ec t ion  procedure w i l l  be used i n  p a r t i c u l a r  i n  
Sec t ion  6.2.2 and 6.2.3 f o r  t h e  experimental determinat ion of t he  leakage 
c o e f f i c i e n t  E and t h e  en t rance  l o s s  c o e f f i c i e n t  f e ,  r e spec t ive ly .  
( i i )  Energy d i s s i p a t i o n  i n  t he  model and i n  t h e  prototype 
Hydraulic models a r e  u sua l ly  constructed t o  p r e d i c t  t h e  wave 
dynamics i n  a prototype;  however, t he  na tu re  of d i s s i p a t i o n  i n  those two 
s i t u a t i o n s  may be d i f f e r e n t ,  For ins tance ,  t h e  boundary f r i c t i o n  i s  
l i k e l y  t o  be tu rbu len t  i n  prototype,  while  i t  is  usua l ly  laminar i n  
a model. A comparison of t h e  Q .  f a c t o r s  corresponding t o  those sources 
1 
of d i s s i p a t i o n  can g ive  an es t imate  of what t h e i r  r e l a t i v e  e f f e c t s  a r e  
i n  t h e  case  of a harbor wi th  b/L << 1. This  aspec t  w i l l  be i nves t iga t ed  
i n  Chapter 7. 
( i i i )  Time requi red  t o  reach s teady s t a t e  
The number of o s c i l l a t i o n s  requi red  t o  reach s teady s t a t e  
(or  w i th in  5% of i t s  l i m i t s )  is,  from Eq.  (3.3.93), approximately equal  
t o  3/;, t h a t  is ,  us ing  Eq. (3.3.94) equal  t o  Q .  In p r a c t i c e ,  t h e  ampli- 
f i c a t i o n  f a c t o r  R a t  t h e  f i r s t  resonant  mode ( n =  0) is l e s s  than e i g h t  
when r a d i a t i o n  damping and v iscous  l o s s e s  a r e  considered. Therefore,  from 
Eq.  (3.3.100), Q i s  a t  most equal  t o  s i x  and thus  a t  most s i x  o s c i l l a t i o n s  
a r e  requi red  f o r  t h e  s teady s t a t e  t o  e s t a b l i s h .  One conclusion may be 
drawn from this. In practice, it takes only a few oscillations to 
achieve steady state in a long and narrow harbor excited with a narrow 
banded frequency; therefore, in the case of transient waves such as 
tsunami waves, there may be enough excitation time for normal mode 
oscillations to fully develop. (This is one reason why the investigation 
of the steady state oscillations of a harbor remains important.) 
Another conclusion concerns the basin space required for the simulation 
of steady state harbor oscillations in a laboratory, and this will be 
discussed in Section 6.1. 
3.3 .4  .me,Transient Linear Problem 
Once the response of a linear system to a sinusoidal 
excitation is known, the linear superposition method allows the response 
of the system to any transient input excitation to be computed. The 
procedure is as follows: let F(x,y,o) represent the response in amplitude 
(which can be complex in the mathematical sense) at a given location 
(x,y) inside the harbor to a plane harmonic wave with frequency o and 
a unit amplitude at the coastline. If the incident wave amplitude at 
the harbor entrance, with the entrance closed, is represented by the in- 
tegral: 
then-the transient response of the harbor can be expressed simply as: 
This de r iva t ion  is  v a l i d  a s  long a s  there  i s  no energy t r ans fe r  between 
Fourier components. 
Mathematically q (x,y, t) i s  the  product of convolution of f (x, y ,  t )  
with q i ( t ) :  
where f ( x , y , t )  i s  the  response of t h e  harbor t o  a u n i t  impulse, o r  
equivalent ly  represents  t h e  inverse  Fourier t rans£  o m  of F (x,y ,o)  . 
The most e f f i c i e n t  way t o  perform the  operat ions involved i n  
expression (3.3.103) c o n s i s t s  i n  using the Discre te  Fourier Transform 
(DFT) (e.g. Brigham (1974)). The p r a c t i c a l  computation procedure can be 
' s t a t e d  as follows: 
-- Discre t ize  the  t i m e  record n . ( t )  i n t o  N equispaced values 
1 
from t = O  t o  t=T. The time s t ep  A t  i s  defined a s :  
-- Compute the  Fourier transform of qi( t )  with t h e  DFT: 
where 
-- Complete the  array B as: 
where the s t a r  denotes t he  complex conjugate. 
-- Compute the  inverse Fourier transform of B as: 
Computations corresponding t o  Eqs. (3.3.105), (3.3.109) a r e  most 
e f f i c i en t l y  performed using t he  Fast Fourier Transform (FIT) algorithm. 
In order fo r  t h i s  procedure t o  yie ld  sa t i s fac tory  resu l t s ,  two conditions 
must be respected: t he  time s tep  A t  should be chosen such t ha t  the  
incident wave does not contain any energy f o r  a frequency greater  
than (Nyquist frequency) and the  number N of d i sc re t i za t ion  points 
should sat i s £  y : 
such t ha t  PAt is  the  time during which the incident s ignal  is  not zero 
and Q A t  is  the  time response of the  system t o  an impulse signal .  These 
Fourier methods w i l l  be used i n  Section 6.4 t o  compare t h e  transient 
experiments with the  l inear  d i s s ipa t ive  theory. It should be mentioned 
t h a t  t h i s  method remains v a l i d  only f o r  a l i n e a r  grocess .  I n  par t icu-  
l a r ,  t h e  e f f e c t s  of leakage and boundary f r i c t i o n  included i n  t h e  
harmonic s o l u t i o n  of Sec t ion  3 .3 .3  can be t r e a t e d  us ing  t h i s  method. 
On t h e  o the r  hand, en t rance  d i s s i p a t i o n  which is nonlinear  cannot be 
adequately t r e a t e d  f o r  t h e  t r a n s i e n t  o s c i l l a t i o n s  us ing  t h i s  technique. 
Another method nus t  be used f o r  t h e  t r a n s i e n t  problem i f  entrance 
f r i c t i o n  is introduced, such as t h e  one t o  b e  presented i n  Sec t ion  3 . 4 .  
3 . 4  Nonlinear Trans ien t  Wave-Induced O s c i l l a t i o n s  of Harbors 
wi th  Arb i t r a ry  Shape 
The main purpose of Sect ion 3 . 3  w a s  t o  provide an  a n a l y t i c a l  
t o o l  t o  i n v e s t i g a t e  var ious  sources of d i s s i p a t i o n  a f f e c t i n g  wave- 
induced harbor  o s c i l l a t i o n s  by de r iv ing  a n a l y t i c a l l y  t h e  l i n e a r  response 
of a harbor wi th  a simple geometry t o  a harmonic inc iden t  wave. I n  t h e  
present  s e c t i o n  a numerical f i n i t e  element model is presented t o  so lve  
t h e  problem of nonl inear  o s c i l l a t i o n s  induced by plane inc iden t  t r ans i-  
en t  long waves i n  a v a r i a b l e  depth harbor wi th  a r b i t r a r y  planform. A 
'kadiative" boundary is included i n  t h e  model a t  some f i n i t e  d i s t a n c e  
from t h e  harbor  entrance t o  al low smooth t ransmission of the wave 
r ad ia t ed  away from the  harbor entrance. Incorporat ion of t h i s  f e a t u r e  
i n  t h e  numerical model allows t h e  computations t o  be c a r r i e d  on a s  long 
as des i red  i n  a f i n i t e  d i s c r e t i z e d  domain without  numerical r e f l e c t i o n  
problems. This c a p a b i l i t y  renders  t h e  model p a r t i c u l a r l y  s u i t a b l e  f o r  
t h e  s tudy  of t h e  bui ldup of n o n l i n e a r i t i e s  i n s i d e  t h e  harbor f o r  reson- 
ance condi t ions  and f o r  t he  i n v e s t i g a t i o n  of s teady  s t a t e  condit ions i n  
the  harbor .  
The numerical model is based on t h e  p o t e n t i a l  func t ion  formulat ion 
of t h e  nonl inear  d i spe r s ive  d i s s i p a t i v e  long wave theory discussed i n  
Sect ion 3.1. It includes t h r e e  v iscous  d i s s i p a t i v e  e f f e c t s ,  namely, 
laminar boundary func t ion ,  leakage l o s s e s  through l a t e r a l  boundaries ,  
and quadra t i c  s epa ra t ion  l o s s e s  due t o  sudden changes i n  boundary geom- 
e t r y  i n s i d e  t h e  harbor.  
The a n a l y t i c a l  formulat ion of t h e  problem is der ived  i n  Sect ion 
3.4.1. A f i n i t e  element so lv ing  procedure i s  presented i n  Sec t ion  3.4.2 
followed by a p re sen ta t ion  of t he  t r a n s i e n t  a lgori thm i n  Sect ion 3.4.3 
and a d iscuss ion  of its convergence and s t a b i l i t y  c h a r a c t e r i s t i c s  i n  Sec- 
t i o n  3.4.4. F i n a l l y ,  an example of implementation of t h e  numerical method 
is given i n  Sec t ion  3.4.5. 
3.4.1 Analy t ica l  formulat ion 
The harbor  conf igura t ion  and the  coord ina te  system a r e  de- 
f ined  by t h e  ske tch  i n  Fig. 3.4.1. The a n a l y s i s  is r e s t r i c t e d  t o  t h e  
f l u i d  domain bounded by t h e  semic i r c l e  TR and t h e  curve EDF. The o r i g i n  
of t h e  coordinate  system l i e s  on t h e  en t rance  of t h e  harbor  a t  x=O. 
The problem c o n s i s t s  of computing t h e  wave system i n  t h e  harbor induced 
by plane t r a n s i e n t  i nc iden t  waves wi th  a d i r e c t i o n  of propagation normal 
t o  t h e  c o a s t l i n e  whose inc iden t  wave c h a r a c t e r i s t i c s  are known. Two 
reg ions  are considered: 
( i )  The harbor  region,  denoted by $ is the  f l u i d  domain bounded later- 
a l l y  by t h e  curve AGBDA, and a t  t he  bottom by the  curve agbda, where t h e  
water depth can b e  slowly varying. The sources of energy d i s s i p a t i o n  
considered a re :  t he  laminar boundary f r i c t i o n  a t  t h e  bottom and t h e  
Fig. 3.4.1 D t f  inition sketch of an arbitrary shaped harbor. 
water surface,  quadrat ic  separat ion losses  across narrow passages in- 
s i d e  t h e  harbor region, and leakage due t o  losses  and laminar flow 
underneath the  l a t e r a l  v e r t i c a l  boundaries. Some addi t ional  losses ,  
such a s  turbulent  boundary f r i c t i o n ,  could be included i n  the formula- 
t i o n  without g rea t  complication. However, s ince  the present ana ly t i ca l  
model was constructed a s  a bas i s  of comparison with laboratory experi- 
ments, only the  treatment of the three  mentioned viscous d i s s ipa t ive  
sources w i l l  be discussed here. The equations used i n  t h i s  harbor re- 
gion a r e  the  weakly nonlinear d ispers ive  and d i s s ipa t ive  long wave 
equations derived i n  Section 3.1. 
( i i )  The outer  region, denoted by Ci is t h e  f l u i d  domain bounded l a t e r -  L 
a l l y  by the  curve EAGBF and the semicircle TR. The water depth i s  
assumed t o  be constant and is  denoted by ho, the  por t ions  of the  coast-  
l i n e  BF and AE a r e  assumed t o  be s t r a i g h t  and perfec t ly  r e f l e c t i v e .  The 
e f fec t s  of viscous d iss ipat ion,  convective non l inea r i t i e s ,  and disper-  
sion a re  neglected i n  t h i s  region. The j u s t i f i c a t i o n  of t h i s  assumption 
as  w e l l  a s  the proper locat ion of the  boundaries AGB and rR away from 
the harbor mouth w i l l  be discussed l a t e r  i n  t h i s  sect ion.  A s  a conse- 
quence, the  wave system is considered as  r esu l t ing  from the l inear  
superposition of the known incident  r e f l ec ted  wave system (supposed t o  
be plane and moving normally t o  the  coas t l ine)  and the radia ted  wave 
system emanating from the  harbor mouth. Finally,  a proper boundary con- 
d i t i o n  is  applied on the  semicircle,  rR, t o  allow smooth transmission 
of the  radia ted  wave through it. A matching procedure must be applied 
t o  connect the  two regions. This i s  done by imposing continuity of the  
flow r a t e  and t h e  wave amplitude ac ros s  t h e  boundary AGB. 
I n  t h e  remainder of Sec t ion  3.4, t h e  phys i ca l  v a r i a b l e s  a r e  ex- 
pressed i n  t h e  same dimensionless form a s  i n  Sec t ion  3.1: 
where ho denotes t h e  s t i l l  water depth ou t s ide  t h e  harbor  region,  g is  
t h e  a c c e l e r a t i o n  of g rav i ty ,  H is  a c h a r a c t e r i s t i c  wave he igh t ,  2 is a 
c h a r a c t e r i s t i c  wavelength, and t h e  s t a r r e d  symbols r e f e r  t o  t h e  dimen- 
s i o n a l  va r i ab l e s :  t* is  t h e  time, x* and y* a r e  t h e  coordinates  i n  t h e  
h o r i z o n t a l  plane,  n* is t h e  wave e l eva t ion ,  Q* denotes  t he  depth averaged 
v e l o c i t y  p o t e n t i a l  func t ion ,  and u* is the  depth averaged v e l o c i t y  vec tor .  
- 
Henceforth, a l l  t he  equat ions w i l l  be  dimensionless unless  s p e c i f i c a l l y  
s t a t e d  otherwise.  It is. r e c a l l e d  t h a t  wi th  t h e  above nondimensional 
equat ions,  a l l  dimensionless terms a r e  of order  un i ty .  
The mathematical formulat ion of the equat ions and boundary condi- 
t i o n s  and a d e t a i l e d  d iscuss ion  of t h e  s i m p l i f i c a t i o n s  s t a t e d  above fo l-  
low next .  
3.4.1.1 The Harbor Region 
Nonlinear ,dispersive,  a s  w e l l  as d i s s i p a t i v e  e f f e c t s  a r e  
considered i n  t h a t  region. Therefore t h e  "pseudo" p o t e n t i a l  func t ion ,  
noted a s  i n  t h a t  reg ion  ( ins tead  of 7 f o r  s i m p l i c i t y  i n  t h e  no ta t ions ) ,  
is s e t  t o  s a t i s f y  Eq. (3.1.50) up t o  t h e  f i r s t  o rder  i n  a ,  6, ys: 
where the  nonl inear  parameter a, t h e  d i s p e r s i v e  parameter B y  and t h e  dis-  . 
s i p a t i o n  parameter y , a r e  assumed small  compared t o  un i ty ,  and are 
S 
defined as:  
where v denotes t h e  kinematic v i s c o s i t y  of t h e  f l u i d ,  C is  the  sur-  
face  contamination f a c t o r ,  and a denotes a c h a r a c t e r i s t i c  frequency of 
the  wave motion. 
Equation (3.4.1) is exac t  up t o  t he  f i r s t  o rder  i n  CL,B,yS. Once 
@(x,y,  t )  is known, t h e  wave e l eva t ion  n(x,y, t )  and t h e  depth averaged 
v e l o c i t y  vec to r  u (x ,y , t )  can be derived simply from Q a t  t h e  lowest 
- 
order  as:  
n = -@ t + 0(a,B,ys) (3.4.3) 
I n  a hydraul ic  model i t  i s  p o s s i b l e  t h a t  due t o  t h e  presence of a smal l  
gap underneath the w a l l s  ADB energy can be l o s t  "through" the  boundaries 
of t h e  model. Combining Eq. (3.3.88) wi th  Eqs. (3.4.3) and (3.4.41, 
t he  leakage condit ion is expressed i n  dimensionless form a s  
where 
on ADB 
- - 
where e and t denote t h e  gap w ~ d t n  unaer t h e  wa l l s  and the  wa l l  
e 
thickness,  respect ive ly .  Ir is r e c a l l e d  t h a t  ho denotes the  constant  
water depth ou t s ide  the  harbor region. One no t i ces  t h a t  expression 
(3.4.6) is i d e n t i c a l  t o  expression (3.3.40) f o r  t h e  leakage coe f f i c i-  
e n t  E i n  the  l i m i t  of the  shallow water range. 
Flow separa t lon  can taice p lace  i n  t h e  harbor a t  loca t ions  where 
sudden expansions and combined cont rac t ions  and expansions of the  
l a t e r a l  boundaries occur, e.g., a t  narrow passages between two break- 
waters  a t  a harbor entrance. Using Eqs. (3.3.9), (3.4.3), and 
(3.4.41, t h e  r e s u l t i n g  l o s s  is expressed a s  an amplitude d i f ference  
across  the  gap i n  the  following dimensionless form: 
- 
a Q 
where -
an 
denotes the  averaged ve loc i ty  (assumed continuous) across t h e  
gap, A@ denotes the jump i n  the value of @ across the  gap, and f denotes t t e 
the  separa t ion  l o s s  coe f f i c i en t .  For purposes of c l a r i t y  i n  the  subse- 
quent. presenta t ion ,  it  will be assumed t h a t  only one contraction-expansion 
e x i s t s  i n  a harbor, e.g.,  IJ i n  F ig .  3.3.1. 
3.4.1.2 The Outer Region 
Formally t h e  wave dynamics ou t s ide  t h e  harbor  reg ion  a r e  
a l s o  governed by t h e  nonl inear- dispersive wave equat ion (3.4.1). Physi- 
c a l l y ,  t h e  o v e r a l l  wave system in  t h e  ou te r  r eg ion  can b e  i n t e r p r e t e d  as 
being composed of two pa r t s :  (i) t h e  p lane  inc iden t- re f l ec t ed  wave system, 
assumed t o  be known a t  a l l  t imes,  which descr ibes  t he  wave evolu t ion  i n  
t h e  absence of harbor ,  i.e., i n  t h e  case  of a s t r a i g h t  c o a s t l i n e  and con- 
s t a n t  water depth everywhere, and ( i i )  t h e  r ad i a t ed  wave system which 
emanates from t h e  harbor entrance.  
I n  genera l ,  t he se  two wave systems ( i  and i i )  i n t e r a c t  i n  a non- 
l i n e a r  manner due t o  t h e  presence of t he  nonl inear  terms inEq.  ( 3 . 4 . 1 )  
so that they cannot be l i n e a r l y  superimposed. However, t h i s  s imp l i f i ca-  
t i o n  of l i n e a r  superpos i t ion  c o n s t i t u t e s  a reasonable approximation i f  
t h e  r ad i a t ed  wave amplitude becomes much smal le r  than  t h a t  of t he  
inc ident- ref lec ted  wave system. 
The wave he ight  of t h e  r ad i a t ed  wave a t  some d i s t ance  from the  har- 
bor mouth can be  est imated from t h e  de r iva t ion  presented  i n  Appendix F2 
based on t h e  l i n e a r  harmonic s o l u t i o n ,  a s :  
where H and H denote t h e  c h a r a c t e r i s t i c  wave he igh t  of t h e  r a d i a t e d  
S I 
wave and inc ident- ref lec ted  wave, r e spec t ive ly ,  r* is t h e  dimensional 
d i s t a n c e  from t h e  mouth, k denotes the  wave number assoc ia ted  wi th  t h e  
harmonic wave, and HI denotes t h e  Hankel func t ion  of t h e  f i r s t  kind and 
0 
zero th  order .  Based on t h e  l i n e a r  harmonic ana lys i s ,  t he  c h a r a c t e r i s t i c  
hor i zon ta l  l ength  R is s e t  equal  t o  t h e  wavelength A r e l a t e d  t o  t h e  
dominant frequency of the  wave motion; t h i s  gives:  
Combining Eqs. (3.4.8) and (3.4.9), t h e  nonl inear  i n t e r a c t i o n  between 
t h e  inc ident- ref lec ted  wave and t h e  r ad i a t ed  wave reasonably can be 
neglected i f  : 
The inequa l i t y  (3.4.10) provides a means of determining the  loca t ion  of 
t h e  boundary AGB a t  some d i s t ance  R" away from t h e  harbor mouth, such 
n 
t h a t  t h e  nonl inear  i n t e r a c t i o n  between t h e  inc ident- ref lec ted  and 
r ad ia t ed  wave systems can be neglected beyond t h a t  boundary. I n  par t icu-  
l a r ,  f o r  small r e l a t i v e  harbor openings (say ka< 0.1) ,  t h e  boundary AGB 
can approach t h e  mouth q u i t e  c lo se ly ,  s i n c e  f o r  small  values of kr*, 
~ : ( k r * )  v a r i e s  only a s  Rn(kr*). ( I t  is  noted t h a t  t h i s  case corre-  
sponds t o  most tsunami s i t u a t i o n s . )  For ins tance ,  t he  va lue  r * / ~ =  0.1  
reasonably can be chosen. For moderate va lues  of ka, however, the  
boundary AGB must b e  loca ted  f u r t h e r  away from t h e  mouth. ~i(kr*) 
v a r i e s  thus only l i k e  I/&?, which implies  t h a t  a r a t h e r  l a r g e  po r t ion  
ou t s ide  the  harbor mouth must be incorporated i n  reg ion  C$ i n  order  
f o r  i nequa l i t y  (3.4.10) t o  be f u l f i l l e d .  
Provided t h a t  i nequa l i t y  (3.4.10) is m e t  a t  r* = R:, t h e  poten- 
t i a l  wave func t ion  i n  the  ou t s ide  region,  denoted as OL,may be w r i t t e n  
with 
where @ and $ denote t he  p o t e n t i a l  func t ion  of t h e  inc iden t- re f l ec t ed  I 
and r ad ia t ed  wave, r e spec t ive ly .  
The p o t e n t i a l  func t ion  OL must s a t i s f y  Eq. (3.4.1) with 0 replaced 
by PL. Neglecting terms of order  @ @  $', r e c a l l i n g  t h a t  t h e  depth is  I ' 
assumed constant  (h = 1 )  i n  reg ion  51 and s u b s t i t u t i n g  Eq. (3.4.11) i n t o  L ' 
Eq. ( 3 4 . 1 )  an  uncoupled system f o r  QI and $ i s  obtained as: 
A t  t he  c o a s t l i n e  p e r f e c t  r e f l e c t i o n  is assumed. This  impl ies  
o r ,  s i n c e  aQT/an = 0 on EF: 
Neglecting d i spe r s ion  and d i s s i p a t i o n  e f f e c t s  f o r  t h e  r ad i a t ed  wave 
as i t  spreads away from t h e  harbor  i n  reg ion  R (B = a =  0 i n  Eq. L - 
3.4.13, t o  be  j u s t i f i e d  l a t e r ) ,  t he  proper boundary condi t ion  on 
t h e  semic i r c l e  rR,which allows smooth t ransmission of t he  r ad i a t ed  
wave through rR, has been derived i n  Appendix F1 and is  expressed 
i n  dimensionless form as :  
equation (3.4.16) is s b t l a ~ ,  in tFie t h e  damah,  t o  t h e  asymptotic 
S o m e r f e l d  r a d i a t i o n  condi t ion  derived f o r  t he  harmonic case. The r e l a t i v e  
e r ror  i n  us ing  Eq. (3.4.16) a t  some f i n i t e  d i s t ance  from t h e  harbor  en t rance  
has been computed i n  Appendix F.1 and y i e l d s  
For small r e l a t i v e  harbor openings (ka < O(1)) t h e  accuracy of t h e  r a d i a t i v e  
boundary condit ions is only a func t ion  of t h e  dimensionless d i s t ance  kr*. 
~ n p a r t i c u l a r ,  Eq. (3.4.16) is v e r i f i e d  wi th in  a s m a l l  percentage e r r o r  
f o r  values o f . a k  l e s s  than  0.5 i f  
where R* denotes t h e  dimensional 
r 
For l a r g e r  r e l a t i v e  harbor  
R* becomes a n  inc reas ing  func t ion  
r 
and t h e  p re sen t  method, although 
r ad ius  of t he  boundary Tg. 
openings and t h e  same accuracy, t h e  r ad ius  
of ak a s  t h e  t rend  i n  Eq. (3.4.17) shows, 
s t i l l  v a l i d ,  becomes i n e f f i c i e n t  f o r  
ak  2 O(1) because of t h e  l a r g e  reg ion  RL t o  consider  i n  t h e  computations. 
The reason why d i spe r s ion  and d i s s i p a t i o n  te .ms can b e  neglected 
i n  Eq. (3.4.13) stems from t h e  r e l a t i v e l y  s h o r t  d i s t a n c e  between t h e  
r a d i a t i v e  boundary and t h e  harbor mouth; t h e  r ad i a t ed  wave does not 
propagate f a r  enough from t h e  harbor entrance t o  t he  boundary r f o r  R 
t h e  d i spe r s ion  and d i s s i p a t i o n  terms i n  Eq. ( 3 . 4 . 1 3 )  t o  have time t o  
a f f  e c t  the wave evolut ion.  
I n  summary, t h e  p re sen t  t reatment  of t h e  ou te r  reg ion  a p p l i e s  w e l l  
t o  narrow mouthed harbors  (say,  ak 0.5) . It can s t i l l  be appl ied f o r  
wider entrances a t  t h e  expense of computational e f f i c i e n c y ,  s i n c e  f o r  
t h a t  case  t h e  d i s t ance  of t he  boundaries AGB and must i nc rease  wi th  R 
t he  harbor  width t o  keep t h e  same degree of accuracy. 
A f i n a l  s i m p l i f i c a t i o n  of t he  a n a l y s i s  is introduced concerning 
t h e  inc ident- ref lec ted  wave system. A s  w i l l  be  seen  subsequently,  i ts  
c h a r a c t e r i s t i c s  are needed i n  t h e  present  formulat ion on t h e  boundary 
AGB only. I n  labora tory  condit ions t h e  inc ident- ref lec ted  wave system 
can b e  charac te r ized  by the  wave e l eva t ion  a t  t h e  c o a s t l i n e  i n  t h e  
absence of harbor q I ( t ) .  Since t h e  boundary AGB l i e s  f a i r l y  c l o s e  t o  
t he  harbor mouth, as seen previously,  f i r s t  o rder  e f f e c t s  do not have 
time t o  manifest  as t h e  inc iden t  wave propagates from the  c o a s t l i n e  t o  
po in t  G. Therefore,  t h e  p o t e n t i a l  func t ion  @ can be  a n a l y t i c a l l y  I 
derived a t  t h e  boundary AGE from t h e  wave e l eva t ion  q I ( t )  as:  
@ I ( x , ~ , t )  = - F I ( t h )  - ~ ~ ( t - x )  (3.4.19) 
where 
8 
where the first order  terms have been neglec ted  i n  Eqs. (3.4.3) and 
(3.4.12). This  s i m p l i f i c a t i o n  has  been used throughout t h e  present  
study. 
3.4.1.3 Matching Between Harbor and Outer Regions 
Smooth t ransmission of t he  flow c h a r a c t e r i s t i c s  through 
t h e  boundary AGB between regions R and Q is ensured by equating the  N L 
wave e l eva t ion  and t h e  flow r a t e  between t h e  two reg ions  a t  t h e  bound- 
a r y  between t h e  regions.  Using Eqs. (3.4.3) and (3.4.4),  t h e  con- 
t i n u i t y  requirement is  a l s o  expressed i n  terms of t he  v e l o c i t y  poten- 
tials a s :  
on AGE 
on AGE 
where, by convention, t h e  p o s i t i v e  normal de r iva t ive  of a func t ion  
defined i n  a reg ion  is d i r ec t ed  outward. This  convention w i l l  hold 
throughout t h e  remainder of t h i s  s e c t i o n ,  un less  s p e c i f i c a l l y  s t a t e d  
otherwise. 
A r e l a t e d  boundary condi t ion  more amenable t o  numerical treatment 
is  w r i t t e n  as: 
on AGE 
6 
where &is a l a r g e  f i x e d  number t y p i c a l l y  chosen equal  t o  10 , ca l l ed  the  
penal ty parameter. It can b e  checked t h a t  i n  t h e  l i m i t  where A*+m, Eqs. 
(3.4.23) and (3.4.24) become equivalent  t o  Eqs. (3.4.21) and (3.4.22). 
' 3 . 4 . 2  A F i n i t e  Element Solu t ion  
A s  mentioned previously only one narrow gap wi th  separa-  
t i o n  l o s s  ( i n  reg ion  Q ) is  considered i n  t h e  subsequent a n a l y s i s  f o r  N 
t he  sake of c l a r i t y  i n  t h e  p re sen ta t ion  and i n  t h e  nota t ion .  This  gap 
is represented by t h e  segment IJ i n  Fig. 3.4.1. For t h e  subsequent 
t reatment  of t he  equat ions,  t h e  harbor reg ion  QN is subdivided i n t o  two 
non-overlapping subregions 4 and < i n  each of which t h e  s o l u t i o n  is 
d i f f e r e n t i a b l e  and such t h a t  
Region Qi is, by d e f i n i t i o n ,  the  f l u i d  domain bounded l a t e r a l l y  by t h e  
curve IJD i n  Fig. 3.4.1 and subregion Q: r e f e r s  t o  t h e  f l u i d  domain 
bounded l a t e r a l l y  by t h e  curve 
of t h e  f i n i t e  element s o l u t i o n  
I B G A J .  The f i r s t  s t e p  i n  t h e  de r iva t ion  
c o n s i s t s  i n  s t a t i n g  t h e  s t r o n g  form (s) 
of t h e  so lu t ion :  
2 Find t h e  func t ions  ~ ' ( x , ~ , t ) ,  cP ( x , y , t ) ,  Jl (x ,y , t )  d i f f e r e n t i a b l e  
1 2  i n  t h e  domains RN, , , r e s p e c t i v e l y ,  and i n  t h e  t ime i n t e r v a l  0 5 t.5 t' 
such tha t :  
with the following boundary conditions: 
am' E 
- a - -  
an h t  
on IDJ 
on AGB 
And the initial conditions: 
@ is the given potential function of the incident-reflected wave. I 
Inspection of Eqs. (3.4.25) through (3.4.28) shows that only the know- 
ledge of QI and .on AGB is required, as mentioned previously. In 
order to insure a smooth solution initially,the computation must start 
before the first incident wave reaches the point where radiation begins, 
i.e., point  G i n  t h e  case of Fig. 3.3.1. The weak formulation is 
derived from the  strong form (S) by multiplying both s i d e s  of Eq. (3.4.25) 
and (3.4.26) by a t r i a l ( o r  t e s t ) func t ion  and by in tegra t ing  each equation 
i n  its respective domain, using the  following Green's i d e n t i t y  f o r  a l l  
the  in tegra l s  which involve s p a t i a l  second der ivat ives  : 
where an denotes the  boundary of t h e  domain Q. The l a s t  s t e p  consis ts  of 
subs t i tu t ing  the  boundary conditions (3.4.27) i n t o  the  l i n e  i n t e g r a l s  re- 
s u l t i n g  from the  use 'of  breen's iden t i ty .  
Performing these  s t eps ,  the  weak f o m  (W) of (S) is s t a t e d  as  : 
Find mi(x , y , t )  i n  the function space H' (Q;), i = 1,2, and $(x,y,t) 
i i n  t h e  function space H ' ( 2 )  such t h a t  f o r  a l l  functions 6i €. H'(%), 
1 = 1,2 and f o r  a l l  functions $ E H' (QL), respectively:  
with t h e  i n i t i a l  condit ions:  
where 
H'W) = {f (x ,y , t ) :  ] dn bounded f o r  ~ i t f t ' )  
G 
Under app ropr i a t e  smoothness hypotheses t h e  s o l u t i o n  of t h e  weak 
formulat ions can be shown s t ra ight forwardly  t o  be i d e n t i c a l  t o  t h e  solu-  
t i o n  of (S). I n  order  t o  r e t a i n  consis tency,  second order terms i n  de- 
r i v i n g  Eq. (3.4.30) have been neglected.  
The Galerkin f  o m  (G) of (S) is: 
i Find mih i n  t h e  func t ion  space S l (s), i = 1'2, and $h i n  t h e  
func t ion  space s t ( % )  such t h a t  f o r  a l l  func t ions  8h€ S T ( < ) ,  1- 1,2,  
-h i -i 
and a l l  func t ions  I) € S1(R ), Eqs. (3.4.30) and (3.4.31) hold with @ @ , L 
i h  - i h  h -h $ and $ replaced by @ , @ , 9 , I) , r e spec t ive ly .  
i The f i n i t e  element d i s c r e t i z a t i o n  cons i s t s  of choosing s l (f iN) 
and S 1 ( Q  ) i n  a  simple manner i n  order  t o  transform t h e  weak formulat ion L 
i n t o  a  mat r ix  formulation with a  f i n i t e  number of unknowns. Each domain 
i r2 ( i =  1 ,2)  and R is d i s c r e t i z e d  i n t o  sraallnon-overlapping reg ions  c a l l e d  L 
elements. Associated wi th  t h e  
Each func t ion  space is defined 
syn) = ifh: f h =  
d i s c r e t i z a t i o n  is  a s e t  of " nodal points ."  
a s  
NR 
1 f i W  N i b , y ) )  (3 .4 .32)  
i=l 
where f . ( t )  denotes any a r b i t r a r y  d i f f e r e n t i a b l e  func t ion  i n  the  time in- 
1 
t e r v a l  [ O , t l ]  and N (x,y) is the  shape func t ion  assoc ia ted  with node i i 
and s a t i s f i e s  by d e f i n i t i o n :  
N x . , .  = 6ij (3.4.33) 
i J J  
where (x . , y . )  is the  loca t ion  of t h e  node j ,  and 6 denotes t h e  
J J  i j  
Kronecker d e l t a  symbol. 
h 
Thus, f ( t )  represents  the  value of f a t  the  locat ion (xI,yI). The i 
basic  element used f o r  t h i s  study is the  four-node, b i l i n e a r ,  isoparametric 
quadr i l a t e ra l  e b e n t .  Within 
where 
an  element 
Na(E,N 
The values of 
$can be expressed as: 
(3.4.34) 
'a"la are indicated as  follows: 
The shape function associated with node i and the  va r ia t ion  of p w i t h i n  
an element a r e  represented i n  Fig. 3.4.2. An important remark is t h a t  
the choice of the  shape function N ensures continuity along the  boundary i 
of two adjacent elements within a subdomain R, which is i n  accordance with 
the  requirement t h a t  each function f i n  the function space S'(f2) must be 
continuous over Q. 
A t  the  in te r face  between two subdomains, namely along IJ and AGB, 
Fig. 3 .4 .2  Finite  element discretization,  shape function associated 
with node i and variation of fh  within element e .  
two nodes must be present  f o r  each d i s c r e t i z a t i o n  poin t ,  one f o r  each 
region. 
The func t ions  kh,$kh (k = 1 )  , yh,Gh a r e  w r i t t e n  a s  
where N ,N ,N denote t h e  number of nodes i n  region f2 1 2  1 2 3  x,%,RL' r e spec t ive ly .  
The next  s t e p  is t o  s u b s t i t u t e  Eq. (3.4.38) i n t o  Eqs. (3.4.30) and (3.4.31).  
The r e s u l t i n g  s c a l a r  equat ions a r e  obtained i n  matr ix form a s :  
where the  do t s  above the  symbols denote d i f f e r e n t i a t i o n  wi th  r e spec t  t o  
1 
time. The vec to r  d includes a l l  t h e  unknown nodal q u a n t i t i e s  ai(  t )  , 
-., 
2 @ . ( t ) ,  and y i ( t )  i n  t h e  whole f l u i d  domain. The mat r ices  M, C ,  K,  and N 
1 
a r e  symmetric p o s i t i v e  except in t he  case  of v a r i a b l e  depth, where 
mat r ices  M and K become unsymmetric. They a r e  most e f f i c i e n t l y  formed 
using the  s tandard  f i n i t e  element assembly procedure by working on t h e  
element l e v e l  and adding toge ther  t he  con t r ibu t ions  from each element. 
f ( t )  is a known f o r c e  vec to r  assoc ia ted  wi th  the  inc ident  r e f l e c t e d  wave 
-1 
data ,  gl inc ludes  t h e  nonl inear  convection terms, and _g2 accounts f o r  
t h e  quadra t i c  head l o s s  ac ros s  t he  segment IJ. A l l  t he  i n t eg ra t ions  
w e r e  performed us ing  t h e  2 x  2 po in t  Gauss quadrature r u l e .  
S i n c e  Eqs. (3.4.39) and (3.4.40) must be checked f o r  a l l  v e c t o r s  
..4 
% 
d ( t ) ,  t h e  c o e f f i c i e n t s  a s s o c i a t e d  w i t h  each d ( t )  i n  Eqs. (3.4.39) and 
- i 
( 3 . 4 . 4 0 )  must v a n i s h ,  and t h e  fo l lowing  matrix system i s  o b t a i n e d  as: 
m 
M d .,+ c * + Kd ..4 = -.I f  ( t )  + El(d,:) + e 2 ( i )  
. " -  
(3.4.41) 
." 
3.4.3 Time I n t e g r a t i o n  ~ l a o r i t h m  
An a l g o r i t h m  is p r e s e n t e d  i n  t h i s  s e c t i o n  t o  s o l v e  t h e  non- 
l i n e a r  second o r d e r  d i f f e r e n t i a l  e q u a t i o n  (3.4.41).  It has  f e a t u r e s  
similar t o  t h e  " i m p l i c i t - e x p l i c i t  o p e r a t o r  s p l i t t i n g "  techn ique  (Hughes, e t  a l ,  
1978) where a l l  l i n e a r  terms are t r e a t e d  i m p l i c i t l y  and some of t h e  non- 
l i n e a r  t e r n s  are t r e a t e d  e x p l i c i t l y ,  us ing  a predictor-multicorrector 
a lgor i thm.  S t a b i l i t y  problems were encountered when t h e  n o n l i n e a r  
0 
t e r m  g ( d ) ,  which ensures  a n o n l i n e a r  c o n t a c t  between r e g i o n  d and 2 .. N 
2 SN, was t r e a t e d  e x p l i c i t l y .  Th i s  term w a s  subsequen t ly  t r e a t e d  im-  
p l i c i t l y  and t h e  s t a b i l i t y  problem d i sappeared .  
Equat ion (3.4.41) is  d i s c r e t i z e d  i n  t ime as: 
where A t  denotes t h e  time s t e p  and B* and y* a r e  two numerical parameters 
governing t h e  s t a b i l i t y  and accuracy of t h e  l i n e a r  scheme corresponding 
- v a a r e  t he  d i s c r e t i z e d  va lues  of d( tdl) ,  81 - E 2  = !n+19 -*+I 
0 
- 
w 
d(tMl), d(tll+l), respec t ive ly ,  and i is  t h e  i t e r a t i o n  counter.  
- - 
The i m p l i c i t  t reatment  of t h e  nonl inear  term g (v Ii+'3 implies  t h e  
-2 - n+l 
use of a tangent  s t i f f n e s s  mat r ix  C such t h a t :  
g 2 
( i+ l ]  = g ($1 ) + C ( i )  #+1) $1 
~2(yn+1. - 2 - n + l  82 -n+l 
where c ( ~ )  is defined a t  t h e  ith i t e r a t i o n  by: 
8 2 
Subs t i t u t ing  Eqs. (3.4.44) and (3.4.45) i n t o  Eq. (3.4.43) y i e lds :  
where 
The procedure t o  perform I+1 i t e r a t i o n s . p e r  time s tep . (where  i v a r i e s  
from 0 t o  I) is  a s  follows: 
.., ." 
( i )  Compute crrtl, from Eqs. (3.4.44) 
(0) - - = a t  t h e  beginning of time s t e p  tn+l (ii) Set !*+I. - L+I. -n+l 
( i i i )  Form t h e  mat r ix   and t h e  r i g h t  hand s i d e  of Eq. (3.4.46), 
( i + l )  ( i v )  Solve Eq. (3.4.46) f o r  
(v) Compute 6 i + l ) * r m  Bqs. (3.4.44) 
-ni-1 
( v i )  Continue t h e  procedure u n t i l  i = I  
( v i i )  S e t  a = a (I+1) = v (1+1) ( I + U  
-n+l -n+l ' !n+l ,n+l ' !el= !n+l 
and proceed i n  t h e  same manner f o r  t h e  next  time s t e p .  
I n  order  t o  reduce t h e  computational cos t ,  t h e  tangent  s t i f f n e s s  
mat r ix  C is only formed i n  p r a c t i c e  a t  t h e  beginning of every t h r e e  o r  
g2 
four  time s t eps .  Therefore,  t h e  mat r ix  K* needs only be  reformed and 
f ac to r i zed  every t h r e e  o r  fou r  time s t e p s .  Its s t r u c t u r e  can be f u l l y  
explo i ted  by t h e  so- cal led "compacted colutun" equat ion so lve r  i n  which 
zeros ou t s ide  t h e  p r o f i l e  a r e  n e i t h e r  s t o r e d  o r  operated upon (e.g., 
Bathe and Wilson, 1976) .  
The r e s u l t i n g  main computational cos t  comes from the formation of 
t h e  nonl inear  vec to r  a t  t h e  r i g h t  hand s i d e  of Eq.  (3.4.46) and t h e  
equat ion so lv ing  procedure a t  each i t e r a t i o n .  
3.4.4 Convergence and Accuracy of t h e  Algorithm 
Assuming i n  a f i r s t  s t e p  t h a t  t he  nonl inear  terms vanish 
everywhere a t  any time, the  numerical scheme reduces t o  t he  we l l  known 
Newmark family of algori thms used ex tens ive ly  i n  l i n e a r  s t r u c t u r a l  dynamics 
( a f t e r  Newmark, 1959). Some of t h e i r  p rope r t i e s  can be  summed up 
as follows: 
- Uncondit ional  
** 
s t a b i l i t y  is achieved i f  : 
- The a d d i t i o n a l  r e s t r i c t i o n  
maximizes t h e  high frequency 
d e s i r a b l e .  
(3.4.49) 
numerical d i s s i p a t i o n  which i s  usua l ly  
A. 
-- The Newmark schemes a r e  f i r s t  order  accu ra t e  except i f  y,= - 2 ' f o r  
which second order accuracy i s  achieved. When g1 is considered i n  Eq. 
(3.3.46), t h e  s t a b i l i t y  ana lys i s  of t h e  r e s u l t i n g  scheme becomes more 
involved. Hughes et  a l .  (1978). showed t h a t  i f  t h e  tangent  s t i f f n e s s  ma t r i ce s  
and 
a r e  symmetric pos i t i ve- def in i t e ,  t h e  imp l i c i t- exp l i c i t  a lgori thm becomes 
cond i t i ona l ly  s t a b l e ,  depending on t h e  va lue  of a c r i t i c a l  time s t e p  and 
on t h e  c h a r a c t e r i s t i c s  of t h e  tangent  s t i f f n e s s  mat r ices .  I n  t h e  present  
case,  however, t h e  mat r ices  J$,C a r e  no t  symmetric, and the  conclusions T 
of Hughes' s t a b i l i t y  s tudy  cannot be  appl ied.  
Based on t h e  r e s u l t s  of numerical t e s t s ,  t h e  fol lowing observat ions 
can b e  made: 
-- It is  b e s t  t o  r e t a i n  uncondit ional  s t a b i l i t y  f o r  t h e  l i n e a r  terms by- 
choosing B, and y, i n  accordance w i t h  i n e q u a l i t i e s  ( 3 . 4 . 4 7 )  and ( 3 . 4 . 4 8 ) .  
- Two i t e r a t i o n s  per  time s t e p  a r e  r equ i r ed  t o  achieve convergence when 
nonlinear terms a r e  included i n  t h e  formulation. It i s  not c l e a r ,  whenonly 
one i t e r a t i o n  is used, whether nonconvergence r e s u l t s  from i n s t a b i l i t y  o r  
accumulation of round-off e r r o r s .  
-- For a l l  cases  solved wi th  t h i s  numerical scheme, t h e  time s t e p  w a s  
chosen a s  A t  = Axi, where Ax denotes t he  l e n g t h o f  element i i n  t h e  d i rec-  i 
t i o n  of wave propagation. No s t a b i l i t y  o r  convergence problems were un- 
covered using t h i s  c r i t e r i o n .  
3.4.5 Example of Implementation of t h e  Numerical Method 
It is f e l t  u s e f u l  a t  t h i s  p o i n t  t o  i l l u s t r a t e  t h e  applica- 
t i o n  of t h e  previous a n a l y s i s  by an  example f o r  which comparison between 
theory and experiment is  ava i l ab l e .  The harbor  conf igura t ion  has a 
t rapezoida l  p lan  form shape, cons tan t  depth, and p a r t i a l l y  closed 
harbor entrance.  
The condi t ions  chosen f o r  t h i s  numerical example a re :  a = 2.5 cm, 
b = 20 cm, bl = 4 ern, L = 122 cm, where a ,b,b ,L denote t h e  en t rance  1 
width, harbor  width near  t h e  mouth, baclcwall width, and harbor length ,  
r e spec t ive ly  and t h e  w a t e r  depth h is equal  t o  8 cm. The inc iden t  wave 
c o n s i s t s  mainly of two cnoida l  o s c i l l a t i o n s ;  t h e  per iod  of each o s c i l l a-  
t i o n  is 1.92 sec .  
The f i r s t  s t e p  i n  implementing t h e  computer program c o n s i s t s  of 
choosing a c h a r a c t e r i s t i c  wavelength R. Since t h e  inc iden t  wave has a 
dominant per iod T, R is chosen a s  R = ~ J g h  which g ives  R = 170 cm. The 
inc ident  wave a t  t h e  c o a s t l i n e  is given a s  a numerical i npu t  i n  
t h e  form of t h e  d i s c r e t i z e d  r e l a t i v e  wave e l eva t ion  n/h versus dimen- 
s i o n a l  time. The time must be  nondimensionalized by d iv id ing  i t  by the  
quan t i t y  RIJ~?; ,  t h a t  is, t h e  c h a r a c t e r i s t i c  per iod  T; as a mat te r  of 
convenience f o r  t h e  numerical computations, t h e  c h a r a c t e r i s t i c  he ight  H 
is chosen equal  t o  t h e  depth h.  I n  t h i s  manner t h e  dimensionless given 
wave e l e v a t i o n  TI /h need not  be  r e sca l ed  f o r  t h i s  computation. I 
The r e s u l t i n g  va lues  of t h e  nonl inear  parameter and d i spe r s ion  
parameters a r e  f o r  t h i s  choice of t h e  sca l ing ,  a = 1.0, $ = 0.0024, respec- 
t i v e l y .  The laminar boundary f r i c t i o n  parameter y is  computed from 
S 
Eq. (3.4.2) a s  equal  t o  0.10, leakage parameter E is zero ( t h e  base of 
the  harbor was sea l ed  o f f  f o r  t h i s  experiment)and the  sepa ra t ion  l o s s  
c o e f f i c i e n t  f e  is  taken equal  t o  1.15 from t h e  r e s u l t s  of t h e  experimental 
s tudy performed i n  Sec t ion  6.2. 
(The reader  should no te  t hese  dimensions a r e  those of an experiment 
which was conducted t o  i n v e s t i g a t e  t he  v a l i d i t y  of t h i s  numerical model. 
The experimental and numerical r e s u l t s  f o r  t h i s  t r apezo ida l  harbor  w i l l  
be  given i n  Sec t ion  6.4.3.) 
Of major importance is t h e  determinat ion of t h e  loca t ions  of t he  
boundaries AGB and I' ou t s ide  t h e  harbor.  A s  discussed previous ly ,  R 
they depend on the  va lue  of t he  dimensionless parameter ak, where k 
denotes a t y p i c a l  wave number of t h e  wave system r e l a t e d  t o  R by 
k -- 21~1%. In t h e  p re sen t  ca se  ak = 0.09. Therefore,  from the previous 
d iscuss ion ,  t he  boundaries AGB and rR can b e  loca ted  a t  a r e l a t i v e  d i s-  
tance from the  mouth equal  t o  r / ~  = 0.1 and R=/R = 0.6, r e spec t ive ly .  
The f i n i t e  element mesh conf igura t ion  where t h e  coordinates  a r e  
normalized wi th  r e spec t  t o  R, is shown i n  Fig. 3.4.3. Because of t h e  
symmetry of t h i s  problem, j u s t  h a l f  t h e  t o t a l  conf igura t ion  is con- 
s idered  f o r  t he  numerical computations. The loca t ion  of t h e  boundary 
IJ a t  t h e  entrance,  and of AGB can be r e a d i l y  recognized by t h e  double 
node f e a t u r e  along them. I n  o rde r  t o  capture  t he  evolu t ion  of secondary 
waves stemming from nonl inear  i n t e r a c t i o n s  i n s i d e  t h e  harbor ,  t h e  r e l a-  
t i v e  length  of each element i n  t h e  d i r e c t i o n  of wave propagat ion was s e t  
f o r  most of t h e  cases  i nves t iga t ed  i n  t h i s  s tudy  equal  t o  0.02. The 
r e s u l t i n g  f i n e  mesh conf igura t ion  i n s i d e  t h e  harbor  is noted. I n  con- 
t r a s t ,  t he  mesh becomes q u i t e  loose  i n  t h e  o u t e r  reg ion ,  which renders  
computations economical. 
The l a s t  s t e p  before  running t h e  program i s  t o  choose t h e  dimension- 
l e s s  time s t e p .  I n  o rde r  t o  ensure s t a b i l i t y ,  i t  is chosen equal  t o  0.02, 
i . e . ,  equa l  t o  t h e  element l eng th  i n  t he  d i r e c t i o n  of wave propagation 
i n s i d e  the  harbor.  A l l  t h e  computations assoc ia ted  with t h i s  f i n i t e  
element scheme were performed on an  IBM 370/3032 d i g i t a l  computer. In  

the present example about 20,000 s ingle  precision words of data 
storage were required. The program was run for 380 time steps and 
required 90 sec of CPU time. 
CHAPTER 4 
EXPERIMENTAL EQUIPMENT AND PROCEDURES 
4.1 The Wave Basin 
The wave bas in  used f o r  t he  experiments and shown i n  Figs.  
4 .1  and 4.2 w a s  58 cm deep, 4.73 m wide and 9.60 m long. The v e r t i c a l  
wal l s  and t h e  f l o o r  were constructed of 1.91 cm (3/4 in .)  marine plywood 
and 2.54 cm (1 in . )  marine plywood, r e spec t ive ly .  The bas in  f l o o r  
r e s t e d  25.4 cm (10 in .)  above the  labora tory  f l o o r  on a subs t ruc tu re  
cons i s t i ng  of wood sills and j o i s t s ,  which was b u i l t  mainly t o  allow 
f o r  proper l eve l ing  of t h e  bas in  f l o o r .  (For a d d i t i o n a l  d e t a i l s  of 
t he  cons t ruc t ion  of t he  bas in ,  s e e  Raichlen, 1965.) I n  order  t o  ensure 
water t i gh tnes s  and t o  provide a leve led  bottom, a l a y e r  of po lyes te r  r e s i n  
approximately 0.64 cm (1/4 in . )  t h i c k  w a s  poured i n t o  the  bas in .  The 
r e s u l t i n g  bottom was h o r i z o n t a l  w i th in  k0.05 cm (0.02 in . )  
The wave absorbers  placed along the  s idewal l s  a r e  a l s o  shown i n  
Figs.  4.1 and 4.2. They were b u i l t  t o  p a r t i a l l y  absorb the  wave 
emanating from t h e  harbor  entrance;  t h i s  aspec t  of t he  s tudy w i l l  be  
discussed i n  more d e t a i l  i n  Sec t ion  6.1. Each absorber w a s  48 cm high, 
33 cm th ick ,  9.15 m long and cons is ted  of 50 l a y e r s  of f i b e r g l a s s  
window screen  c lo th .  The wire  diameter of t he  screens  w a s  0.03 cm 
with 18 w i r e s  per  inch  i n  one d i r e c t i o n  and 16 wi re s  per  inch i n  
t he  o the r  d i r ec t ion .  Each u n i t  cons i s t i ng  of ten screens spaced 
0.95 cut (3 /8  i n . )  a p a r t  was he ld  toge ther  by bracke ts  a t  each end, and 
i t  w a s  s t r e t ched  t a u t  by 0.95 cm (3/8 in . )  diameter s t a i n l e s s  s t e e l  rods 
Fig. 4.1 Overall view of the wave basin. 
Fig. 4.2 Overall view of wave generator and wave basin. 
which were connected from t h e  bracke ts  t o  a s t r u c t u r a l  frame loca ted  
ou t s ide  t h e  basin.  F i t t i n g s  wi th  "0" r i n g  seals were mounted i n  the  
w a l l s  t o  prevent  t h e  leakage around t h e  rods.  Five i d e n t i c a l  u n i t s  
were s t r e t c h e d  along each s i d e  of t h e  bas in  a s  shown i n  Fig. 4.1. 
4.2 The Wave Generator 
The wave genera tor  which was designed and constructed f o r  
t h i s  s tudy  cons is ted  of a v e r t i c a l  p l a t e  which w a s  moved ho r i zon ta l ly  
i n  a prescr ibed  manner by means of an hydraul ic  servo-system. Three 
p a r t s  are considered i n  t h e  discussion:  t h e  wave p l a t e  and ca r r i age ,  
t h e  hydraul ic  sys t em,and the  servo-system. For d e t a i l s  of t h e  l a t t e r  
two t h e  reader  is r e f e r r e d  t o  Goring (1978); only a summary w i l l  be  
presented here.  
4.2.1 The Wave P l a t e  and Carr iage 
The wave generator  cons is ted  of a piston- type wave machine. 
Photographs of t he  wave p l a t e ,  overhead support  frame and c a r r i a g e  
can be  seen  i n  Figs.  4 .1 and 4.2. The v e r t i c a l  wave genera t ing  
s u r f a c e  was an aluminum p l a t e  3.60 m long, 61cm high and 0.64 cm 
(1/4 in . )  t h i c k  which was a t tached  t o  a s t r u c t u r a l  aluminum ang le  
frame t o  provide r i g i d i t y .  An aluminum p l a t e  2.98 m long, 64 cm wide 
and 0.64 cm (114 i n . )  t h i c k  was fas tened  on top of t h e  s t r u c t u r a l  
frame t o  i nc rease  its s t i f f n e s s .  A s  shown i n  Fig. 4.2 t h i s  assembly 
w a s  suspended from an overhead s t r u c t u r e  by t h r e e  p a i r s  of l i n e a r  
b a l l  bushings ( P a c i f i c  Bearings Model SPB-20-OPN) which t rave led  on 
3.18 cm (1/4 in.)  diameter hardened s t e e l  r a i l s  ( P a c i f i c  Bearings 
Model SA-20-120). Each r a i l  was connected t o  two v e r t i c a l  channels 
which were fas tened  t o  t he  overhead s t r u c t u r e  using s l o t t e d  holes  t o  

al low f o r  v e r t i c a l  alignment of t h e  r a i l s .  The overhead s t r u c t u r e  
i n  t u r n  w a s  f i xed  t o  a re inforced  concre te  c e i l i n g  beam. 
To reduce leakage around t h e  wave p l a t e  two aluminum guide w a l l s  
60 cm high, 3.30 m long and 0.95 cm (318 in.)  t h i c k  were placed 
p a r a l l e l  t o  t h e  s idewal l s  of t he  b a s i n  and between t h e  wave absorbers  
and t h e  wave p l a t e ;  t hese  can be seen i n  Fig. 4.1 and 4.2. One 
end of t h e  guide p l a t e s  was connected t o  t he  backwall of t h e  bas in ,  
and each plate was maintained in vertical position by three braces 
fas tened  between the  top  of t h e  p l a t e  and t h e  s idewa l l s  of t h e  bas in .  
The wave p l a t e i t s e l f  was sea led  aga ins t  t h e  aluminum guide wa l l s  and 
the  bottom of t h e  wave bas in  by windshield wiper blades.  The 
arrangement f o r  mounting t h e  wiper b lades  is  shown i n  Fig. 4 . 3 .  It 
cons is ted  of two i d e n t i c a l  aluminum b a r s  with grooves c u t  ou t  t o  
accept  t h e  body of t h e  wiper blade;  t h e  b lade  w a s  he ld  i n  p lace  by 
t i g h t l y  b o l t i n g  the  two b a r s  toge ther .  
As shown i n  Fig. 4.2 and 4.4, t he  p l a t e  assembly was connected 
t o  t he  rod of t h e  hydraul ic  cy l inder  through t h r e e  arms which were 
constructed of aluminum tube 6.37 cm (2-112 in . )  diameter and 
2.25 mm (118 in.)  th ick .  A s a f e t y  device w a s  designed and constructed 
t o  connect t h e  cy l inde r  rod t o  t he  arm system t o  prevent t he  system 
from being exposed t o  excessive fo rces  i n  case  of a malfunction of 
t h e  electro- hydraul ic  system. A drawing of t h i s  i s  shown i n  Fig. 4.5. 
The connection w a s  made using a shear  p l a t e  0.03 cm th i ck ,  made out  of 
Phosphor Bronze, which w a s  designed t o  break i f  t h e  shear  load 
exceeded 13240 N (3000 pounds). (This w a s  t he  maximum load which 
could be  taken s a f e l y  by t h e  b a l l  bear ing  and p l a t e  assembly.) I n  
Fig. 4.4 View of the hydraulic system and of the connection between 
the drive arms and the piston rod. 
0.002 " Clearance 
I- Phosphor Bronze 
0.012" thick 
Fig. 4 .5  Drawing of the safety device connecting the cylinder rod 
to the drive arm assembly. 
case  of shear  p l a t e  rup tu re  t h e  p i s t o n  arm could s l i d e  f r e e l y  i n s i d e  
t h e  c e n t r a l  arm wi th  t h e  load t ransmi t ted  t o  t h e  p l a t e  decreasing t o  
zero. During t h i s  s tudy t h e  shear  p l a t e  never broke. The hydraul ic  
cy l inde r  w a s  mounted t o  a 8 1  cm (32 in . )  "I" beam used as a base,  
s e e  Figs.  4.2 and 4.4. With t h a t  support  no v i b r a t i o n s  were observed 
during t h e  motion of t h e  wave generator .  To e l imina te  any bending 
moment on t h e  p i s t o n  rod a nylon support  bear ing  which was nylon l i n e d ,  
through which t h e  c e n t r a l  arm could s l i d e ,  was i n s t a l l e d  i n s i d e  a 
support  block placed near  t h e  f r o n t  edge of t h e  base; t h i s  can be  
seen t o  t h e  r i g h t  i n  Fig. 4.4. 
4.2.2 The Hydraulic System 
The va r ious  components of t he  hydraul ic  system a r e  
shown schematical ly  i n  Fig. 4 . 6 .  The r e s e r v o i r  had a capac i ty  of 
0.152 m3 (40 g a l s .  ) of hydraul ic  o i l .  The pump, used t o  f i l l  the  
accumulators wi th  o i l ,  w a s  a Denison cons tan t  volume, axial-pis ton-  
type pump, r a t e d  a t  0.012. m3/min (2.9 gpm) a t  20,000 kN/m2 0000 p s i )  . 
It w a s  powered by a 5.6 kW (7.5 hp) 1800 rpm e l e c t r i c  motor. 
Immediately downstream of t h e  pump w a s  a f i l t e r  wi th  a nominal p a r t i c l e  
diameter r a t i n g  of 5 microns, followed by a n  unloading va lve  and a 
check valve. The by-pass pressure  va lve  of t h e  unloading va lve  w a s  
ad jus ted  t o  17000 kN/m2 (2500 p s i ) ,  t h e  check va lve  prevented a r eve r se  
flow through the  pump from t h e  pressur ized  system when t h e  pump was 
turned o f f .  Two 0.038 m3 (10 ga l .  ) accumulators provided opera t ing  
condi t ions  between 20,000 kN/m3 (3000 p s i )  f o r  which the  accumulators 
were nea r ly  f u l l  of o i l ,  and 3000 kN/m3 (450 p s i )  when the  accumulators 
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F i g .  4 . 6  Schematic drawing of the hydraulic system (modified from 
Goring, 1978) 
were empty corresponding t o  t h e  precharge p re s su re  of each accumulator. 
The servo-valve (Moog Model 71-103) provided f o r  t h e  v a r i a t i o n  i n  
d i r e c t i o n  of t h e  flow of o i l  i n  d i r e c t  p ropor t ion  t o  t h e  cu r r en t  i t  
received from t h e  e l e c t r o n i c  servo  c o n t r o l l e r .  It had a r a t e d  flow 
of 0.24 m3/min (60 gpm) a t  40 m a  cur ren t .  The double ended cy l inde r  
(Mi l le r  Model 0~77B)  had a 10.2 cm (4 i n . )  bore 4.45 cm (1-3/4 in . )  
rod wi th  a s t r o k e  of 40.64 cm (16 in . ) .  The seals between t h e  p i s t o n  
and the  p i s ton  rod had a s m a l l  contac t  a r e a  t o  reduce s t a t i c  f r i c t i o n  
t o  a minimum (Shamban l i p  s e a l s ) .  One 0.0057 m3 (1.5 ga l . )  accumulator 
was i n s t a l l e d  immediately downstream of t h e  servo-valve t o  teduce  pressure  
f l u c t u a t i o n s  i n  case  of r ap id  changes i n  t he  servo-valve s e t t i n g s .  
- Fina l ly ,  a check valve,  which opened at 96 k ~ / m ~  (14 p s i )  was placed j u s t  
before  t h e  r e s e r v o i r  t o  keep t h e  r e t u r n  l i n e  f u l l  of o i l .  ( I t  should be 
mentioned t h a t  t he  hydraul ic  supply system w a s  loca ted  one f l o o r  below 
t h e  wave bas in  so t h e  hydraul ic  cy l inde r  f o r  t he  wave machine d r i v e  
was about 5 m above t h e  o i l  r e se rvo i r . )  The cy l inde r ,  t h e  servo-valve 
j u s t  above i t ,  and t h e  small accumulator a r e  shown i n  the  photograph 
presented i n  Fig. 4.4. 
4.2.3 The Servo-System 
The servo-system cons is ted  of a func t ion  genera tor ,  a 
feedback device  and a servo- cont ro l le r .  The p r i n c i p l e  of opera t ion  
is  a s  follows: t he  vo l t age  from t h e  func t ion  generator  and t h e  
vo l t age  from t h e  feedback device a r e  of oppos i te  s i g n s  and a r e  added 


by the servo-controller which amplifies the resulting signal and 
transmits the corresponding current to the servo-valve. The quantity 
of flow through the servo-valve, and, thus, the velocity of the 
piston is proportional to the magnitude of the current generated 
in the qervo-controller. 
The block circuit diagram of the function generator is presented in 
Fig. 4.7. The time history of the desired motion is loaded into 
memory of the function generator through punched paper tape and an 
associated punched paper tape reader (manual loading is also possible). 
The input data consist of 1000 integer values, equispaced in time, 
which vary from 0 to 999. At the time of execution of the pro- 
grammed motion the amplitude of the motion is scaled by the total 
stroke (the value of which was entered externally in the function 
generator) and the time duration controlled to 0.001 second (which 
was also entered separately). 
The motion feedback 'device consists of an LZTDT (linear variable 
differential transformer), Collins Model LMT 711 P38, shown in Fig. 4.4 
along the side of the cylinder. The position of the carriage was 
converted into an electrical current by the LWT which consisted of 
primary and secondary coils mounted in the form of a tube inside 
which a ferro-magnetic core moved. The primary coil was supplied 
with a 6 VAC from the servo-controller and the output of the secondary 
coil was returned to the servo-controller where it was demodulated 
into direct current. As the piston mwed, the core which was attached 
Fig. 4.9 Function generator, servo controller (right) and Sanborn 
recorder (left). 
to the piston rod moved inside the coils and the demodulated voltage 
from the secondary coils varied linearly with the position of the 
carriage. 
The servo-controller was a Moog AC /DC servo-controller (Model 82 15 1) 
and power pack (Model 82-152). Its circuit diagram is presented in 
Fig. 4.8. (The connection of the function generator and the LVDT 
can be seen in that figure.) A photograph of the function generator 
and servo-controller is presented in Fig. 4.9. 
Examples of the response of the wave generator are presented in 
Fig. 4.10 where the solid curves are the programmed motion f r m  the 
function generator and the dashed lines represent the actual motion 
of the plate. Figure 4.10(a) shows the response to a hyperbolic 
tangent time-displacement history which would be used to generate a 
solitary wave, and Fig. 4.10(b) shows the response to the function 
which would be used to generate a series of cnoidal waves. A time lag 
of approximately 0.05 sec between the programmed and actual motion 
is observed for the two examples and constitutes a feature of the 
servo-controller. (The "roughness" of the curves is attributed to 
the precision of the generated motion which is divided into one part 
per thousand.) Otherwise, good agreement is seen between the two 
curves in each figure. 
4.3 The Closed Basins and Harbor Models 
4.3.1 The Closed Basin Models 
Two lucite basins were constructed for the experiments presented 
in Chapter 5. The first one, made of lucite 1.27 cm (1/2 in.) thick 
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Fig. 4.10 Examples of the actual and programmed wave plate displacements 
for (a) sol i tary wave generation and (b) cnoidal generation. 
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was 60.95 cm long,  47 cm high  and 30.5 cm wide. It could be p a r t i t i o n e d  
i n  smaller  widths by means of removable l u c i t e  w a l l s  1.27 cm (1/2 in.) 
t h i c k  which were fas tened  a t  each end of t h e  basin.  The s e a l a n t  was 
appl ied  on t h e  ou t s ide  f a c e  of t h i s  w a l l  a t  t h e  j o i n t s  t o  e l imina te  
leaks .  Experiments were performed us ing  s i x  d i f f e r e n t  widths: 23 em, 
13.8 cm, 8 cm, 6.15 cm, 5 cm and 4 cm. This  basin was used f o r  t he  wave 
damping experiments and some experiments on t h e  nonl inear  resonant  oscil- 
l a t i o n s .  The second bas in ,  shown i n  Fig. 4.11 was 117.4 cm long,  13 cm wide  
and 40 cm high and was a l s o  made of l u c i t e  1.27 cm (1/2 in . )  th ick .  
It w a s  used t o  extend t h e  experimental r e s u l t s  dea l ing  wi th  non- 
l i n e a r  resonant  o s c i l l a t i o n s  t o  s m a l l  depth t o  bas in  l eng th  r a t i o s .  
The two bas ins  were fas tened  t o  t h e  top of t h e  wave genera tor  
wave p l a t e  assembly, as shown i n  Fig. 4.11. Therefore,  they could 
be moved wi th  a programmed h o r i z o n t a l  back and f o r t h  motion i n  a p r e c i s e  
manner using t h e  hydraulic- electro- servo system. The s t r u c t u r a l  
angles  seen i n  Fig. 4.11 a t tached  t o  t h e  upper edge of t h e  bas in  were 
used t o  mount t h e  wave recording device  which, t he re fo re ,  moved wi th  
the bas  i n .  
4.3.2 The Harbor Models 
Two d i f f e r e n t  harbor  planfoxms were inves t iga t ed  experi-  
mentally: a r ec t angu la r  harbor  wi th  v a r i a b l e  width, length and entrance 
width and a t r apezo ida l  harbor  w i t h  f i x e d  dimensions. The harbor 
models were designed s o  t h a t  each would f i t  i n t o  a f a l s e  w a l l  s imulat ing 
a p e r f e c t l y  r e f l e c t i v e  " coast l ine"  which w a s  i n s t a l l e d  seven meters  
from, and p a r a l l e l  t o ,  t h e  wave p l a t e .  The f a l s e  w a l l s  were made of 
l u c i t e  0.95 cm (3/8 in . )  t h i c k  and 40 cm high  mounted t o  a frame 
Fig. 4.11 Long rectangular closed 
harbors. 
basin, rectangular and trapezoidal 
composed of galvanized i r o n  angles constructed i n  two i d e n t i c a l  
pieces: t h e  e a s t  wing and t h e  west wing. Each wing extended 145 cm 
from 30 cm off  the  center  of the bas in  t o  the  beginning of the  wave 
absorbers screens.  The supporting frames and the w a l l s  can be seen 
i n  Fig. 4.1. The walls were weighted t o  hold them i n  place. I n  l i n e  
with the  f a l s e  wal ls ,  l u c i t e  spacers,  0.95 cm (3 /8  in . )  th ick ,  
2.54 cm (1 in.)  wide and 45 cm high were placed between each screen 
of the absorbers i n  order t o  prevent wave energy from penetrat ing 
the  absorbers i n t o  the  s t i l l  water region behind the  "coastline." 
The va r iab le  s i z e  rectangular  harbor, made of l u c i t e ,  is shown i n  
Fig. 4.11. A "U" shaped outer  frame composed of th ree  l u c i t e  wal ls  
connected t o  the  f a l s e  wal ls .  This frame was b u i l t  t o  re inforce  the  
r i g i d i t y  of t h e  harbor i t s e l f .  The harbor, made of l u c i t e  1-27 cm (1/2 in . )  
thick,  consisted of two p a r a l l e l  w a l l s  178 cm long and 44 cm high connected 
t o  the  backwall of the outer  frame. This system of four wal ls  can 
be seen c l e a r l y  i n  Fig. 4.11; the  d is tance  between the  two inner 
wal ls  could be var ied  continuously. The backwall of the harbor con- 
s i s t e d  of rectangular  l u c i t e  pieces 40 un high, 1.27 cm (1/2 in.)  th ick  
of d i f f e r e n t  widths. Each piece w a s  held v e r t i c a l  by two other 
rectangular l u c i t e  pieces 10 cm long, 40 cm high, 1.27 cm (1/2 in.)  
th ick ,  which w e r e  connected t o  it a t  r i g h t  angles so  t h a t  the  
assembly formed a "U" shape ab le  t o  stand v e r t i c a l l y  by i t s e l f .  (This 
can be seen i n  Fig. 4.11 midway back i n t o  the  harbor.) With t h i s  
arrangement the  harbor width could only be  var ied  incrementally by 
changing from one piece of l u c i t e  t o  another thereby maintaining 
an approximately cons tan t  width- to- length r a t i o  a s  t h e  harbor  length 
was ad jus ted .  I n  t he  experiments twelve p ieces  of l u c i t e  were used, 
varying from 3 an t o  20 crnwide. The backwalf of t h e  harbor w a s  
he ld  i n  p l ace  by clamps. The en t rance  width of t he  harbor w a s  
ad jus t ed  using two p ieces  of l u c i t e  0.64 cm (1/4 in . )  t h i ck ,  43 cm 
high,  116 cm long and rounded a t  t he  edges. These p ieces  could s l i d e  
p a r a l l e l  t o  t h e  f a l s e  w a l l s  and were connected t o  these  w a l l s  and 
t o  v e r t i c a l  p l a t e s  shown near  t h e  harbor entrance i n  Fig. 4.11. 
For some of t h e  experiments presented i n  Sec t ion  6.4 a l i n e a r  
varying depth i n s i d e  t h e  harbor  w a s  c r ea t ed  using a ramp wi th  an 
aluminum p l a t e  on top of i t  and by press ing  t h e  s idewal l s  aga ins t  i t  
a f t e r  i t  had been placed i n s i d e  t h e  harbor.  
The t r apezo ida l  harbor ,  used i n  some of t h e  t r a n s i e n t  experiments 
presented i n  Sect ion 6.4, had f ixed  dimensions. It w a s  made of l u c i t e  
w a l l s  1.28 cm (1/2 in .)  t h i ck  and was 122 cm long, 40 cm high, 20 cm 
and 4 an wide a t  t he  en t rance  and t h e  backwall, r e spec t ive ly .  It could 
be p a r t i a l l y  closed i n  t h e  same manner as f o r  t h e  rec tangular  harbor .  
Leakage a t  t h e  bottom was el iminated by g lu ing  t h e  bottom edges of t he  
wa l l s  t o  a t h i n  l u c i t e  shee t  0.18 cm thick.  
4.4 The Measurement of Water Surface Eleva t ion  
The only phys ica l  wave c h a r a c t e r i s t i c  measured i n  t h i s  s tudy w a s  
t h e  water su r f ace  e leva t ion .  The measurement of t h e  time h i s t o r y  of the  
su r f ace  e l eva t ion  a t  a given p o s i t i o n  is discussed f i r s t ,  followed by 
the  measurement of t h e  wave p r o f i l e  along the  closed bas in  o r  harbor 
a t  a given time ( the  s p a t i a l  p r o f i l e ) .  
4.4.1 The Eulerian Measurement of Wave Amplitude 
Resistance wave gages were used i n  conjunction with the  
Sanborn (150 s e r i e s )  recorder (shown i n  Fig. 4.9) f o r  the  measurement 
of the  water surface  e levat ion a s  a funct ion of time a t  a s p e c i f i c  
location. A drawing of a t y p i c a l  wave gage is shown i n  Fig. 4.12. 
The wave gage consisted of two s t a i n l e s s  steel w i r e s  8.25 cm (3.25 in . )  
long with a diameter of 0.025 cm (0.01 in.) and spaced 0.4 cm (0.16 in.) 
apart .  The wires were s t re tched t a u t  and p a r a l l e l  i n  a frame con- 
st ructed  of 0.32 cm (118 in.) diameter s t a i n l e s s  steel rod, and 
were insula ted  e l e c t r i c a l l y  from each other i n  the  frame. For small 
depths (h 5 4 cm) a spec ia l  wave gage was constructed. It consisted 
of two s t a i n l e s s  s t e e l  tubes 0.08 cm (1132 in . )  outside diameter, 
0.01 cm (0.02 in.)  wa l l  thickness and 6 cm long which were s l i g h t l y  
bent a t  the  lower end mounted without the clamp shown i n  Fig. 4.12; 
using t h a t  gage the  maximum depth of immersion of the  tubes w a s  equal 
t o  the  water depth. A Sanborn Carr ier  Preamplifier (Model 150-1100 AS) 
supplied the 2400 cps,4.5 v o l t e x c i t a t i o n  f o r  the  gages and a l s o  
received the  output s igna l  from the  wave gage which, a f t e r  demodification 
and amplif icat ion was displayed on the  recording u n i t .  The c i r c u i t  
diagram for the wave gages is presented i n  Fig. 4.13. The immersion of 
the wave gage i n  w a t e r  causes an imbalance i n  the f u l l  bridge c i r c u i t  
and induces an output vol tage  proport ional  t o  the  change of depth of 
immersion r e l a t i v e  t o  t h e  balanced posi t ion.  
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Fig.  4 .12 Drawing of a typica l  wave gage (after Raichlen, 1965). 
Fig.  4.13 Circuit diagram f o r  wave gages Cafter Raichlen, 1965). 
I n  addi t ion  t o  t h e  d isplay  u n i t  a vo l t age  propor t ional  t o  the  wave 
amplitude is  obtained from each ampl i f ie r  of t h e  recorder.  Since t h e  
s i g n a l  w a s  not  completely demodulated the  output s t i l l  re ta ined some of 
the  2400 cps exc i t a t ion  vol tage  modulated by the  wave s i g n a l  and 
amplified t o  severa l  hundred v o l t s  t o  d r ive  t h e  s t y l u s  of the  d isplay  
un i t .  This s i g n a l  was t o  be used f o r  purposes of automatic da ta  
acquis i t ion;  thus, t he  vol tage  had t o  b e  reduced and the  s i g n a l  had 
t o  be f i l t e r e d  t o  el iminate noise. The c i r c u i t  diagrams shown i n  
Figs,  4.14(a) and 4.14(b) were constructed t o  reduce the  output vol tage  
from the  Sanborn recording system t o  be compatible with the  laboratory 
data  acqu i s i t ion  system and t o  reduce noise i n  the  s ignal .  The voltage 
d iv ider  and f i r s t  s t age  f i l t e r  (Fig. 4.14(a)) reduced the  voltage 
t o  an acceptable +5 v o l t s  range f o r  the  output s ignal .  To reduce the  
noise l e v e l  of severa l  t ens  of m i l l i v o l t s  with a dominant frequency of 
120 Hz the  s i g n a l  was f u r t h e r  processed by a low pass f i l t e r  (4 Pole 
Butterworth f i l t e r )  w i t h . a  cutoff frequency of 60 Hz (Fig. 4.14(b)). 
The f i n a l  output s i g n a l  contained a noise  l e v e l  of 8 mv (r.m.s. value) 
or  l e s s .  
Each wave gage was attached t o  a remotely control led c a l i b r a t i o n  
device shown i n  Fig. 4.15, which consisted of a rack and pinion driven 
by a synchronous motor. The wave gage w a s  at tached t o  the  rack with 
i ts  weight counterbalanced. The synchronous motors (GE Model S-6 101) 
were connected p a r a l l e l  t o  the  master cont ro l  shown i n  the  l e f t  p a r t  
of Fig. 4.16, which consisted of a synchronous generator  (GE Model SF 142) 
driven by a pinion and the  rack of a point  gage. Therefore, when 
the  point  gage w a s  moved, a current  was generated and relayed t o  the  
Fig. 4.14 Circuitry used in conjunction with A/D data acquisition 
system (a) filtering and voltage reduction of the signal from 
the Sanborn unit; (b) noise filtering; (c) potentiometer. 
Fig. 4.16 
Master control (left), circuitry used in conjunction with 
AID data acquisition sys tern (center) and computer terminal 
for monitoring experiments (right). 
Fig. 4.15 Wave gage and calibration device. 
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motors which moved the wave gages vertically in a one to one ratio. 
This arrangement allowed a quick calibration of the wave gages before 
each run. To record the calibration data with an analog-to-digital 
converter the motion of the rack of the point gage was converted to an 
electrical signal by a potentiometer and constant voltage signal. The 
circuit to scale and offset the voltage across the potentiometer 
within +5 volts is shown in Fig. 4.16(c). 
4 . 4 . 2  T h e  Measurement  of S p a t i a l  Wave P r o f i l e s  
Two methods of measurements were used. For the closed basin, the 
water surface profiles were obtained photographically using the following 
procedure. Horizontal and vertical scales were mounted on the side of 
the basin which faced the camera. A 16 mm Bolex movie camera was 
mounted on a tripod about 1.50 m from the basin and a clock placed 
in the field of view of the camera next to the basin. The camera 
clutch and the clock remote control switch were engaged and the motion 
of the wave generator which moved the closed basin was started. To 
retrieve the wave profiles the film, after being processed, was 
projected frame by frame on a 40 cm by 40 cm screen and the selected 
wave profiles were copied. This method, although straightforward, 
yielded a fairly law degree of accuracy and the relative uncertainty in 
the wave height could reach 20% for small wave amplitude profiles. 
The second method, used for the harbor,consisted of retrieving the 
spatial wave profiles from closely spaced interior water surface time 
histories obtained at various locations. !J%is technique, although more 
involved and more time consuming than the previous one yielded far more 
accurate results. The description of the detailed procedure is 
postponed until Chapter 6. 
4.5 The Data Acquisition System 
All voltage measurements were discretized with the Analog-to 
Digital (A/D) data acquisition system built into the PDP 11/60 computer 
installed in the laboratory. This system can accept eight analog 
voltage inputs in differential mode (16 in single-ended mode), digitlze 
the signals and store the data on a disk. The digitized values are 
stored as integer numbers between 0 and 2048 corresponding to a 25 volts 
range. The precision of the system was therefore f0.005 volts. The data 
acquisition process was monitored through a Fortran routine which was 
run from a CRT interactive terminal next to the basin and shown in 
Fig. 4.16. The command program for data acquisition requires prior 
knowledge of the data rate, the number of channels to be processed, 
the total number of data to be taken and the data file name for the 
data storage. 
The A/D converter of the PDP 11/60 computer was located several 
hundred feet away from the recording device, This situation significantly 
alters the quality of the data transmitted between the user's 
instrument and the A/D converter because of the noisy environment 
inside the building. The noise frequency ranged from 60 Hz to several 
kHz so that the use of a numerical filter was impractical. Therefore, 
the following alternative solution was chosen to eliminate the noise in 
the transmission lines. A circuit diagram of the arrangement is shown 
in Fig. 4.17. It consists of three parts: 
(1) An input box (located at user's experiment) which transforms 
the signal coming from the user's instrument into a differential signal. 
Vin Q v I 
Fig. 4 .17  Circuitry for the transmission of analog data towards 
A/D converter. 
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(.ii) A twisted p a i r  of cables which is  used t o  transmit the  
s i g n a l  t o  the  A/D converter. 
( i i i )  An output box located next t o  the A/D system which 
transforms the  d i f f e r e n t i a l  s igna l  back i n t o  a s igna l  referenced with 
respect  t o  the  use r ' s  ground po ten t i a l .  I n  t h i s  manner the  noise 
picked up during transmission is  automatically.canceled by the  d i f f e r e n t i a l  
s ignal .  Tests performed with t h a t  c i r c u i t r y  showed t h a t  the  amount of 
noise picked up by the  whole system was less than 2 mV, which i s  
below t h e  detec t ion l e v e l  of t h e  A/D. 
4.6 The Experimental Procedure Using the  Data Acquisition System 
The use of the A/D converter i n  connection with the  PDP 11/60 
mini computer made it possible t o  reduce the  wave data  of each channel 
and obtain the  ca l ibra ted  wave heights  i n  a matter of seconds a f t e r  
the  end of the  data  col lec t ion.  Cal ibra t ion of the  wave gages had t o  
be performed before each experiment because of the v a r i a b i l i t y  of the 
r e s i s t i v i t y  of the  water i n  the  basin with time. Each experiment 
consisted of three  consecutive steps:  
( i )  I n  the  ca l ib ra t ion  phase, each wave gage, a f t e r  balancing the 
corresponding c i r c u i t ,  w a s  immersed a pos i t ive  v e r t i c a l  d is tance  from 
i ts equilibrium posi t ion  which w a s  l a rge r  than the  maxfmum pos i t ive  
wave height  t o  be measured. The A/D was ac t ivated  and each gage was 
ra ised  by turning the  wheel on the  point  gage of the  master u n i t  u n t i l  
the  negative y e r t i c a l  d is tance  of the  wave gage from i ts  balance 
posi t ion  became la rge r  than the maximum negative wave height  t o  be 
measured. A t  the  end of the  sweep the  point  gage w a s  placed back i n  the 
equilibrium posit ion.  During t h a t  phase both the  vol tage  from the 
potentiometer and the yol tages  from t h e  wave gages were acquired and 
dig i t i zed .  
( i i )  I n  the  run phase, the  wave w a s  generated and the  A/D 
was ac t ivated  manually. This time only the  vol tage  s igna l s  from the 
wave gages w e r e  d iscre t ized with t h e  AID converter. 
( i i i )  A t  the  end of the  sweep a data  reduction program was run t o  
c a l i b r a t e  the wave data. For each wave record the  bas ic  operation 
consisted of f i t t i n g  a four th  order polynomial t o  the  corresponding 
ca l ib ra t ion  curve. The resu l t ing  coef f i c ien t s  were applied t o  c a l i b r a t e  
the  wave data  obtained i n  the  second step.  To el iminate the  influence 
of t h e  end points ,  only points  corresponding t o  a wave gage def lec t ion 
within values prescribed t o  the Fortran program were considered f o r  the 
ca l ib ra t ion  process. A typ ica l  ca l ib ra t ion  curve is presented i n  Fig. 
4.18. Good agreement is obtained between the  o r i g i n a l  ca l ib ra t ion  
curve and the  f i t t e d  one. 
Usually these three s t eps  took less than three  minutes t o  be 
performed f o r  the  harbor experiments presented i n  Chapter 6. With t h i s  
procedure the r e l a t i v e  e r r o r  on the  wave height  was estimated t o  be 
about 1%. Other Fortran programs w e r e  wr i t t en  t o  analyze the d iscre t ized 
data;  they include curve p lo t t ing ,  searching f o r  wave extrema, Fourier 
analys is ,  Sometimes the  wave height  t o  be measured i n  the  harbor was 
l a rge r  than the depth; f o r  these cases the  experiments w e r e  car r ied  i n  
two steps.  I n  a f i r s t  run only the  pos i t ive  p a r t  of the  wave was 
recorded and ca l ibra ted .  The same run w a s  repeated and t h i s  time only 
the  negative p a r t  of the  wave w a s  recorded and ca l ibra ted .  For each 
run, the  complete wave w a s  recorded with a wave gage outside the 
harbor f o r  a time reference. A Fortran program w a s  run t o  connect the 
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pos i t ive  and negative parts  of the wave record together so  that the 
complete wave could be reconstructed. 
Page 166 is blank. 
CHAPTER 5 
PRESENTATION AND DISCUSSION OF THE RESULTS 
. FOR THE CLOSED BASIN 
Two s e t s  of r e s u l t s  r e l a t e d  t o  t h e  problem of wave dynamics 
i n  a  c l o s e d  r e c t a n g u l a r  b a s i n  a r e  p resen ted  i n  t h i s  c h a p t e r .  
S e c t i o n  5 .1  d e a l s  wi th  t h e  damping c h a r a c t e r i s t i c s  of a  s t a n d i n g  
wave i n  a c l o s e d  r e c t a n g u l a r  l u c i t e  b a s i n  which r e s u l t  from 
d i s s i p a t i o n  r e l a t e d  t o  laminar  boundary f r i c t i o n  and s u r f a c e  t e n s i o n  
e f f e c t s .  I n  S e c t i o n  5.2 exper imenta l  r e s u l t s  on t h e  wave dynamics 
r e s u l t i n g  from t h e  t r a n s i e n t  and s teady  s t a t e  e x c i t a t i o n  of a  
c losed  r e c t a n g u l a r  b a s i n  i n  shal low wate r  a r e  p resen ted  and compared 
t o  t h e  theory .  It i s  r e c a l l e d  t h a t  t h i s  c losed  b a s i n  s t u d y  was 
c a r r i e d  o u t  t o  h e l p  e l u c i d a t e  some of t h e  f e a t u r e s  p e r t a i n i n g  t o  
l o n g  wave o s c i l l a t i o n s  i n  h a r b o r s  and bays.  
5 . 1  Experiments on Energy D i s s i p a t i o n  i n  Standing Waves i n  
Rectangular  L u c i t e  Bas ins  
5.1.1 I n t r o d u c t i o n  
Experiments were c o n s t r u c t e d  t o  de te rmine  t h e  damping 
c h a r a c t e r i s t i c s  of a s t a n d i n g  wave i n  a r e c t a n g u l a r  l u c i t e  b a s i n  which 
r e s u l t  from d i s s i p a t i o n  r e l a t e d  t o  l aminar  boundary f r i c t i o n  and 
s u r f a c e  t e n s i o n  e f f e c t s .  
The main reason  under ly ing  t h i s  s t u d y  stemmed from t h e  
n e c e s s i t y  of knowing a c c u r a t e l y  t h e  amount of d i s s i p a t i o n  r e s u l t i n g  
from t h e  two sforement ioned damping s o u r c e s  i n  o r d e r  t o  i n v e s t i g a t e  
e x p e r i m e n t a l l y  t h e  o t h e r  d i s s i p a t i o n  mechanims, such as leakage 
l o s s e s  and e n t r a n c e  s e p a r a t i o n ,  a f f e c t i n g  t h e  ha rbor  exper iments  
p resen ted  i n  Chapter 6 .  Since  t h e  shapes  o f  t h e  modes of 
o s c i l l a t i o n s  a r e  similar f o r  a r e c t a n g u l a r  b a s i n  and a narrow 
r e c t a n g u l a r  h a r b o r  (which w a s  used most ly  i n  t h e  exper imenta l  s t u d y  
d e s c r i b e d  i n  Chapter 6 ) ,  t h e  c h a r a c t e r i s t i c s  of l aminar  boundary 
f r i c t i o n  and d i s s i p a t i o n  r e l a t e d  t o  s u r f a c e  t e n s i o n  i n  t h e  ha rbor  
can,  t h e r e f o r e ,  be d i r e c t l y i n f e r r e d  from t h e  c l o s e d  b a s i n  exper iments .  
A convenient  parameter  t o  c h a r a c t e r i z e  t h e  amount of d i s s i p a t i o n  
i s  t h e  decay c o e f f i c i e n t  a d e f i n e d  a s  
where Aand A. deno te  t h e  wave ampl i tude a t  e i t h e r  end w a l l ,  and T 
i s  t h e  p e r i o d  of a n a t u r a l  mode of o s c i l l a t i o n  o f  t h e  b a s i n .  
From E q .  (3.3.95) t h e  c o e f f i c i e n t z  can  be expressed as 
where Qi denote  t h e  "Q" f a c t o r  d e f i n e d  i n  S e c t i o n  3.3.3,  a s s o c i a t e d  
with  the  d i s s i p a t i v e  source Si and n  i s  the  t o t a l  number of 
d i s s i p a t i v e  sources.  Five sources of d i s s i p a t i o n  which can a f f e c t  
wave o s c i l l a t i o n s  i n  closed rec tangular  bas ins  i n  labora tory  have 
been inves t iga t ed  i n  Sec t ion  3.3.1. The as soc ia t ed  Q f a c t o r s  
i 
have been computed i n  Appendix E ,  y i e ld ing  from Eq. (5.1.2) 
t he  following expressions f o r  the  corresponding decay coe f f i c i en t s :  
bottom laminar boundary f r i c t i o n :  
- T 5 2kh 
Ob 'x 1~ s i n h  2kh Y 
wal l  laminar boundary f r i c t i o n :  
- 2h 2kh 2kh 
TI 
+ -
s inh  2kh 11 
su r f ace  laminar boundary f r i c t i o n :  
dry f r i c t i o n  from meniscus ac t ion :  
- 3 2 3 ,  Trb 
0. =- - ( l + y c )  
c  xpg A b  
r e s i d u a l  su r f ace  tens ion  d i s s i p a t i o n :  
2 r 
In these expressions v denotes the kinematic viscosity of the 
liquid, h is the still water depth, re is the surface tension of the 
liquid air interface, p is the fluid density, g is the acceleration 
of gravity, C is the surface contamination factor equal to 1 for 
a fully contaminated surface, and Z and Kob are two constants. 
The frequency Q of the wave oscillations corresponds to a natural 
mode of oscillation of the basin defined by: 
where k denotes the wave number. It is noted that only the decay 
- 
coefficient % varies with amplitude. This characteristic makes 
it easy to recognize this dissipation source experimentally. 
The purpose of the experiments was to check the validity of 
the analysis and to determine the values of the two unknown 
coefficients K and K related to surface tension dissipation. 
ob 
The study of wave damping was conducted in a lucite basin 
w i t h  a length L 1.60.95 cm, divided into six different widths: 
b = 4 cm, 5 cm, 6.15 cm, 8 cm, 13.8 cm, and 23 cm. For each 
basin width the decay coefficient was measured for eight depths 
corresponding to a range of kh from 0.3 to I. All measurements 
were performed for the first mode of oscillation (n=1 in Eq. (5.1.8)). 
Ordinary filtered tap water was used for all experiments. 
In order to eliminatethe effects of dry friction from meniscus 
action, a commercial solution of Kodak Photo-Flo 200, which acts 
as a wet t ing  agent,  w a s  added t o  t h e  water i n  a concent ra t ion  of 
one p a r t  per  thousand. (This concent ra t ion  w a s  found empir ica l ly  
by adding success ive  q u a n t i t i e s  of wet t ing agent  i n  t he  bas in  
u n t i l  no f u r t h e r  decrease of t h e  a t t e n t u a t i o n  c o e f f i c i e n t  w a s  
observed) . 
The experimental procedure cons is ted  i n  f i l l i n g  t h e  bas in  with 
f i l t e r e d  t a p  water a t  t h e  des i r ed  depth and adding the  s o l u t i o n  of 
Photo-Flo. The bas in  w a s  f i x e d  r i g i d l y  t o  t he  top of t he  wave 
p l a t e  connected t o  t h e  hydraul ic  system described i n  Chapter 4 and 
was l e f t  a t  r e s t  f o r  about an hour. Then t h e  wave p l a t e  was 
a c t i v a t e d  wi th  a s inuso ida l  motion of smal l  amplitude a t  a per iod  
corresponding t o  t he  lowestmode of o s c i l l a t i o n  of t he  bas in  and 
was stopped a f t e r  a few o s c i l l a t i o n s .  h e  wave motion was measured 
using a wave gage mounted a t  one end of t h e  bas in  and the d a t a  
acqu i s i t i on  system described i n  Chapter 4 .  A t y p i c a l  decay curve 
i s  i l l u s t r a t e d  i n  Figure 5.1.1 
Figure 5.1.1 Typical decay curve. 
- 
Local decay c o e f f i c i e n t s  a assoc ia ted  wi th  the  amplitude 
n1' 
A could be computed from a l e a s t  square f i t  of t h e  logarithm of 
"1 ' 
t h e  expression: 
where An and An, denote the  wave amplitudes a t  the  nth and n' t h  
o s c i l l a t i o n ,  respectively,  and the averaged amplitude A 
*l 
defined as: 
The number n-n' was usually chosen between 4 and 10. The d i sc re te  
va r ia t ion  of with A could then be obtained with t h i s  method. 
nl nl 
This allowed detec t ion of t h e  va r ia t ion  of the  decay coef f i c ien t  
with amplitude between point  B ( th ree  o s c i l l a t i o n s  a f t e r  the basin 
motion was stopped) and point  C (corresponding t o  a wave amplitude 
approximately equal to  1120th of i t s  value a t  point  B) .  
One important problem i s  the  determination of the  permissible 
experimental maximum wave amplitude i n  order f o r  the  ana ly t i ca l  
expressions f o r  the  decay coef f i c ien t s  t o  apply. I n  pr inciple ,  
those r e s u l t s  a r e  applicable within the range of v a l i d i t y  of 
Stokes second order theory such t h a t  the  second term i n  the  Stokes 
expansion remains much less than unity.  I n  the  case of a rectangular  
basin the  expression given by Keulegan (1959) leads to:  
where 
2 
N2 = cosh kh(cosh 2kh+2)  2 
s inh  kh s inh  2kh 
Keulegan (1959) found experimental ly  t h a t  t he  r e l a t i v e  e r r o r  i n  
t h e  wave amplitude, using second o rde r  Stokes theory,was less than  
5% i f  E is chosen equal  t o  0.1. . Table 5.1.1 g ives  t h e  r e s u l t i n g  
maximum permiss ib le  wave amplitude as a func t ion  of t h e  depth, 
based on t h i s  va lue  of y, f o r  t he  f i r s t  mode of o s c i l l a t i o n  and 
a bas in  length  equal  t o  60.95 cm. 
Table 5.1.1 Maximum permiss ib le  wave amplitude compatible with Stokes 
second order  theory a s  a func t ion  of t h e  depth. 
The experiments were performed such t h a t  t he  wave amplitude a t  
po in t  B ( i n  Figure 5.1.1) remained wi th in  the  range ind ica t ed  by Table 
5.1.1. 
5.1.2 Experimental Results 
The experimental variation of the attenuation coefficient 
- 
a with the wave amplitude is plotted in Figure 5.1.2 for various 
widths and a constant value of kh = 0.82 in the presence of a 
wetting agent in a concentration of one part per thousand. It is 
noted that remains essentially constant with the amplitude for 
nearly all the widths investigated,indicating no effect of dry 
friction from meniscus action. For b = 4 cm varies only slightly 
with the amplitude A, probably resulting from some residual dry 
damping not completely eliminated by the action of the detergent. 
In the case of Figure 5.1.2 the maximum initial wave amplitude is 
approximately 20 mm. It can be mentioned that similar tests 
were conducted for small initial wave amplitudes equal to 3 mm; 
essentially no difference was noticed between the two sets of runs: 
in both cases the damping coefficient remained constant as A varied 
and were equal for given values of b and kh. 
Figure 5.1.3 demonstrates the importance of the action of 
the wetting agent in reducing the damping coefficient. The two 
curves correspond to a 6 cm width and I& = 0.83. When the wetting 
agent is added to the water there is essentially no variation in 
- - 
a with A. Conversely when no wetting agent is used, a increases 
markedly as the wave amplitude decreases from 25 mm to 2 m; the 
discrepancy between the two curves is attributed to the dissipation 
caused by the dry friction of the meniscus against the lucite wall 
in the absence of detergent. In the absence of a wetting agent 
Fig. 5.1.2 Examples of variation of the decay coefficient with amplitude for various widths in 
the presence of a wetting agent; kh = 0.82. 

it was noted during experiments t h a t  t he  l i q u i d  su r f ace  near  t he  w a l l s  
w a s  rough and i r r e g u l a r .  I n  c o n t r a s t ,  when enough wet t ing  agent w a s  
added t o  t h e  water ,  t he  contac t  reg ion  appeared g l a s sy  and no roughness 
of t h e  water s u r f a c e  was observed. Thus t h e  v e r t i c a l  d i s t ance  between 
the  two curves can be s e t  equal  t o  t h e  c o e f f i c i e n t  corresponding 
C 
to dry  f r i c t i o n .  Using Eq.  (5.1.6) and the  experimental va lues  of 
- 
ac in fe r r ed  from Figure 5.1.3, t h e  c o e f f i c i e n t  ; appearing i n  
Eq. (5.1.6) yields: 
This va lue  is  based on a su r f ace  t ens ion  re corresponding t o  an  
2 
a i r - d i s t i l l e d  water  i n t e r f a c e  equal  t o  72 g,'sec . It is of t h e  
same order  of magnitude a s  t h a t  mentioned by Miles (1967, i . e . ,  
The v a r i a t i o n  of w i th  kh and with bas in  width b is  presented 
i n  Figure 5.1.4. Each graph of F igure  5.1.4 corresponds t o  a 
given width. The dashed l i n e s  r ep re sen t  t h e  t h e o r e t i c a l  v a r i a t i o n  
- 
of ab + (bottom and w a l l  f r i c t i o n )  c o e f f i c i e n t  wi th  kh der ived  
W 
from Eqs. (5.1.3) and (5.1.4). The s o l i d  l i n e s  r ep re sen t  t he  
t h e o r e t i c a l  v a r i a t i o n  of ab + h + a (bottom, w a l l ,  and s u r f a c e  
S 
f r i c t i o n )  c o e f f i c i e n t  with:kh der ived  from Eqs. (5.1.3), (5.1.4) , and 
(5.1.5). The symbols r ep re sen t  t h e  experimental data.  For t h i s  s e t  of 
experimentswett ing agent  was added t o  t h e  water  i n  o rde r  t o  e l imina te  

the d i s s ipa t ion  re la ted  t o  dry f r i c t i o n  of the  meniscus agains t  t h e  
walls.  For the  l a r g e s t  width, b = 23 cm, the  data  agree wel l  with 
the  ana lys i s  i f  bottom, w a l l ,  and surface f r i c t i o n  e f f e c t s  a r e ' t a k e n  
-
i n t o  account; t h i s  indica tes  t h a t  surface f r i c t i o n  must indeed be 
considered a s  a s ign i f i can t  source of d i s s ipa t ion .  I n  pa r t i cu la r ,  
i n  shallow water (kh = 0.3) the  a c t u a l  d i s s ipa t ion  r a t e  is 33% higher 
than predicted by bottom and wall friction only. A s  the width 
decreases, the  measured d i s s tpa t ion  r a t e  becomes l a rge r  than t h a t  
predicted by theory; the  difference between experiments and theory 
increases a s  b decreases and f o r  a basin width of 4 cm the  d i s s ipa t ion  
r a t e  is 40% la rge r  than predicted by theory. It should be noted 
tha t  the  difference between the  experimental decay coef f ic , ient  2 and 
- 
ab + + o apparently remains independent of lch f o r  a given width. W s 
The di f ference  1 - (zb -k +a + GS) is  shown a s  a function of b i n  
W 
Figure 5.1.5. (The v e r t i c a l  bars  show the  v a r i a t i o n  of t h i s  
coef f i c ien t  with kh f o r  the  indicated basin width). Even with the  
s c a t t e r  of the  d a t a  a d e f i n i t e  trend can be observed. In  pa r t i cu la r  
the  slope of the  l i n e  (obtained by a v i sua l  bes t  f i t )  joining the  
segments is  -2 on t h e  log-log sca le  indicat ing a v a r i a t i o n  of 
- 2 
a - (Gb + Ow + <) proport ional  t o  l / b  . 
Attr ibut ing t h i s  discrepancy t o  t h e  surface tension e f f e c t s  
r e f l ec ted  i n  the  damping coef f i c ien t  the  coef f i c ien t  Kob 
appearing i n  Eq. (5.1.7) is found by ident i fy ing the  experimental 
curve of Figure 5.1.5 with Eq. (5 .l. 7) as :  
Fig. 5.1.5 Variation of the residual decay coeff ic ient  with width b .  
which g ives  
Keulegan ( 1959) found experimental ly  a n  expression f a r  Xob based 
on dimensional a n a l y s i s  f o r  similar bas ins  as: 
I f  t h e  parameters from h i s  experiments a r e  s u b s t i t u t e d  i n t o  
Eq. (5.1.14) one obta ins :  
- 
' e  
"ob = 6.65 - 
p& 
which compares favorably with Eq. (5.1.13). This tends t o  confirm t h a t  
t h e  mathematical form assumed i n  Sec t ion  3.1.1 t o  cha rac t e r i ze  t he  
r e s i d u a l  d i s s i p a t i v e  source r e l a t e d  t o  su r f ace  t ens ion  and leading 
t o  t h e  a t t e n u a t i o n  c o e f f i c i e n t  (expressed i n  Eq. 5.1.7)) is  
ob 
cor rec t ,a l though an  adequate explana t ion  f o r  t h e  ex is tence  of t h i s  
d i s s i p a t i v e  source appears  t o  be lacking.  
The r e s u l t s  of t h i s  i n v e s t i g a t i o n  a l s o  tend t o  show t h a t  wi th  
t h e  experimental condi t ions  descr ibed i n  t h i s  s ec t ion ,  no o the r  source 
of d i s s i p a t i o n ,  a p a r t  from those  r e f l e c t e d  i n  t he  a t t enua t ion  
- - - -  
c o e f f i c i e n t  a a ,a ,a and appears s i g n i f i c a n t  . b y  w s c' ob' 
For some o the r  experimental condi t ions  t h i s  conclusion should proba- 
b l y  be modified. I n  p a r t i c u l a r ,  a c r i t i c a l  Reynolds number beyond which 
t h e  o s c i l l a t o r y  flow i n s i d e  t h e  boundary l a y e r  becomes turbulen t  was 
s t a t e d  byJonsson(1978) a s  u&,/v = 563, where u is t h e  i n v i s c i d  o r b i t a l  
v e l o c i t y  j u s t  ou t s ide  the  boundary l a y e r ,  v is  the  kinematic 
v i s c o s i t y ,  and 6e = (2v/0) ' /~ i s  the  boundary l a y e r  th ickness ;  
t h i s  c r i t i c a l  va lue  can a c t u a l l y  be reached f o r  some labora tory  
condi t ions .  Also the  f r i c t i o n  of t he  po r t ion  of t h e  f l u i d  above 
s t i l l  water  l e v e l  aga ins t  t he  wa l l s  induces some a d d i t i o n a l  damping 
neglected i n  t h i s  study which may account f o r  a  s i g n i f i c a n t  f r a c t i o n  
of t he  t o t a l  energy d i s s ipa t ed  when t h e  r a t i o  A/h i s  of order  un i ty .  
In o rde r  t o  app rec i a t e  the  r e l a t i v e  importance of the  d i s s i p a t i o n  
mechanisms discussed here ,  Table 5.1.2 g ives  the  va lues  of 
- - - -  
ab  + a", a
s
,  a  and (I . based on Eqs. (5.1.3) t o  (5.1.7) f o r  c ' O b  
t h r e e  d i f f e r e n t  widths and kh = 0 . 3 .  The va lues  f o r  t he  dry damping 
c o e f f i c i e n t  are based on a wave amplitude of 10 unn. 
Table 5.1.2 Var i a t ion  of t he  damping c o e f f i c i e n t s  wi th  
va r ious  widths.  
Dry f r i c t i o n  of t h e  meniscus aga ins t  t h e  l u c i t e  wa l l s  appears t o  be the  
most important source  of d i s s i p a t i o n  f o r  t h e  two sma l l e s t  widths and 
thus cannot be neglected unless  t h e  l u c i t e  wa l l s  have been wetted due t o  
t h e  add i t i on  of de te rgent .  Assuming t h i s  is t h e  case,  t h e  combined 
e f f e c t s  of sur face  shea r  s t r e s s  and su r f ace  tens ion ,  a s soc i a t ed  
- 
with the  decay c o e f f i c i e n t s  as + OLOb, account f o r  about 40% of the  
t o t a l  d i s s i p a t i o n  f o r  t h e  t h r e e  widths;  t h i s  c l e a r l y  shows t h e i r  impor- 
tance  i n  labora tory  condi t ions .  Surface tens ion  d i s s i p a t i o n  assoc ia ted  
- 
with the  c o e f f i c i e n t  can be  neglected f o r  l a r g e r  widths ( say  
b 2 1 3  cm); i t  accounts f o r  13% of t h e  t o t a l  d i s s i p a t i o n  when b = 8 cm 
and 33% when b = 4 cm, thus demonstrating its importance f o r  small 
widths.  
Two app l i ca t ions  f o r  t h e  present  experimental s tudy follow from 
these  r e s u l t s :  
(i) I n  the  experimental s tudy presented i n  Sect ion 5.2 on t h e  
t r a n s i e n t  e x c i t a t i o n  of a closed bas in ,  two bas in  widths,  
b = 12 cm and b = 23 cm were used. Also, a wett ing agent 
w a s  added t o  t h e  w a t e r  f o r  each experiment: Therefore,  
t h e  only s i g n i f i c a n t  sources of d i s s i p a t i o n  t o  be considered 
a r e  t h e  bottom, w a l l s ,  and su r f ace  f r i c t i o n  which have been 
included i n  t h e  formulat ion presented i n  Sec t ion  3 . 2 .  
( i i )  I n  t h e  experimental s tudy presented i n  Sect ions 6.2, 6.3, 
and 6.4 on the  t r a n s i e n t  wave induced o s c i l l a t i o n s  i n  a 
rec tangular  harbor ,  t h e  harbor widths used ranged from 4 cm t o  
1 5  cm and wet t ing  agent  was no t  always present .  Therefore,  
it w a s  found necessary i n  some cases ,  a f t e r  an es t imat ion  of t h e  
d i s s i p a t i o n  r e l a t e d  t o  su r f ace  tens ion  e f f e c t s ,  t o  co r r ec t  t h e  
experimental r e s u l t s  f o r  these  e f f e c t s  using t h e  method presented 
i n  Section 3.3.3. Those considerations w i l l  be discussed i n  more 
d e t a i l  i n  Chapter 6. 
5.2.  The Closed Basin Excitat ion 
5.2.1 Introduction 
Experimental and theore t i ca l  r e s u l t s  a r e  presented 
i n  t h i s  sect ion,  which correspond t o  the wave dynamics resu l t ing  
from the  transient:  and steady s t a t e  exc i t a t ion  of a closed 
rectangular  basin. The only measured wave parameter w a s  the 
wave height ,  therefore  the  discussion w i l l  be l imi ted  t o  t h i s  
quantity. 
The exc i t a t ion  motion chosen f o r  the  bas in  w a s  a horizon- 
t a l  s inusoidal  motion characterized by the amplitude d and 
the  frequency a. From the  analys is  performed i n  Section 3.2 
the water surface e levat ion can be completely defined by s i x  
dimensionless parameters: 
where 
The d i s s ipa t ion  parameter ys includes only bottom, walls, and 
surface f r i c t i o n .  Dissipation from surface tension is expected. t o  
remain s m a l l  compared t o  boundary f r i c t i o n  d i s s ipa t ion  f o r  the  
reason invoked i n  Section 5.1.2; it i s  therefore  neglected here. 
For a given t i m e  t and a given p o s i t i o n  x t h e  nondimensionalized 
amplitude n/h, sca led  by d/L, depends on four  parameters: t he  
nonl inear  parameter d / ~ ,  which descr ibes  t h e  r e l a t i v e  excursion 
of t h e  bas in ,  t h e  d i spe r s ion  parameter h/L, t h e  frequency parameter 
CJL/ 6 and the  d i s s i p a t i o n  parameter ys . A more accu ra t e  measure 
of t h e  d i spe r s ion  is  h/A, where X denotes t h e  wave length  a s soc i a t ed  
wi th  t h e  frequency a. Using t h e  l i n e a r  nondispersive theory,  X 
can be simply approximated as : A = 2nm/ o s o  t h a t  a r e l evan t  
. - 
measure of d i spe r s ion  e f f e c t s  is: 
I f  nonl inear  e f f e c t s  a r e  neglected,d/L does no t  appear any 
more a s  a v a r i a b l e  i n  t he  func t ion  F and merely a c t s  as a sca l ing  
parameter f o r  d h .  
Some important r e s u l t s  were derived from the  l i n e a r  d i s p e r s i v e  
and d i s s i p a t i v e  theory,  presented i n  Sec t ion  3 .2 .2 .  I n  p a r t i c u l a r ,  
the  resonant  f requencies  (neglec t ing  d i s s i p a t i o n )  a r e  given by: 
where n def ines  a p a r t i c u l a r  f r e e  mode of o s c i l l a t i o n  of t h e  bas in .  
The evolu t ion  of t he  wave amplitude with time a t  e i t h e r  end 
w a l l ,  f o r  a continuous e x c i t a t i o n  a t  resonance, i s  given by: 
so that, at steady state 
and during the initial stage of the excitation: 
The characteristic time to reach steady state, or equivalently 
for the transients to be reduced to 5% of their original value is 
such that : 
Finally, according to the linear theory, a node exists at all 
times at x/L = 1/2 for the excitation considered in this experimental 
study . 
The range of validity of both the nonlinear and linear dispersive 
and dissipative theories has beenfound in Section 3.2.4 as: 
I n  add i t i on  a Stokes parameter U w a s  used t o  de f ine  the  range of 
-s 
v a l i d i t y  of t h e  l i n e a r  d i sp-ers ive  theory: 
where q+ and n- denote t h e  p o s i t i v e  and negat ive  extremes 
r e spec t ive ly  a t  the  end w a l l s .  Linear d i spe r s ive  and d i s s i p a t i v e  
theory app l i e s  only i f :  
Two rec t angu la r  l u c i t e  bas ins  were used f o r  t h e  experiments; the  f i r s t  
one w a s  60.95 cm long and 23 cm wide and t h e  second one w a s  
117.5 cm long and 12 cm wide. Both were f ixed  r i g i d l y  on top of 
t h e  wave p l a t e  connected t o  t he  hydraul ic  system descr ibed  i n  
Chapter 4 and t h e  wave motion was recorded wi th  a wave gage clamped 
on top of t he  bas in  (and thus  moving wi th  t h e  basin)  and t h e  d a t a  
a c q u i s i t i o n  system described i n  Chapter 4. Wetting agent w a s  added 
t o  t h e  water f o r  a l l  experiments. 
Sec t ion  5.2.2 d e a l s  wi th  the  b a s i n  i n i t i a l l y  a t  r e s t ,  continuously 
exc i t ed  wi th  a small displacement amplitude relative t o  the  bas in  
length.  I n  Sec t ion  5.2.3 t he  r e s u l t s  of t h e  a n a l y s i s  presented i n  Sec- 
t i o n  3.2.3 on the  nonl inear  s tanding  mode of o s c i l l a t i o n s  a r e  i nves t i-  
gated experimentally.  Sec t ion  5.2.4 dea l s  wi th  t r a n s i e n t  b a s i n  exci ta-  
t i o n s  of s h o r t  du ra t ion  bu t  f i n i t e  displacement amplitudes.  F ina l ly ,  a 
summary of t h e  main r e s u l t s  i s  presented i n  Sec t ion  5.2.5. 
5.2.2 Trans ien t  and Steady S t a t e s  f o r  a Continuous Exc i t a t i on  
Near t h e  F i r s t  Two Resonant Modes 
F igure  5 .2 . la  shows t h e  v a r i a t i o n  a t  x = L  of both t h e  
s teady  s t a t e  and maximum t r a n s i e n t  extrema corresponding t o  t h e  l i nea r -  
d i s p e r s i v e  theory wi th  t h e  r e l a t i v e  frequency of e x c i t a t i o n  a/o where 
0'  
U is obtained from Eq. (5.2.4) f o r  t h e  f i r s t  resonant  frequency, i .e . ,  
0 
n = 0 i n  Eq. (5.2.4). The va lues  of t h e  dimensionless parameters a r e :  
d/L = 0.0032, h/L = 0.098, o o ~ G  = 3.0915, ys = 0.045 f o r  o/oo = 1. 
The two curves a r e  s i m i l a r  t o  t h e  response of a damped l i n e a r  o s c i l l a t o r  
near  resonance; they a r e  approximately symmetric about a = oo and t h e  
maximum t r a n s i e n t  and t h e  s teady  state wave amplitudes (n/h) and (n/h) T S 
show smal l  v a r i a t i o n  wi th  o/oo except  w i th in  about 4% of t h e  resonant  
frequency where they inc rease  s i g n i f i c a n t l y .  The t r a n s i e n t  response 
( ~ l / h ) ~  is always l a r g e r  than (n/h) except  a t  resonance where t h e  two be- S 
come equal .  (At resonance ( ~ t / h ) ~  is given by Eq. (5 .2 .6)) .  The va lue  of 
t he  Stokes parameter U computed from Eqs. (5.2.10) and (5.2.6),correspond- 
-s 
ing  t o  t h e  s teady  s t a t e  condi t ions ,  is 360, implying the  l i n e a r  theory 
is not  adequate at resonance. However, ( ~ t / h ) ~  = 0.05 away from resonance 
where I& " 40, which is near  t h e  range of v a l i d i t y  of t h e  l i n e a r  theory. 
A few water  su r f ace  time h i s t o r i e s  a t  one end w a l l  obtained from the  
l i n e a r  d i s p e r s i v e  and d i s s i p a t i v e  theory a r e  presented i n  Figure 5.2.lb 
(n/h versus  0 t / h  a t  x = L ) .  They show a good symmetry about t he  mean 
water l e v e l .  The amplitude of t h e  o s c i l l a t i o n s  grows l i n e a r l y  wi th  time 
a t  f i r s t  and is given by Eq. (5.2.7). Af t e r  a few o s c i l l a t i o n s ,  hbwever, 
t he in f luence  of e i t h e r  t h e  forced frequency (which induces a bea t  p a t t e r n  
near  u = oo) o r  d i s s i p a t i o n  ( a t  0 = o ) a l t e r s  t h i s  l i n e a r  growth. The 
0 
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Fig.  5 . 2 . 2  Variation of  the number of  o s c i l l a t i o n s  required t o  reach 
maximum transient  and steady s t a t e  conditions with frequency 
of exc i ta t ion  near the f i r s t  resonant frequency; l inear  
solution,  h/L = 0.098, Ys = 0.045. 
bea t  p a t t e r n  is crea ted  by the  superpos i t ion  of t h e  f r e e  o s c i l l a t i o n  
mode corresponding t o  (3 = o and t h e  forced  o s c i l l a t i o n  imposed by t h e  
0 
exc i t i ng  frequency 0; t h i s  r e s u l t s  i n  a bea t  half- period charac te r ized  
by ao/ 1 a - oo 1 o s c i l l a t i o n s  ; thus as 1 o - oo 1 /a decreases ,  t he  period 
0 
of t h e  bea t s  i nc reases  u n t i l  i t  becomes t h e o r e t i c a l l y  i n f i n i t e  . With 
increas ing  time t h e  b e a t s  diminish due t o  d i s s i p a t i o n  and s teady  s t a t e  
o s c i l l a t i o n s  r e s u l t .  
F igure  5.2.2 shows t h e  v a r i a t i o n  of the n m b e r  NT of o s c i l l a t i o n s  
requi red  t o  achieve maximum t r a n s i e n t  wave amplitude (n/h) with o/a T 0 
and t h e  corresponding v a r i a t i o n  of t he  number N of o s c i l l a t i o n s  f o r  S 
f u l l  es tabl ishment  of s teady  s t a t e .  Steady state is ,  by d e f i n i t i o n ,  
considered t o  have taken p lace  a t  time t when t h e  r e l a t i v e  v a r i a t i o n  
of a l l  p o s i t i v e  extrema along the  wave record a t  x = L i s  l e s s  than 5% 
from time t onwards. The number N increases  a s  o - oo 1 loo decreases ,  T 
which can be r e l a t e d  d i r e c t l y  t o  t h e  v a r i a t i o n  of t h e  b e a t  per iod wi th  
a. Since the maximum t r a n s i e n t  amplitude occurs  during t h e  f i r s t  bea t  
f o r  t h e  l i n e a r  case,  N can be  s e t  approximately t o  00/2 10 - 0 1 , i. e . ,  T 0 
a qua r t e r  per iod of a bea t ,  as can be checked from Figure 5.2.2. The 
only except ion is f o r  t h e  range of values of a wi th in  1% of a. f o r  
which NT is pr imar i ly  con t ro l l ed  by f r i c t i o n .  The number N v a r i e s  only S 
s l i g h t l y  w i th  u/a0 near  resonance and is governed s t r i c t l y  by f r i c t i o n .  
Its va lue ,  a t  resonance, is given by Eq. (5.2.8), i . e . ,  NS = 70. 
Since t h e  nonl inear  parameter d/L merely a c t s  a s  a s c a l i n g  param- 
e t e r  i n  t h e  l i n e a r  theory,  Figures  5.2. la  and 5.2.lb can b e  derived f o r  
any o ther  values of d/L by mult iplying q/h by (d/L)/0.0032, and Figure 
5.2.2 remains unchanged with sca l ing .  
The experimental v a r i a t i o n  of t he  p o s i t i v e  and negat ive extrema 
( ~ / h ) ~  and ( ~ / h ) ~  wi th  ~ / o  a t  x = L a r e  presented i n  Figure 5.2.3 f o r  
0 
t h e  same va lues  of t he  dimensionless parameters a s  i n  Figure 5 . 2 . 1  and 
a r e  compared t o  t h e  nonl inear  d i spe r s ive  d i s s i p a t i v e  theory. Obvious 
d i f f e r ences  can be noted between Figure 5.2.3 and Figure 5 .2 . la ,  con- 
firming t h e  inadequacy of t h e  l i n e a r  model f o r  t h e s e  condi t ions  near  
resonance. The response curves a r e  no longer  symmetric about a/a = 1 
0 
b u t  bend toward t h e  r i g h t  and t h e  maxima now occur a t  a/a = 1.07, 
0 
where t h e  response curves e x h i b i t  a l a r g e  d i scon t inu i ty  ( o r  jump). 
(The frequencies  a t  which a d i scon t inu i ty  t akes  p lace  i n  t h e  response 
curves w i l l  be  termed " bi furca t ion  frequencies"  i n  t h e  remaining d i s-  
cussion.)  This  behavior i s  a t t r i b u t e d  t o  t h e  e f f e c t s  of n o n l i n e a r i t i e s  
and can be r e l a t e d  t o  t he  "hard spring"  s o l u t i o n  of t h e  Duff ing 's  
equat ion (Stoker ,  1950). 
The o s c i l l a t i o n s  a r e  q u i t e  asymmetric about t h e  s t i l l  water  l e v e l ;  
t h e  r a t i o  of p o s i t i v e  t o  nega t ive  water  su r f ace  e l eva t ions  becomes 
nea r ly  e i g h t  f o r  o/oo = 1.07 during t h e  t r a n s i e n t  s t a g e  of t he  o s c i l l a-  
t ion .  I n  c o n t r a s t  t o  t h e  p o s i t i v e  extrema, t h e  negat ive  extrema vary 
l i t t l e  wi th  o/a and reach a minimum value  of about -0.2. Another fea-  
0 
t u r e  of t h e  response which is d i f f e r e n t  from the  l i n e a r  r e s u l t s  is the  
ex i s t ence  of a secondary jump which takes  p l ace  a t  a/o = 0.97. This  
0 
f e a t u r e  seems t o  p e r t a i n  only t o  the  forced b a s i n  o s c i l l a t i o n s  i n  the 
shallow water  range. Experiments by Fu l t z  (1962) on closed bas in  osc i l-  
l a t i o n s  i n  t h e  in te rmedia te  and the  deep water  range r e s u l t e d  i n  re- 
sponse curves wi th  only one d i scon t inu i ty .  Therefore t h i s  f e a t u r e  must 
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Fig. 5 . 2 . 3  Variation of re lat ive  wave extrema at  x=L w i t h  frequency of excitation near the lowest 
resonant frequency; comparison between the nonlinear solution and experiments; 
d = 0.196 cm, L = 60.95 cm, h = 6 cm. 
be  a t t r i b u t e d  t o  t h e  e f f e c t  of smal l  d i spers ion .  
Steady s t a t e  is achieved f o r  a l l  va lues  of a/a except near t h e  
0 
second b i f u r c a t i o n  frequency where a bea t  p a t t e r n  develops wi th  period 
d i f f e r e n t  from t h a t  which t h e  l i n e a r  theory p r e d i c t s  and diminishes a t  
a much slower r a t e  than predic ted  by t h e  l i n e a r  theory. This  a l s o  
c o n s t i t u t e s  a s i g n i f i c a n t  depar ture  from the  l i n e a r  theory and w i l l  be 
examined i n  more d e t a i l  s h o r t l y .  
P o s i t i v e  maximum t r a n s i e n t  extrema (n/h)  remain l a r g e r  than  the  T 
p o s i t i v e  s teady  s t a t e  extrema (n lh )  and t h i s  d i f f e r ence  increases  S 
markedly near  a/a = 1.07. By c o n t r a s t  t h e i r  negat ive counterpar t s  
0 
follow almost t h e  same curve. 
The computed curves i n  Figure 5.2.3 were obtained from a l a r g e  
number of numerical wave records ,  each of about 100 o s c i l l a t i o n s ,  cor- 
responding t o  a bas in  length d i s c r e t i z a t i o n  of 30 nodes. Hence, t he  
computed response curves r e s u l t  from a lengthy computational process  
and were obtained only f o r  t h e  condi t ions  of Figure 5.2.3. The compari- 
son between the  nonl inear  theory and t h e  experiments appears good. I n  
p a r t i c u l a r ,  t he  l o c a t i o n  of t h e  two d i s c o n t i n u i t i e s  i s  c o r r e c t l y  pre- 
d ic t ed .  The only marked discrepancy appears f o r  the values  of q /h  
g r e a t e r  than 0.7 where the  theory p r e d i c t s  lower va lues  than the  experi-  
ments do. Considering t h a t  t h e  nonl inear  d i spe r s ion  theory is based on 
f i n i t e  b u t  small  r e l a t i v e  wave amplitudes,  good agreement with experi-  
ments up t o  a va lue  of n/h of about 0.7 is  a c t u a l l y  remarkable. For 
l a r g e r  r e l a t i v e  wave he igh t s  a more complete theory should be used such 
as t h e  equat ions derived by Su and Gardner (1969)-which apply t o  any 
wave s i t u a t i o n  wi th  smal l  d i spe r s ion  bu t  a r b i t r a r y  r e l a t i v e  wave he ight .  
Severa l  water  s u r f a c e  time h i s t o r i e s  obtained from experiments 
a r e  presented i n  Figure 5.2.4a showing t h e  v a r i a t i o n  of t he  r e l a t i v e  
amplitude n/h a t  x = L a s  a func t ion  of t h e  normalized time, o t /21~ .  
Fami l ia r  bea t  p a t t e r n s  which diminish wi th  time can be  observed f o r  
each record,  bu t  t he  wave shapes a r e  no longer  s inuso ida l ;  near  t he  
main b i f u r c a t i o n  frequency they look l i k e  cnoida l  waves (a /a  = 1.10, 
0 
1.07, 1.01) and a r e  indeed c l o s e l y  r e l a t e d  t o  t h e  nonl inear  mode shapes 
of o s c i l l a t i o n s  derived i n  Sec t ion  3 . 2 . 3  which w i l l  be  discussed i n  
Sec t ion  5.2.3. I n  t he  record corresponding t o  010 = 1.04 t h e  s lope  of 
0 
t h e  p o s i t i v e  envelope of t h e  o s c i l l a t i o n s  remains cons tan t  f o r  t he  f i r s t  
few o s c i l l a t i o n s  as predic ted  by t h e  l i n e a r  theory ,  bu t  then increases  
markedly be fo re  decreasing.  This "hardening" behavior during t h e  t ran-  
s i e n t  s t a g e  is caused by t h e  n o n l i n e a r i t i e s  and becomes a c t u a l l y  more 
pronounced c l o s e r  t o  t h e  main b i f u r c a t i o n  p o h t .  A s  a decreases ,  a 
second o s c i l l a t i o n  appears a t  t h e  trough of t h e  main wave a t  a/ao = 1.01. 
This o s c i l l a t i o n  grows i n  amplitude behind the  main wave as a is f u r t h e r  
decreased u n t i l  i t  becomes equal  i n  amplitude t o  t he  f i r s t  wave f o r  
O / a O  = 0.96. Then t h e  two waves tend t o  merge toge ther  (o/o = 0.94) 
0 
u n t i l  eventua l ly  a nea r ly  s i n u s o i d a l  wave appears (a /o  = 0.91). The 
0 
maximum t r a n s i e n t  extrema ( ~ / h ) ~ u s u a l l y  take  p l ace  during the  f i r s t  bea t  
except near  t h e  second b i f u r c a t i o n  frequency. For a/oo = 0.96, ( ? ~ / h ) ~  
reaches its maximum value  during the  t h i r d  bea t  a t  the  30th o s c i l l a t i o n .  
This  c h a r a c t e r i s t i c  is t y p i c a l  near  a secondary b i f u r c a t i o n  frequency 
as w i l l  be  seen  f o r  o t h e r  cases .  Thus, f o r  a continuously exc i ted  b a s i n  
i n  t h e  resonant  region,  t h e  s teady  s t a t e  wave shape is very s e n s i t i v e  t o  
t h e  exc i t i ng  frequency 0. 
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Fig. 5.2.4 Time histories  of free  surface profi le  a t  x=L near the 
lowest resonant frequency; (a) experiments, (b) nonlinear 
solution; d = 0.196 cm, L = 60.95 cm, h a 6 em. 
The corresponding computed wave records  a r e  presented i n  Figure 
5.2.4b. They compare we l l  wi th  t h e  experiments,  confirming the  
v a l i d i t y  of t h e  a n a l y s i s  and of t h e  numerical t reatment .  The only 
discrepancy is a small  mismatch i n  t h e  time of occurrence of t h e  
extrema f o r  some records.  
Addit ional  experimental water su r f ace  time h i s t o r i e s  a t  x = L a r e  
presented i n  Figure 5.2.5a. The upper curve corresponds t o  t he  same 
experimental condi t ions  as those  presented in  Figure 5.2.4 , w i t h  
o/oo = 0.98. Referr ing t o  Figure 5.2.3, t h i s  e x c i t a t i o n  frequency 
belongs t o  t he  frequency range f o r  which no s teady  s t a t e  could be ob- 
ta ined .  Beats with a  h a l f  per iod  equal  t o  1 8  times t h e  e x c i t a t i o n  
period can be  observed. They do not  r e s u l t  from a l i n e a r  process ,  
s i n c e ,  from the  l i n e a r  theory,  t he  half- period of a  bea t  would conta in  
50 o s c i l l a t i o n s  which is  not  t h e  case here.  Also, according t o  t h e  
l i n e a r  theory,  those  b e a t s  should disappear  a f t e r  70 o s c i l l a t i o n s  
because of d i s s ipa t ion .  However, they a r e  s t i l l  v i s i b l e  i n  Figure 
5.2.5a a f t e r  130 o s c i l l a t i o n s .  Hence, t h e s e  a r e  t r u l y  nonl inear  bea t s  
caused by t h e  nonl inear  i n t e r a c t i o n  of t h e  o s c i l l a t i o n  wi th  i t s e l f  
which induces a secondary o s c i l l a t i o n  wi th  a  s l i g h t l y  d i f f e r e n t  f r e-  
quency from t h e  e x c i t a t i o n  frequency a. This  nonl inear  f e a t u r e  is  even 
more apparent when t h e  parameter d/L is increased from 0.0032 t o  0.0048 
( t h e  lower record i n  Figure 5.2.5a) ; i t  is r e c a l l e d  t h a t  d/L is t h e  
r a t i o  of t h e  amplitude of t he  bas in  e x c i t a t i o n  t o  t he  bas in  length .  The 
period of t h e  bea t  is t h e  same a s  i n  t h e  previous case,  bu t  t h e  maximum 
height  of t h e  secondary o s c i l l a t i o n  is b igger  r e l a t i v e  t o  t h e  main 
o s c i l l a t i o n .  This f e a t u r e  r e s u l t s  i n  a  much more pronounced bea t  
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Fig. 5 .2 .5  Time.histories of free surface prof i le  a t  x=L near 
the lowest resonant frequency; ( a )  experiments, 
(b) nonlinear solution; L = 60.95 cm, h = 6 cm. 
p a t t e r n .  Also n o n l i n e a r i t i e s  tend t o  a c t  aga ins t  d i s s i p a t i o n  i n  t h e  
sense  t h a t  f o r  l a r g e r  r a t i o  of d/L (0.0048) t h e  beats appear t o  be 
a t t enua ted  more slowly. 
Figure 5.2.5b shows t h e  corresponding t h e o r e t i c a l  wave e l eva t ion  
time h i s t o r i e s  at x = L obtained from t h e  nonl inear  d i s p e r s i v e  d iss ipa-  
t i v e  theory. The same p a t t e r n  can be obseri7ed a s  i n  t h e  experiments 
(Figure 5.2.5a) Although i n  both t h e o r e t i c a l  wave records  shown the  
b e a t s  a r e  damped f a s t e r  than  i n  t h e  experiments. Also, f o r  t he  computed 
wave record corresponding t o  d/L = 0.0048, t h e  ha l f  per iod of t he  b e a t s  
is only 16  times t h e  exc i t i ng  per iod  compared t o  18  times f o r  t he  ex- 
periments.  Those numerical computations show t h a t  it i s  indeed 
poss ib l e  t o  produce these  nonl inear  b e a t s  without  invoking the  ex is tence  
of c ros s  waves along t h e  width of t h e  bas in  a s  a genera t ion  mechanism, s i n c e  
i t  is r e c a l l e d  t h a t  t he  equat ions used i n  the  p re sen t  computations only 
con ta in  one s p a t i a l  v a r i a b l e ,  i . e . ,  t h e  x coordinate .  
The experimental and computed v a r i a t i o n  wi th  ff/oO of t he  number of 
o s c i l l a t i o n s ,  NT, f o r  t h e  motion t o  reach a maximum ( the  maximum tran-  
s i e n t  amplitude) and the  number of o s c i l l a t i o n s  N requi red  t o  reach S 
s teady  s t a t e  a r e  presented i n  Figure 5.2.6 f o r  t h e  same values of t he  
dimensionless parameters as i n  Figure 5.2.3. The experimental d a t a  show 
N remains s m a l l  away from t h e  b i f u r c a t i o n  po in t s ,  and a jump i n  t h e  T 
va lue  of N occurs a t  t h e  main b i f u r c a t i o n  frequency, U/uo = 1.07. T 
Several  d i s c o n t i n u i t i e s  take  p lace  near  t h e  second b i f u r c a t i o n  frequency, 
a/oo = 0.96 and r e s u l t  from t h e  f a c t  t h a t  t h e  maximum t r a n s i e n t  o s c i l l a-  
t i o n s  do not  t ake  p l ace  during the  f i r s t  beat  bu t  during t h e  t h i r d  beat 
f o r  0.955 < a/a < 0.965 and during t h e  second bea t  f o r  
0 
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Pig.  5 . 2 . 6  Variation of the number of basin o s c i l l a t i o n s  required to  reach maximum transient  and steady 
s t a t e  conditions with the frequency of exc i tat ion  near the lowest resonant frequency; 
comparison between experiment and nonlinear so lut ion;  d = 0.196 cm, L = 60.95 cm, h = 6 cm. 
0.945 < o/oo < 0.955. The computed v a r i a t i o n  of N w i th  ~ / e  agrees  T 0 
we l l  wi th  t h e  experiments over t he  f u l l  range of t h e  absc i s sa .  
The v a r i a t i o n  of t h e  quan t i t y  N wi th  U/O determined experimen- S 0 
t a l l y  remains r e l a t i v e l y  small except i n  the  v i c i n i t y  of t h e  main 
b i f u r c a t i o n  frequency, where NS increases  s l i g h t l y  a s  o/a decreases  
0 
from 1.09 t o  1.07 and then decreases  sharp ly  be fo re  increas ing  toward - 
a cons tan t  va lue  c l o s e  t o  t h a t  pred ic ted  by t h e  l i n e a r  theory,  i . e . ,  
NS = 70. The corresponding va lues  of N determined numerically agree  S 
w e l l  wi th  t h e  experiments except f o r  t h e  absc i s sa1  range of 
1.04 < 0/ao < 1.06, where t h e  experimental va lues  a r e  smal le r  than  t h e  
theory p red ic t s .  This d i f f e r ence  may be caused by t h e  l o c a l  wave 
breaking due t o  extreme he ights  reached near  t h e  main b i f u r c a t i o n  f r e-  
quency; t h i s  accentua tes  energy d i s s i p a t i o n  which reduces t h e  number 
of t r a n s i e n t  o s c i l l a t i o n s .  
The evolu t ion  of s p a t i a l  wave p r o f i l e s  a t  given times a s  de te r-  
mined from experiments is presented i n  Figure 5.2.7a f o r  o/ao = 1.04 
during t h e  internal following t h e  maximum t r a n s i e n t  extremum, which 
occurs a t  time t such t h a t  a t  /2n - 15. A s i n g l e  "hump-like" wave i n  i n  
t r a v e l s  back and f o r t h  i n  t he  b a s i n  and looks l i k e  t h e  moving wave 
p r o f i l e  r e s u l t i n g  from t h e  l i n e a r  superpos i t ion  of two cnoidal  waves 
t r a v e l i n g  i n  oppos i te  d i r e c t i o n s .  (This nonl inear  mode shape was 
shown i n  Sect ion 3.2.3). The computed p r o f i l e s  f o r  corresponding 
times a r e  presented i n  Figure 5.2.7b and gene ra l ly  appear s i m i l a r  t o  
t he  experimental r e s u l t s .  A t  t h e  nondbens iona l  time o ( t -  t in) /2n= 1 
as t h e  wave r e f l e c t s  from the  end w a l l ,  the  t h e o r e t i c a l l y  determined 
wave he ight  is about 15% lower than t h a t  determined experimental ly .  
The evolu t ion  of wave p r o f i l e s  measured experimental ly  is pre- 
Fig.  5 . 2 . 7  Evolution with time of  the wave pro f i l e s  along the basin within one period; (a) experiments, 
(b) nonlinear so lut ion;  u/uo = 1.04, d = 0.196 cm,  L = 60.95 cm, h = 6 cm. 
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sented i n  Figure 5.2.8a f o r  cr/ao=0.96 (near  the  second b i f u r c a t i o n  
frequency) during the  i n t e r v a l  following the  maximum t r a n s i e n t  extremum. 
That extremum occurs a t  t ime tin such t h a t  0tin/2rr = 30. Two waves 
c l e a r l y  can be  seen  moving back and f o r t h ;  the  evolu t ion  of t h e  main and 
the  secondary waves a r e  i nd ica t ed  by a s o l i d  arrow and a dashed arrow, 
r e spec t ive ly .  It is noted t h a t  wave extrema occur not  only at t h e  end 
wa l l s  of t h e  bas in  during t h e  r e f l e c t i o n  process ,  b u t  a l s o  when the  two 
waves i n t e r a c t ,  e . g . ,  at o(t - tin) /2n = 0.15 and ~ ( t  - in)/2rr = 0.70. 
The corresponding wave p r o f i l e s  determined numerical ly  and pre- 
sented  i n  Figure 5.2.8b show reasonably good agreement wi th  the  experi-  
ments wi th  regard t o  both the  wave shape and the  wave he igh t .  (It is 
r e c a l l e d  t h a t  t h e  experimental p r o f i l e s  were obtained photographical ly  
a s  descr ibed i n  Chapter 4, which in t roduces  some i r r e g u l a r i t i e s  i n  t h e  
p r o f i l e s . )  Thus, nonl inear  e f f e c t s  and d i spe r s ive  e f f e c t s  can introduce 
q u i t e  d i f f e r e n t  p r o f i l e s  compared t o  a f u l l y  l i n e a r  system near  
resonance. Also, no s tanding wave p r o f i l e  wi th  a node a t  x/L = 0.5 is 
observed, bu t  i n s t ead  a moving wave p a t t e r n  .with one o r  more waves 
t r a v e l i n g  back and f o r t h  i n  t h e  bas in  occurs near  resonance. 
I n  order  t o  s tudy t h e  e f f e c t  of t h e  nonl inear  parameter d/L, t h e  
experimental v a r i a t i o n  of ( ~ / h ) ~  and (q/h)= with a/ao has been de ter-  
mined by reducing d/L from 0.0032 t o  0.0016 and l e t t i n g  the  o the r  
parameters remain unchanged, and t h e  r e s u l t s  a r e  shown i n  Figure 5.2.9. 
A few computed poin ts  a l s o  a r e  presented i n  t h i s  f i g u r e ;  they agree 
reasonably w e l l  with t h e  experiments. The shapes of both the  t r a n s i e n t  
and t h e  s teady s t a t e  response curves a r e  s i m i l a r  t o  those of Figure 
5.2.3. The main resonant  frequency is  s h i f t e d  t o  a10 = 1.04 and the  
0 
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Fig. 5 .2 .8  Evolution with t h e  of the wave prof i les  along the basin 
within one period; (a) experiments, (b) nonlinear solution; 
o/oo = 0.96, d = 0.196 cm, L = 60.95 cm, h = 6 cm. 
second b i f u r c a t i o n  frequency is s h i f t e d  t o  about a/a = 0.95, the  lat- 
0 
ter exh ib i t i ng  a very weak d i scon t inu i ty .  Steady state i s  achieved a t  
a l l  f requencies  suggest ing t h a t  t h e  bea t s  which were discussed pre- 
vious ly  depend d i r e c t l y  on the  magnitude of t h e  n o n l i n e a r i t i e s  a s  
descr ibed by t h e  parameter d / ~ .  One would expect t h a t  as d/L i s  
f u r t h e r  decreased t h e  response curves converge toward t h a t  descr ibed 
by t h e  l i n e a r  theory and presented i n  F igure  5.2.1. 
Severa l  experimental wave records  of ~$h  versus  t h e  nondimensional 
time parameter a t / 2 ~ r  at x = L a r e  presented i n  F igure  5.2.10a and can 
be compared t o  t h e  corresponding t h e o r e t i c a l  records shown i n  Figure 
5.2.10b. There appears t o  b e  good agreement between t h e  experiments 
and t h e  theory,  and t h e  p r o f i l e s  a r e  s i m i l a r  t o  those  shown i n  Figures 
5.2.4a and 5.2.4b f o r  t he  case  of a l a r g e r  e x c i t a t i o n ,  i . e . ,  
d/L = 0.0032. Thus, once nonl inear  e f f e c t s  appear,  they seem t o  
induce a wave s t r u c t u r e  which is  somewhat independent of d/L provided 
records a r e  compared a t  similar frequencies  r e l a t i v e  t o  t h e  p o s i t i o n  
of t he  two b i f u r c a t i o n  po in t s .  (This conclusion may be misleading: 
The dependence of t h e  wave s t r u c t u r e  on t h e  r a t i o  d/L is weak com- 
pared t o  t h a t  of h/L; never the less  it e x i s t s  and f u r t h e r  experiments 
and a simple a n a l y s i s  w i l l  demonstrate it l a t e r  i n  t h i s  s ec t ion . )  
Figure 5.2.11 shows t h e  experimental ly  determined v a r i a t i o n  wi th  
a of t h e  number of o s c i l l a t i o n s  NT corresponding t o  t h e  maximum 
t r a n s i e n t  amplitude and t h e  number of o s c i l l a t i o n s  N requi red  t o  S 
reach s teady  s t a t e .  A few computed po in t s  a r e  a l s o  presented on t h i s  
f i g u r e ;  they agree  reasonably we l l  wi th  t h e  experiments. Again t h e  
Fig. 5.2.9 Variation of relative wave extrema at x=L with frequency of excitation near the lowest 
resonant frequency, comparison between experiments and nonlinear solution; d = 0.098 cm, 
L = 60.95 cm, h = 6 cm. 
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Fig. 5 . 2 . 1 0  Time histories of free surface profile at x=L near the 
lowest resonant frequency; Ca] speriments, (b) nonlinear 
solution; d = 0.098 cm, L = 60.95 cm, h = 6 cm. 

curve appears very s i m i l a r  t o  t hose  of F igure  5.2.6, and t h e  only d i f-  
fe rence  is t h a t ,  s i n c e  l o c a l  breaking does no t  t a k e  p l ace  near  the main 
b i f u r c a t i o n  frequency f o r  t h e  example of Figure 5.2.11, an  abrupt 
change of N is not  observed near  t h i s  frequency a s  i n  Figure 5.2.6. S 
The e f f e c t  of t h e  d i spe r s ion  parameter is  inves t iga t ed  by reducing 
h/L from 0.098 t o  0 .051whi le  keeping d/L t h e  same a s  i n  F igure  5.2.3, 
i . e . ,  0.0032. The new l i n e a r  resonant  frequency o is defined by 
0 
0 LIG = 3.128 and t h e  d i s s i p a t i o n  parameter is ca l cu la t ed  from t h e  
0 
experimental condi t ions  a t  0 = a a s  ys = 0.075. For t h e s e  condi t ions  
0 
t h e  experimental v a r i a t i o n  of ( ? ~ / h ) ~  and (q/h) wi th  o/a at x /L=  1 S 0 
is presented i n  Figure 5.2.12. Also shown i n  Figure 5.2.12 a r e  
s e v e r a l  computed po in t s ;  a good agreement is obtained wi th  t h e  experi-  
ments. There are c e r t a i n  s i m i l a r i t i e s  wi th  t h e  r e s u l t s  shown i n  
F igure  5.2.3, b u t  a l s o  d i f f e r ences  can be observed. F i r s t ,  t h e  main 
b i f u r c a t i o n  frequency is s h i f t e d  t o  a l a r g e r  r e l a t i v e  frequency (about 
o/oO = 1.085) and t h e  maximum p o s i t i v e  va lue  of ( ~ / h ) ~  measured a t  
t h a t  normalized frequency is l e s s  than 0.8. The r e s u l t i n g  response 
curves look, t he re fo re ,  " f l a t t e r  and more s t re tched"  towards l a r g e r  
o/oo compared t o  Figure 5.2.3. This f e a t u r e  can b e  r e l a t e d  t o  t h e  
shape f o r  smal l  va lues  of t h e  d i spe r s ion  parameter h/X, of t h e  ampli- 
tude  frequency curves i n  Figure 3 . 2 . 4  which correspond t o  a nonl inear  
f r e e  mode of o s c i l l a t i o n  of t h e  r ec t angu la r  bas in .  A s  t h e  r e l a t i v e  
frequency o/o decreases  from o/a = 1.08, ( ~ / h ) ~  and (n/h)T do not  
0 0 
decrease i n  a monotonic fash ion  suggest ing t h e  presence of secondary 
b i f u r c a t i o n  f requencies  with smal l  "jumps." One of t hese  can c l e a r l y  
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Fig. 5.2.13 Time histories  of free  surface prof i les  a t  x=L near the 
lowest resonant frequency; (a) experiments, (b )  nonlinear 
solution; d = 0.39 cm, L - 117.5 cm, h = 6 cm. 
be  seen  a t  a/a = 1.025, and another  can poss ib ly  be de tec ted  a t  
0 
o/ao = 0.975. The d i f f e r e n c e  i n  amplitude between the  r e s u l t s  f o r  
t h e  t r a n s i e n t  and t h e  s teady  s t a t e  remains s m a l l  f o r  a l l  f requencies  
f o r  t h e s e  experiments. F ina l ly ,  it should be  noted t h a t  s teady  s t a t e  
condi t ions  a r e  reached f o r  a l l  f requencies .  
Severa l  experimental wave records  a t  x = L  a r e  presented i n  
Figure 5.2.13a f o r  va r ious  e x c i t a t i o n  frequencies  along wi th  corre-  
sponding t h e o r e t i c a l  records i n  Figure 5.2.13b. I n  both f i g u r e s  t he  
v a r i a t i o n  of t h e  r e l a t i v e  wave amplitude q/h is  presented a s  a func- 
t i o n  of normalized time a t / 2 1 ~ .  Considering Figure 5.2.13a f i r s t , t h e  
wave records  appear s i m i l a r  t o  those  of Figure 5.2.4 w i th  a "cnoidal" 
shape f o r  f requencies  which a r e  c l o s e  t o  t h e  main b i f u r c a t i o n  f r e-  
quency. A s  o/o  decreases ,  a secondary wave develops and approaches 
0 
t h e  amplitude of t h e  main wave a t  010 = 1.023, t h i s  is nearer  t o  t h e  
0 
main b i f u r c a t i o n  frequency than  f o r  t h e  case  shown i n  Figure 5.2.4 
For smal le r  va lues  of o/a a t h i r d  wave develops ( a / a  = 0.97) and 
0 0 
then a fou r th  wave (O/aO = 0.942). Eventual ly t h e  fou r  waves merge 
toge ther  a t  a/%= 0.924 t o  form a " sinusoidal"  p r o f i l e .  For t h e  two 
wave records  corresponding t o  o/o = 1.023 and a/aO = 0.97, t h e  
0 
maximum of t h e  envelope of t h e  waves does not  occur during t h e  f i r s t  
bea t ,  bu t  during t h e  second bea t ,  suggest ing t h e  ex i s t ence  of b i furca-  
t i o n  frequencies  near  t h i s  frequency. (This is similar t o  what was 
observed from t h e  r e s u l t s  of t he  experiment wi th  l a r g e r  d i spe r s ion  
e f f e c t s  presented i n  Fig. 5.2.4.)  
The computed wave records were evaluated wi th  the  bas in  length  
d i s c r e t i z e d  i n t o  41  nodes. The t h e o r e t i c a l  curves shown i n  Figure 
5.2.13b appear t o  agree  wi th  t h e  experimental observa t ion  of Figure 
5.2.13a. Some d i f f e rences  are noted f o r  B / U ~  = 1.066, where t h e  
theory does not  p r e d i c t  t h e  higher  frequency waves appearing i n  t h e  
trough of t h e  main wave, and f o r  ola = 1.023 where the  measured num- 
0 
be r  of o s c i l l a t i o n s  requi red  t o  reach maximum t r a n s i e n t  s t a t e  
(NT = 50) is  longer  than  the  computed one (NT = 40). 
It seems reasonable t o  i n f e r  from these  r e s u l t s  t h a t  i f  t h e  d i s-  
pe r s ion  parameter h/L is  decreased f u r t h e r ,  t h e  number of secondary 
o s c i l l a t i o n s i n  t h e  wave records w i l l  i nc rease  accordingly. The Stokes 
number, def ined by Eq. (5.2.10), is equal  t o  840 near  t h e  f i r s t  
b i f u r c a t i o n  frequency f o r  t h e  case  of Figure 5.2.13a and was equal  t o  
360 f o r  t h e  case of Figure 5.2.4, This a l s o  suggests  t h a t  t h e  number 
of secondary o s c i l l a t i o n s  which may emerge near  resonance increases  
wi th  t h e  Stokes parameter; t h i s  w i l l  be  discussed a d d i t i o n a l l y  i n  
Sect ion 5.2.4 which d e a l s  wi th  t r a n s i e n t  e x c i t a t i o n s .  
The experimental v a r i a t i o n  of t h e  r e l a t i v e  wave he ight  
+ (rl - rl-)/h f o r  s teady  s t a t e  condi t ions  wi th  the  r e l a t i v e  frequency of 
e x c i t a t i o n  o/o is presented i n  F igure  5.2.14; t he  q u a n t i t i e s  q+ and 
0 
q- denote the  p o s i t i v e  extremum and t h e  negat ive  extremum, respec- 
t i v e l y .  (The va lue  of t h e  dimensionless parameters a r e  d/L=0.00094, 
h/L = 0.034, o L/@ = 9.263, and Ys = 0.19 a t  o/oo = 1 . )  The frequency 
0 
a. is given by Eq. (5.2.4) with n = 1, i.e., it  corresponds t o  t h e  
t h i r d  resonant  mode of o s c i l l a t i o n .  A t r u e  measure of t h e  d ispers ion  
parameter is h/X which from Eq. (5.2.3) is  equal  t o  0.05. This is t h e  
same value  as was used i n  t h e  experiments which were presented i n  

Figures  5.2.4 and 5.2.5; hence, t h e  e f f e c t s  of d i spe r s ion  a r e  t h e  same 
a l so .  
Figure 5.2.14 w a s  obtained by f i r s t  allowing the  s teady  s t a t e  o s c i l-  
l a t i o n s  t o  develop a t  a given frequency and then  increas ing  o r  
decreasing the  frequency a smal l  amount and l e t t i n g  t h e  b a s i c  o s c i l l a-  
t i o n s  come t o  a new s teady  s t a t e  value.  The amplitude of o s c i l l a t i o n s  
of t he  bas in  was kept  constant .  The new f e a t u r e  which was obtained f o r  
these  higher  mode experiments is the ex i s t ence  of s t ab l e  subharmonic 
o s c i l l a t i o n s  which l i e  on branch curves denoted on Figure 5.2.14 
a s  Shl and Sh2. For t hese  branch curves t h e  frequency of o s c i l l a-  
t i o n  is one- third of t he  exc i t i ng  frequency. I n  p a r t i c u l a r ,  f o r  
1.035 < a/a < 1.05 t h r e e  s t a b l e  s t a t e s  of o s c i l l a t i o n s  can be ob- 
0 
ta ined .  It was found experimental ly  t h a t  once a s teady  s t a t e  o s c i l l a-  
t i o n  has  been reached on a p a r t i c u l a r  branch curve, and i f  t he  exc i ta-  
t i o n  frequency is changed u n t i l  t h e  frequency reaches t h e  b i f u r c a t i o n  
frequency value,  t h e  response remains on t h a t  p a r t i c u l a r  curve. I f  
a f t e r  t h e  b i f u r c a t i o n  po in t  is reached t h e  frequency is  increased a 
s m a l l  amount, t he  response suddenly changes u n t i l  i t  corresponds t o  
the  branch curve beneath i t .  Thus, r e f e r r i n g  t o  Figure 5.2.14 s t a r t i n g  
a t  o/oo = 1.0, i f  t he  e x c i t a t i o n  frequency is  increased incremental ly  
a f t e r  f i r s t  reaching s teady  s t a t e  a t  t h e  lower frequency, branch curves 
Sh2, Shl, and the  lower response a t  about a/a = 1.06 w i l l  be  r ea l i zed .  
0 
(Conversely, wi th  a decrease i n  frequency on a given branch curve, 
s i m i l a r  jumps can be  seen,  b u t  i n  t h i s  case  the  jumps would lead  t o  a 
branch curve with a l a r g e r  response.) 
It is poss ib l e  by s t a r t i n g  a t  rest and e x c i t i n g  t h e  bas in  a t  a 
constant  frequency and amplitude t o  reach s t eady  s t a t e  on any of t he  
four  branch curves shown i n  F igure  5.2.14. This  was done experiment- 
a l l y  and Figure  5.2.15 shows t h e  evolu t ion  wi th  time of s e l e c t e d  wave 
records  obtained a t  x = L. The per iod  of t he  o s c i l l a t i o n  f o r  t h e  
records  corresponding t o  o/o = 1.042, 1.01, and 0.96 is  equal  t o  t h e  
0 
per iod  of  t h e  e x c i t a t i o n .  For a/uo = 1.034 the  s teady  s t a t e  response 
lies on t h e  Shl  curve and f o r  a/oO = 1.02 t h e  s teady  s t a t e  response 
l i e s  on t h e  Sh2 curve. For t h e  l a t t e r  two records ,  t h e  period of 
o s c i l l a t i o n  is t h r e e  times the  e x c i t a t i o n  period.  A s  seen i n  Figure 
5.2.15 t h e  record corresponding t o  t h e  s teady  s t a t e  o s c i l l a t i o n s  f o r  
o/uo = 1.034 (Shl  curve) c o n s i s t s  of one dominant o s c i l l a t i o n ,  while  
t h e  Sh2 curve (o/uo = 1.02)cons is t s  of two dominant o s c i l l a t i o n s .  
An i n t e r e s t i n g  f e a t u r e  of t h e  wave record corresponding t o  
O/uO = 1.042 is  the  t i m e  i t  takes  f o r  t h e  subharmonics t o  develop from 
r e s t ;  a c t u a l l y  a t  l e a s t  150 o s c i l l a t i o n s  a r e  necessary. This may be 
r e l a t e d  t o  t h e  extremely narrow frequency bandwidth along which 
subharmonics of t h e  Shl  type can be  generated,  s t a r t i n g  from r e s t ,  
us ing  a cons tan t  frequency of e x c i t a t i o n .  Also, subharmonics 
of t h e  Sh2 type  emerge sooner when a /ao  = 1.02 b u t  it s t i l l  
t akes  some t i m e  t o  o b t a i n  them ( a t  least 70 o s c i l l a t i o n s  f o r  
f u l l y  developed s t a t e ) .  This sugges ts  t h a t  f o r  t r a n s i e n t  problems 
those  subharmonics may n o t  have t i m e  t o  emerge. O n  t h e  wave 
record corresponding t o  a/ao = 0.96, a s m a l l  secondary wave 
emerges. Its amplitude remains small because of t h e  s m a l l  va lue  
of d / ~ .  A s  a comparison t h e  nonl inear  parameter corresponding 

t o  Figure 5.2.9 is nea r ly  twice as l a r g e  f o r  t h e  same measure of d i s-  
persion.  
5.2.3 Nonlinear Standing Modes; Comparison wi th  t h e  
Ana ly t i ca l  Solu t ion  
It has been shown i n  Sec t ion  3.2.3 ( a f t e r  Rogers and 
Mei, 1975) t h a t  t h e  nonl inear  f r e e  modes of o s c i l l a t i o n  could be 
represented  as t h e  sum of two cnoida lwaves  of t h e  same amplitude and 
period propagat ing i n  oppos i te  d i r e c t i o n s .  The corresponding s teady  
s t a t e  v a r i a t i o n  of t h e  wave amplitude wi th  time at e i t h e r  end wa l l  can 
be  derived from Eq. (3.2.102) a s :  
where q denotes t he  wave e l eva t ion  a t  t h e  back w a l l ,  h is t h e  s t i l l  
t 
water  depth, d is t h e  v e r t i c a l  d i s t ance  between the  bottom of t h e  
b a s i n  and t h e  trough of t h e  wave, cn  i s  t h e  cnoida l  Jacobian e l l i p t i c  
i n t e g r a l  of t he  f i r s t  kind, m I s  t h e  e l l i p t i c  parameter,  t i s  t h e  time, 
o is  the  c i r c u l a r  frequency, and H i s  t h e  cno ida l  wave he ight .  
It is seen from Eq. (5.2.12) t h a t  a t  t h e  end w a l l s  t h e  
t i m e  h i s t o r y  of t h e  wave e l e v a t i o n  is  exac t ly  equal  t o  t h e  time 
h i s t o r y  of twice t h e  wave e l e v a t i o n  of a cnoida l  wave moving 
i n  one d i r e c t i o n  and recorded a t  some loca t ion .  I n  p a r t i c u l a r  
t h e  t o t a l  wave he igh t  a t  t h e  end wa l l s  i s  given by: 
+ - 
q - r (  = 2 H  
where q+ and s- r ep re sen t  t h e  p o s i t i v e  and negat ive wave e l eva t ion  
a t  t h e  end w a l l s ,  respectively.  
Some useful  r e s u l t s  o b t a i n e d i n s e c t i o n  3.3.3 c a n b e  rewri t ten  
here f o r  purposes of c l a r i t y  f o r  t h e  subsequent discussionl  The shape 
of the wave defined by Eq. (5.2.12) depends on only the  Stokes param- 
e te r :  
where t h e  wave length A is  r e l a t e d  t o  the  bas in  length L by: 
The r e l a t i v e  frequency of the  f r e e  modes of o s c i l l a t i o n  is a function 
of both H/h and h/X, i .e.  : 
where a denotes the  frequencies of 
0 
computed from the  l i n e a r  d ispers ive  
the f r e e  modes of o s c i l l a t i o n  
theory. For a given value of 
h/A, the  r e l a t i v e  frequency 0/o  depends only on t h e  r e l a t i v e  wave 
0 
height H/h. 
I n  t h i s  sec t ion  the  t i m e  h i s to ry  of the  water surface  va r ia t ion  
a t  one end of the basin,  determined experimentally, is compared t o  
t h e  computed shape given by Eq. (5.2.10), i.e., from the  nonlinear 
standing mode theory presented i n  Section 3.2.3. It i s  noted tha t  
the  nonlinear standing mode theory assumes a zero veloci ty  a t  the  end- 
walls  of the  basin. Therefore, one problem is t h e  experimental 
generation of those nonlinear modes by a "correct" exci ta t ion .  
Experimentally t h e  r ec t angu la r  bas in  w a s  moved s inuso ida l ly .  It 
is noted f o r  t h a t  motion only t h e  modes corresponding t o  uneven va lues  
of t h e  number n (Eq. 5.2.14) can b e  exc i t ed  ( s e e  Sec t ion  3.2.2).  The 
choice of t h e ' r e l a t i v e  frequency u / a  t o  e x c i t e  a nonl inear  mode can 
0 
be determined wi th  re ference  t o  Figure 5.2.16, which represents  t he  
nonl inear  s teady  s t a t e  response t o  a s inuso ida l  e x c i t a t i o n .  The 
amplitude-frequency curve f o r  normal f r e e  modes of o s c i l l a t i o n ,  which 
is def ined  by Eq. (5.2.15) i s  represented  by t h e  curve PE on Figure 
5.2.16. The forced s teady  s t a t e  response curve corresponding t o  a 
s i n u s o i d a l  e x c i t a t i o n  i s  represented  by t h e  curve ~ C N B A  on Figure 
5.2.16. For a bas in  exc i t ed  from r e s t  with a constant  frequency 0 and 
a cons tan t  amplitude d ,  only t h e  branches AB and DC can be obtained.  
However, t he  branch DC can be continued by s t a r t i n g  t h e  s o l u t i o n  a t  
some p o s i t i o n  i n  DC and by increas ing  t h e  frequency cr whi le  keeping 
t h e  amplitude of t h e  e x c i t a t i o n  t h e  same u n t i l  t h e  branch po in t  N is 
Figure 5.2.16 Def in i t i on  ske tch  of a nonl inear  s teady  s t a t e  response 
curve t o  a s inuso ida l  e x c i t a t i o n .  
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5.2.17 Variation of the amplitude of the first three Fourier 
components of the wave recorded at x=L. Comparison 
between experiments and the nonlinear standing wave 
solution. 
reached. I f  t h e  po in t  N l i e s  on (or  c l o s e  t o )  t h e  frequency amplitude 
curve PE t he  branch poin t  N is reached. ( I f  t he  frequency is f u r t h e r  
increased,  then  t h e  s o l u t i o n  f a l l s  on t h e  lower branch curve BA.) If 
t h e  po in t  N lies on ( o r  c l o s e  t o )  t h e  frequency amplitude curve PE 
the  wave shape a t  t h e  end wa l l s  should s a t i s f y  Eq. (5.2.12). The 
s t r a t e g y  c o n s i s t s  then  of varying t h e  nonl inear  parameter d / ~  f o r  
a given va lue  of h/A, each measurement being made at point: N ,  i n  
order  t o  o b t a i n  s e v e r a l  measurements along t h e  curve PE. The 
pe r iod ic  records  can be compared wi th  t h e  theory through harmonican- 
a l y s i s  and by a d i r e c t  comparison of t h e  wave shape during one period. 
The r e s u l t s  f o r  t h e  f i r s t  t h r e e  frequency components a r e  
presented i n  Figure 5.2.17 where t h e  component amplitudes normalized 
by t w i c e  t h e  cnoida l  wave he igh t ,  a r e  p l o t t e d  a g a i n s t  HA2/h3. The 
dashed curves r ep re sen t  t h e  f i r s t  t h r e e  t h e o r e t i c a l  Four ie r  components 
of a cnoida l  wave. Three experimental va lues  of h/X were chosen: 
h/X = 0.05, 0.025, 0.017, For h/X 0.05 t h e  f i r s t  and t h i r d  
f r e e  modes were obtained whereas i n  t h e  o t h e r  ca se  only t h e  f i r s t  
mode w a s  produced. Figure 5.2.17 shows good agreement between t h e  
theory and a l l  t h e  experiments corresponding t o  h/h = 0.05; t h e  
agreement remains good when h/X = 0.025 f o r  the f i r s t  component 
and becomes poorer f o r  t h e  o t h e r  two components. With r e s p e c t  t o  
t h e  c a s e  wi th  h/X = 0.017, t h e  experimental d a t a  appear t o  d i f f e r  
s i g n i f i c a n t l y  from t h e  theory.  
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Comparison of experimental wave records at x=L with the non- 
linear analytical standing wave solution, h/A = 0.017, 0.010. 
Some experimental wave records a t  x = L  a r e  compared t o  the  
theory i n  Figures 5.2.18aY 5.2.18bY and 5 . 2 . 1 8 ~  with the  o rd ina tesas  
n/2H and the  abscissa  t/T. Four experimental values of h/X a r e  pre- 
sented: h/X = 0.05, 0.025, 0.017, 0.010. Again t h e  qua l i ty  of the  
agreement between experiment and t h e  r e s u l t s  of the  nonlinear steady 
. wave theory appears t o  depend more on the d ispers ion parameter h/X 
than on the  r e l a t i v e  wave height  H/h. I n  Figure 5.2.18athe experimen- 
t a l  wave record corresponds t o  h/X=0.05; it is seen t h a t  the  theoret-  
i c a l  shape agrees q u i t e  w e l l  with the  experiments. I n  Figure 5.2.18b 
a l l  the  experiments correspond t o  h/X = 0.025; some discrepancies 
become apparent especia l ly  f o r  smaller values of the  r e l a t i v e  wave 
height h/A. As  t h e  d ispers ion parameter decreases fu r the r  t h e  
agreement between theory and experiment becomes worse a s  shown on 
Figure 5 .2 .18~ .  I n  f a c t  a secondary wave begins t o  emerge on the  
back of t h e  main wave f o r  h/X = 0.017 and becomes w e l l  formed f o r  
A conclusion re la ted  t o  these  experiments is  t h a t  a nonlinear 
cnoidalmode shape, although predicted by t h e  theory, cannot be 
obtained f o r  values h/h smaller than approximately 0.025 by using 
a s inusoidal  motion of the  basin. Perhaps another form of excita-  
t i o n  may generate these  modes f o r  small values of t h e  dispersion 
parameter although the proper choice, i f  any, remains unclear. 
These r e s u l t s  a t  least explain the  cnoidal- like shape of the  
wave records near t h e  main b i furcat ion frequency described i n  
Section 5.2.2. They a l s o  provide a p a r t i a l  v e r i f i c a t i o n  of the  
ana ly t i ca l  so lut ion of the  nonlinear standing mode problem i n  
shallow w a t e r  and t h i s  sheds some l i g h t  on one possible wave 
s t r u c t u r e  assoc ia ted  wi th  long wave e x c i t a t i o n  i n  c losed  bas ins .  
5.2.4 Trans ien t  Exc i t a t i on  
I n  Sec t ion  5.2.2 waves were induced i n  a  c losed rec-  
tangular  b a s i n  by a s m a l l  b u t  continuous s inuso ida l  motion of t he  
b a s i n  and n o n l i n e a r i t i e s  w e r e  produced by t h e  gradual  build-up of t he  
wave near  a resonant  frequency. The wave dynamics were inves t iga t ed  
f u r t h e r  by moving t h e  bas in  wi th  two pe r iod ic  excursions and then 
leaving i t  a t  r e s t .  This  s e c t i o n  presents  t h e  r e s u l t s  of t h a t  inves-  
t i g a t i o n  t o  f u r t h e r  c h a r a c t e r i z e  t h e  i n t e r a c t i o n  e f f e c t s  of t h e  non- 
l i n e a r i t i e s ,  d i spe r s ion ,  and d i s s i p a t i o n  on t h e  wave evolu t ion  f o r  
t r a n s i e n t  exc i t a t i ons .  
It has been shown previously t h a t  f o r  a  bas in  which is continu- 
ously exc i ted  near resonance, t h e  wave shape is very s e n s i t i v e  t o  t h e  
frequency of t h e  bas in  motion. To v e r i f y  whether o r  no t  t h i s  f e a t u r e  
remains t r u e  f o r  a  t r a n s i e n t  e x c i t a t i o n ,  f i v e  experiments were con- 
ducted, corresponding t o  t h e  same e x c i t a t i o n  motion (two period 
excursion of t h e  bas in  motion) but  d i f f e r e n t  f requencies .  The r e s u l t -  
ing  wave records  of t h e  r e l a t i v e  wave amplitude q /h  versus  ot/2.rr a t  
x = L are presented i n  F igure  5.2.19. The dimensionless parameters 
f o r  t h e  experiment a r e :  d/L = 0.0094, h/L = 0.051, o o ~ / @  = 3.128, 
s 
= 0.075, and t h e  frequency range is: 0.77 < O/oo < 1.43. The same 
c h a r a c t e r i s t i c s  a r e  observed f o r  each curve: Af te r  s eve ra l  per iods ,  
t h e  o s c i l l a t i o n s  appear t o  d iv ide  i n t o  two o r  t h r e e  waves. Thus, t he  
shape of t h e  waves which r e s u l t  from a t r a n s i e n t  e x c i t a t i o n  appears t o  
be  r e l a t i v e l y  i n s e n s i t i v e  t o  t h e  frequency of t h e  motion over a  r a t h e r  

wide range of f requencies .  (The frequency a given by Eq. (5.2.4) 
0 
w i t h  n= 0 h a s  been chosen f o r  all t h e  cases  i nves t iga t ed  next.)  
Four series of experiments w e r e  conducted. For each set h / ~  was 
he ld  f i x e d  and the  wave was recorded a t  x = L f o r  t h r e e  va lues  of 
d / ~  = 0.0014, 0.0037, 0.0094. (Four va lues  of h/L were considered: 
0.098, 0.051, 0.034, and 0.021.) For a l l  runs t h e  e x c i t a t i o n  con- 
s i s t e d  of two cyc les  of o s c i l l a t i o n .  A c h a r a c t e r i s t i c  Stokes param- 
e t e r  der ived from Eq. (5.2.10) and based on t h e  wave amplitude a t  t h e  
end of t h e  e x c i t a t i o n  motion (Eq. 5.2.7) and t h e  e x c i t a t i o n  frequency 
(Eq. 5.2.4) gives:  OO 
Table 5.2.1 Values of Stokes parameter a t  t h e  end of t h e  exc i t a t i on .  
From previous a n a l y s i s  one would expect t h e  wave t o  depar t  from its 
l i n e a r  behavior f o r  U+ > 0 (10) ( s e e  Eq.  (5.2.11)) . 
The d i s s i p a t i o n  parameter y which measures t he  e f f e c t s  of energy 
S 
d i s s i p a t i o n  along t h e  bottom, w a l l s ,  and su r f ace  cannot be con t ro l l ed  
experimental ly  f o r  a given bas in  length.  It is  e n t i r e l y  determined by 
t h e  depth h; t he re fo re ,  as the  d i spe r s ion  parameter is decreased y 
s 
increases  accordingly.  The only way t o  s epa ra t e  t h e  e f f e c t  of d i s s i -  
p a t i o n  from d i spe r s ion  is through numerical computations; t h i s  w i l l  
b e  t r e a t e d  l a t e r .  
For experiments where t h e  normalized e x c i t a t i o n  parameter,  d/L, 
v a r i e s ,  t he  r e l a t i v e  wave e l eva t ion  n/h has been normhized  with re-  
spec t  t o  d/L as: / h ) / d / L .  The normalized experimental time wave 
h i s t o r i e s  of (q/h)/(d/L) ve r sus  ~ t / 2 ~ r  a t  x = L  a r e  presented i n  Figure 
5.2.20a f o r  t he  th ree  amplitudes of bas in  motion shown i n  Table 5.2.1. 
The common dimensionless parameters a r e :  h/L = 0.098, o O ~ / G  = 
3.0915, and y = 0.045. For t he  sma l l e s t  e x c i t a t i o n  (d/L = 0.0014) a 
S 
damped s i n u s o i d a l  wave shape i s  apparent.  For d/L = 0.0037 a minor 
bea t  p a t t e r n  appears and a small  secondary wave emerges i n  t h e  trough of 
the  main wave a few periods a f t e r  t h e  bas in  motion has stopped. F ina l ly ,  
f o r  d/L = 0.0094 a bea t  p a t t e r n  becomes q u i t e  apparent and a secondary 
wave d i s t i n c t l y  emerges. 
The bea t s  a r e  due t o  t he  superpos i t ion  of t h e  forced  mode causing 
t h e  b a s i n  t o  o s c i l l a t e  a t  t h e  frequency of e x c i t a t i o n  a and t h e  non- 
0 
l i n e a r  f r e e  mode of o s c i l l a t i o n ,  whose frequency v a r i e s  wi th  t h e  wave 
he ight .  A s  t h e  wave decays t h e  period of t he  bea t s  becomes l a r g e r  due t o  
a gradual  s h i f t  of frequency of t h e  nonl inear  mode toward a . 
0 
It is i n t e r e s t i n g  t o  no te  t h a t  t h e  maximum wave he ight  takes p l ace  
f o r  t h e  th ree  curves two cyc le s  a f t e r  t h e  b a s i n  motion has stopped. 
Also, t h e  maximum r e l a t i v e  wave he ight  during t h e  fou r th  o s c i l l a t i o n  
inc reases  w i t h  increas ing  d/L. I n  F igure  5.2.20a t h e  Stokes number 
assoc ia ted  with t h e  upper curve is 14, which ind ica t e s  t he  behavior of 
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Fig. 5.2.20 Time histories of free surface profile at x=L for three 
excitation amplitudes resulting from a transient excitation; 
(a) experiments, (b) nonlinear theory; L = 117.5 cm, 
h = 11.57 cm. 
t h e  o s c i l l a t i o n s  should be nea r ly  l i n e a r .  For t h e  case  of d / ~ = 0 . 0 0 3 7  
t h e  Stokes number is 38, implying a depar ture  from t h e  l i n e a r  behavior.  
F ina l ly ,  f o r  t h e  lower record i n  Figure 5.2.20a, wi th  a Stokes number 
equal  t o  98, t h e  e f f e c t  of n o n l i n e a r i t i e s  appears s i g n i f i c a n t .  
The corresponding wave records  obtained from t h e  nonl inear  d i s-  
pe r s ive  theory a r e  presented i n  Figure 5.2.20b; a t h e o r e t i c a l  record 
from t h e  l i n e a r  d i s p e r s i v e  d i s s i p a t i v e  theory is included f o r  re ference .  
(The b a s i n  length  w a s  d i s c r e t i z e d  i n t o  31 nodes f o r  t h e  nonl inear  
numerical computations.) There is reasonably good agreement with t h e  
experimental r e s u l t s  shown f o r  Figure 5.2.20(a),  although f o r  d / ~  = 0.0094 
the  experimental record tends t o  decay a t  a f a s t e r  r a t e  than t h e  cor- 
responding computed one. This  sugges ts  t h a t  some a d d i t i o n a l  source of 
d i s s i p a t i o n  may b e  c rea ted  by t h e  l a r g e  waves r e s u l t i n g  from a s t rong  
b a s i n  e x c i t a t i o n ,  e.g., t u rbu len t  boundary f r i c t i o n .  I n  order  t o  check 
whether o r  not  t u rbu len t  f r i c t i o n  is  respons ib le  f o r  t h i s  s l i g h t l y  
l a r g e r  experimental rate of damping, t he  Reynolds number assoc ia ted  
with t h e  boundary l a y e r  th ickness ,  def ined by Jonsson (1978) a s  
R e  = u- ( s e e  Sec t ion  5.1) , can  be  computed f o r  t h e  lower record 
(d/L = 0.0094). The o r b i t a l  v e l o c i t y  u can be  est imated away from the  
end w a l l  a s  u = o . ~ ( Q + - Q - ) ~  . The r e s u l t i n g  Reynolds number, based 
on the  wave e l eva t ion  a t  t h e  fou r th  o s c i l l a t i o n  is found a s  356. The 
c r i t i c a l  va lue  given by Jonsson (1978) beyond which t h e  o s c i l l a t i n g  flow 
i n s i d e  the  boundary l a y e r  becomes tu rbu len t  is 563. This tends t o  
i n d i c a t e  t h a t  no a d d i t i o n a l  d i s s i p a t i o n  caused by tu rbu len t  f r i c t i o n  
has taken p l ace  during t h i s  run. 
A second set of experimental records is presented i n  Figure 
5.2.21a wi th  t h e  d i spe r s ion  parameter, h / ~ ,  decreased t o  0.051, 
t h e  d i s s i p a t i o n  parameter ys i s  increased t o  0.075, and a o ~ / a  = 3.128- 
It i s  noted i n  t h e  upper record which corresponds t o  U = 54 a second- 
-s 
a r y  wave develops. This  secondary wave emerges sooner and reaches a 
h igher  amplitude i n  t he  middle record which corresponds t o  U ~ 1 4 2 .  
-S 
Fina l ly ,  t h r e e  waves emerge i n  t h e  record f o r  which U = 362. 
S 
Nonlinear bea t s  a r e  no longer observed apparent ly because f r i c t i o n  
e f f e c t s  become important.  
The corresponding wave records  computed from t h e  nonl inear  
d i spers ive- diss ipa t ive  theory a r e  presented i n  Figure 5.2.2113. (The 
bas in  length  f o r  t h i s  s e t  was d i s c r e t i z e d  i n t o  41 modes f o r  t h e  
numerical computations.) The same type of %reakdown" of t he  main 
o s c i l l a t i o n  a s  observed experimental ly  is seen  i n  t h e  t h r e e  cases.  
However, t h e  evolu t ion  of t he  wave wi th  time f o r  t h e  l a r g e s t  exci ta-  
t i o n  ( i . e . ,  d/L = 0.094) d i f f e r s  more from the  e x p e r b e n t a l  one than 
f o r  t h e  smal le r  r a t i o s  of d/L; i n  p a r t i c u l a r ,  t h e  experimental wave 
decays f a s t e r  than t h e  computed one. The l a r g e s t  Reynolds number 
assoc ia ted  wi th  t h e  experimental run  is about 130, which is less than 
t h e  c r i t i c a l  va lue  given by Jonsson (1978), i . e . ,  Re = 563. This 
suggests  t h a t  no turbulen t  d i s s i p a t i o n  has taken p lace  during t h a t  
run. The reason such a discrepancy is observed f o r  t he  r a t e  of wave 
damping between t h e  experimental wave record and t h e  computed wave 
record remains unclear .  
Figure 5.2.22a shows t h e  r e s u l t s  of experiments conducted t o  
i n v e s t i g a t e  t he  evolu t ion  of t h e  wave system f o r  t h e  following 
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Fig. 5 .2 .21  Time h i s tor ies  of free  surface prof i le  a t  x=L for three 
amplitudes of excitation due to a transient excitation; 
(a) experiments, (b) nonlinear theory, L = 117.5 cm, 
h = 6 cm. 
condit ions:  h/L = 0.034, ys = 0.111, and U ~ L I J ~  = 3.14. A second- 
a r y  wave tends t o  develop f o r  t h e  r e l a t i v e  e x c i t a t i o n  of d/L = 0.0014 
f o r  which U = 120, bu t  f r i c t i o n  appears t o  a f f e c t  t h i s  evolut ion.  
-s 
The main wave sepa ra t e s  i n t o  t h r e e  secondary waves i n  t h e  second 
record corresponding t o  d / ~  = 0.0037 and % = 320. F ina l ly ,  fou r  o r  
f i v e  waves emerge from the  main wave i n  t he  lower record f o r  which 
d/L = 0.0094 and & = 812. Figure 5.2.22a shows t h a t  t h e  d i v i s i o n  
of the -main o s c i l l a t i o n  i n t o  secondary waves occurs  a t  smal le r  r e l a-  
t i v e  t i m e s  as t h e  nonl inear  parameter d/L inc reases .  For a small  d i s-  
pers ion  parameter,  such a s  i t  is  he re ,  t h e  nonl inear  e f f e c t s  a c t  f i r s t  
by s teepening t h e  wave. This process takes  less time t o  develop f o r  a 
l a r g e  i n i t i a l  wave amplitude. Near t he  peaked wave f r o n t  of t h e  wave 
the  water  p a r t i c l e s  experience a l a r g e  v e r t i c a l  acce l e ra t ion  and hence 
d i spe r s ion  begins t o  a c t  by c rea t ing  t h e  observed secondary o s c i l l a -  
t ions.  
Figure 5.2.22b shows t h e  wave records obtained using t h e  nonl inear  
d i s p e r s i v e  theory f o r  t h e  same condi t ions  as f o r  t h e  experiment: of 
Figure 5.2.22a. (The bas in  length  w a s  d iv ided  i n t o  5 1  nodes f o r  t he  
numerical computations.) The comparison wi th  the  experiments looks 
good f o r  a l l  t h r e e  curves computed from the  nonl inear  theory; i n  par- 
t i c u l a r ,  the  r a t e  of damping appears t o  be c o r r e c t l y  pred ic ted  f o r  t he  
t h r e e  curves.  An i n t e r e s t i n g  f e a t u r e  is  t h a t  a s  t h e  nonl inear  param- 
e t e r  d/L increases  t h e  decay r a t e  of t he  o s c i l l a t i o n  a l s o  increases ,  
a s  can be  observed i n  Figure 5.2.22b, although t h e  d i s s i p a t i o n  param- 
e t e r  ys remains t h e  same ( i . e . ,  ys = 0.111) f o r  t he  t h r e e  curves.  By 
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Fig. 5.2.22 Time h i s tor ies  of free surface prof i l e  a t  x=L for three 
amplitudes of excitation due to a transient excitation; 
(a) experiments, (b) nonlinear theory, L = 117.5 cm, 
h = 4 cm. 
comparison the decay rates look similar for the three curves in Figure 
5.2.20b corresponding to a larger dispersion parameter. This would 
tend to indicate that for a fixed dissipation coefficient y s the decay 
rate of the wave increases with U . 
-S 
Figure 5.2.23a shows the evolution with time of the experimental 
wave records for the following conditions: h/L = 0.021, U ~ L I ~  = 3.14 
and ys = 0.181. For this case one would expect viscous dissipation 
to play a significant role since-from the results of the linear 
theory (see Eq. (5.2.8)) the wave height should be reduced to 
5% of its initial value after 15 oscillations. In fact, it is quite 
interesting to observe how it affects both nonlinearities and 
dispersion. In the record corresponding to d/L = 0.0014 and -TI, = 316 
no secondary oscillations are observed; in fact damping begins 
almost immediately at the end of the excitation. However the 
shape of the waves changes with time with the frontfgce steepening 
and the back face flattening, which characterize a growth of 
nonlinearities as the wave is damped. The same behavior is 
observed for the record such that d/L = 0.0037 and $ = 838. 
In addition, small secondary oscillations appear on the back face 
of the wave which, after some time, has the familiar triangular 
shape of a finite volume bore propagating in shallow water. For 
the record corresponding to d/L = 0.0094 and % = 2162, the 
triangular shape deve1o.p~ more rapidly while more secondary 
oscillations with higher amplitude develop on the back face of the 
wave. Still the amplitude of those secondary waves =mains m c h  
smaller than in the case of Figure 5.2.22a,implying that relatively 
larger friction effects must be present which negate the effects 
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Fig- 5.2.23 Time his tor ies  of free  surface prof i l e  a t  x=L for three 
amplitudes of excitation due to  a transient excitation; 
(a) experiments, (b) nonlinear theory, L = 117.5 cm, 
h = 2 .5  cm. 
of d ispers ion .  
The corresponding t h e o r e t i c a l  wave records  a r e  presented i n  
Figure 5.2.23b. (The b a s i n  length  was d iv ided  i n t o  71  nodes i n  
order  t o  model t h e  secondary o s c i l l a t i o n s  properly.)  These records 
appear t o  agree  w e l l  wi th  t h e  experiments. 
To a s ses s  t h e  e f f e c t  of f r i c t i o n  on t h e  dynamics of waves f o r  
t h e  condit ions of t h e  experiments wi th  i n i t i a l l y  small d i spe r s ion ,  
t h e o r e t i c a l  wave records were evaluated f o r  t h e  same condi t ions  a s  
t h e  r e s u l t s  presented i n  Figure 5.2.23 except t he  d i s s i p a t i o n  param- 
eter was decreased by a f a c t o r  of f o u r  from Y = 0.181 t o  Ys = 0.045. 
S 
These r e s u l t s  a r e  presented i n  Figure 5.2.24. S ign i f i can t  d i f f e r ences  
can be  observed between t h e  corresponding t h e o r e t i c a l  records i n  
Figures  5.2.23 and 5.2.24. For d/L = 0.0014 (s = 316) n o n l i n e a r i t i e s  
cause the  wave t o  s teepen  and a c t  aga ins t  viscous d i s s i p a t i o n ;  t h i s  
r e s u l t s  i n  a very  small  decay r a t e  over t he  twelve f i r s t  o s c i l l a t i o n s .  
The d i spe r s ion  e f f e c t s  begin t o  appear a f t e r  t h e  nonl inear  e f f e c t s  
cause t h e  main wave t o  s teepen and peak and then secondary waves emerge 
and grow. Thus, f o r  a s m a l l  o s c i l l a t i o n ,  i t  takes  time f o r  t h e  non- 
l i n e a r i t i e s  t o  grow and consequently f o r  t he  e f f e c t  of i n i t i a l l y  small  
d i spe r s ion  t o  manifest  i t s e l f .  I n  t h e  record corresponding t o  
d/L = 0.0037 (5 = 838) t he  wave s teepens  f a s t e r  and soon separa tes  
i n t o  four  secondary waves of l a r g e r  amplitude than those  seen  i n  t he  
corresponding computed wave record i n  F igure  5.2.23. F i n a l l y ,  
i n  t h e  last record f o r  which d/L = 0.0094 (s 2162) t h e  
wave begins t o  d i s p e r s e  almost immediately, s epa ra t ing  i n t o  six o r  
=yen secondaxy o s c i l l a t i o n s .  It. i s  i n t e r e s t i n g  t o  no te  how much 
I . . . . ,  J . .  . . . J . .  . , . 
0 (0 0 0 0 
f a s t e r  t he  amplitude decreases  f o r  t h e  l a r g e r  va lues  of t he  exc i ta-  
t i o n  parameter d/L, a s  noted e a r l i e r .  So d i s s i p a t i o n ,  i n  a d d i t i o n  
t o  damping t h e  o v e r a l l  wave motions, a l s o  a c t s  aga ins t  d i spe r s ion  
by s t rong ly  damping the  secondary o s c i l l a t i o n s  which tend t o  
develop on t h e  back f a c e  of t h e  wave. I n  add i t i on ,  t h e  l a r g e r  t h e  
number of secondary waves (o r ,  equ iva l en t ly ,  t he  smal le r  t h e  wave 
length  of each secondary wave) t h e  s t ronge r  t h e  decay r a t e  of t he  
o v e r a l l  wave. 
It can be  checked from most of t he  t r a n s i e n t  wave records which 
have been presented (both from the  r e s u l t s  of experiments and from 
theory) t h a t  t he  main wave d iv ides  i n t o  a number of secondary o s c i l-  
l a t i o n s ,  and t h i s  number appears t o  i nc rease  as t h e  Stokes parameter 
increases .  A phys ica l  i n t e r p r e t a t i o n  of t h i s  can be  given a s  fo l-  
lows. It is  f i r s t  r e c a l l e d  t h a t  t h e  c h a r a c t e r i s t i c  length  a s soc i a t ed  
wi th  t h e  Stokes number is defined as 2dgh/a where a denotes t he  
c h a r a c t e r i s t i c  frequency of t h e  bas in  exc i t a t i on .  On the o t h e r  hand, 
t he  c h a r a c t e r i s t i c  length  R which de f ines  t h e  U r s e l l  number is a 
l o c a l  length  a t  a given l o c a t i o n  i n s i d e  t h e  bas in  and a t  a given time. 
A long un id i r ec t iona l  wave always tends t o  evolve i n  such a way a s  
t o  s a t i s f y  a balance everywhere between nonl inear  e f f e c t s  and f r e-  
quency d ispers ion;  thus t h e  r e s u l t i n g  U r s e l l  number a s soc i a t ed  with 
the  l o c a l  wave form must approach the  order  of un i ty  i n  t h e  absence 
of d i s s i p a t i o n .  I n  t h e  present  s i t u a t i o n  i n  t h e  i n i t i a l  s t a g e  of t h e  
wave evolu t ion ,  e.g. ,  a t  t h e  end of t h e  e x c i t a t i o n  period,  the  wave 
p r o f i l e  has  a s inuso ida l  shape so  t h a t  a c h a r a c t e r i s t i c  wave length  
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can be chosen t h e  same a s  t h a t  def in ing  t h e  Stokes number. Therefore,  
a  c h a r a c t e r i s t i c  U r s e l l  number can b e  chosen a s  given by Eq. (5.2.16): 
n  which (d/L) r ep re sen t s  t h e  nonl inear i  . t i e s  assoc ia ted  w i  t h  t he  wave 
2 he ight  and (h/L) t he  d i spe r s ion .  Af t e r  s eve ra l  o s c i l l a t i o n s  t h e  
wave d iv ides  up i n t o  a  number 14' of waves so  t h a t  a  new measure of f  
a  l o c a l  wave length  becomes L/Nf and the  r e s u l t i n g  measure of 
d i spe r s ion  becomes (hN /L)'. Assuming t h a t  t he  var ious  wave he ights  f  
remain of t h e  same order  of magnitude a s  t h e  one a t  t h e  end of t he  
bas in  motion, t h e  r e s u l t i n g  U r s e l l  number becomes: 
Since t h i s  number must be of order  un i ty ,  t h e  v a r i a t i o n  of t h e  
number Nf can be derived from Eq.  (5.2.18) a s  : 
The v a r i a t i o n  of Nf with  [ d ) * /  ( I )  is presented i n  Figure 
5.2.25 where t h e  number of f i s s ioned  wavesNfhas been obtained from 
t h e  t r a n s i e n t  wave records.  (Figure 5.2.23a is not  considered be- 
cause the  e f f e c t s  of d i s s i p a t i o n  a r e  too l a r g e  f o r  those wave 
records and inva l ida t e s  t he  above der iva t ion . )  The l i n e a r  t rend  tends 
t o  confirm t h e  v a l i d i t y  of t h e  above reasoning. (The one da t a  poin t  
which dev ia t e s  from t h i s  l i n e  a t  an absc i s sa  va lue  of 1.75 probably 
N Fig. 5 . 2 . 2 5  Variation of the number f of f issioned waves which 
develop with time with m / ( h / ~ ) .  
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comes about from t h e  f a c t  t h a t  the  computation was stopped 
before the  wave had enough t i m e  t o  completely separa te  out ,  
and reach i t s  f i n a l  balanced s t a te . )  A v i s u a l  bes t  f i t  s t r a i g h t  
l i n e  r e l a t i n g  Nf and (h/L) yields:  
Eq. (5.2.20) can be expressed more general ly by using the  
Stokes number defined i n  Eq. (5.2.16): 
The Stokes number defined i n  Eq. (5.2.10) cons t i tu tes  an impor- 
t a n t  parameter f o r  the exc i t a t ion  problem i n  two respects .  It f i r s t  
defines the  range of v a l i d i t y  of the  l i n e a r  d ispers ive  theory. For 
example, i f  5 O(10) i t  suf f i ces  t o  use the  l i n e a r  d ispers ive  
theory; i f  I$ 2 O(10) nonlinear d ispers ive  theory must be employed. Also 
fn  the  l a t t e r  case t h e  standing wave pa t t e rn  changes t o  a moving 
wave pa t t e rn  where t h e  concept of node becomes i r re levan t .  I n  
addit ion,  considering t r ans ien t  exci ta t ions ,  it has been possible 
t o  r e l a t e  t h e  number of waves emerging a f t e r  severa l  o s c i l l a t i o n s  
t o  t h e  Stokes parameter ca l cu la t ed  a t  t h e  end of t h e  dura t ion  of 
t h e  e x c i t a t i o n ,  f o r  t h e  case  where d i s s i p a t i o n  e f f e c t s  remain small .  
( I f  no t ,  t h e  p red ic t ion  of t h e  number of developing secondary o s c i l-  
l a t i o n s  given by Eq .  (5.2.21) may become i n v a l i d  because of the  
l a r g e  damping r a t e  of those secondary o s c i l l a t i o n s  a f t e r  they have 
emerged. ) 
One must use caut ion  i n  applying Eq. (5.2.21) t o  t he  problem of 
a bas in  continuously exc i t ed  near  resonance. I n  t h i s  case  t h e  wave 
evolu t ion  i s  constrained by t h e  motion of t h e  bas in  and appears from 
t h e  previous r e s u l t s  t o  be very s e n s i t i v e  t o  t he  e x c i t a t i o n  frequency 
a. Near t h e  main b i f u r c a t i o n  frequency a cnoida l- l ike  wave develops; 
t he  establ ishment  of normal modes of o s c i l l a t i o n s  which have a well-  
defined s t r u c t u r e  is compatible with the  bas in  motion (provided the  
d i spe r s ion  parameter h/L is not  too  smal l ) .  (Note t h a t  t h e  U r s e l l  
number assoc ia ted  wi th  the  cnoidal  wave i s  of o rde r  u n i t y ,  i f  t he  
proper length  R is  chosen.) Away from t h e  main b i f u r c a t i o n  frequency, 
t h e  cnoidal  wave s t r u c t u r e  assoc ia ted  with a normal mode of o s c i l l a-  
t i o n  is  no longer compatible with the  bas in  motion and t h e  main 
o s c i l l a t i o n  separa tes  i n t o  a number of secondary o s c i l l a t i o n s  i n  a 
manner s i m i l a r  t o  t h a t  observed f o r  t he  t r a n s i e n t  problem. 
Table 5.2.2 gives t he  c h a r a c t e r i s t i c  parameters,  t h e  number of 
waves computed from Eq. (5.2.21) and t h e  maximum number of waves ob- 
served f o r  t h e  four  s e t s  of experiments from which s teady s t a t e  
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response curves a r e  obtained. The va lue  of (v - v-)/2h f o r  each s e t  
is  chosen a t  t he  frequency corresponding t o  t h e  l a r g e s t  number of 
emerging secondary waves. 
Table 5.2.2 Comparison between ca l cu la t ed  and observed va lues  
o f N  f o r  s teady  s t a t e  e x c i t a t i o n  f 
A s  seen  from Table 5.2.2 t h e  computed va lues  of Nf r e s u l t s  ag ree  
w e l l  wi th  t h e  observed ones,  which tend t o  confirm t h e  a p p l i c a b i l i t y  
of Eq. (5.2.21) t o  t he  es t imat ion  of t h e  maximum number of waves 
which can develop i n  t h e  case  of a continuous e x c i t a t i o n .  
5.2.5 Summary 
Several  a spec t s  of long wave o s c i l l a t i o n s  i n  a c losed 
rec tangular  bas in  have been inves t iga t ed  i n  Sec t ion  5.2. The r e s u l t s  
can be summarized as follows: 
For a continuous e x c i t a t i o n  i t  has been found t h a t ,  near  resonance, a 
l i n e a r  theory is  inadequate t o  desc r ibe  t h e  wave evolu t ion  i n  t h e  
basin.  Ins tead  t h e  nonl inear  d i s p e r s i v e  d i s s i p a t i v e  theory agreed 
we l l  wi th  t h e  experiments f o r  a l l  t h e  cases  i nves t iga t ed .  The wave 
shape, near  resonance, is  very  s e n s i t i v e  t o  t h e  frequency of t h e  
e x c i t a t i o n ;  a cnoida l  wave shape which can be predic ted  a n a l y t i c a l l y  
develops near  t h e  main b i f u r c a t i o n  frequency provided t h a t  t h e  d i s-  
pers ion  parameter i s  no t  too small .  A s  t h e  e x c i t a t i o n  frequency i s  
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decreased the main wave divides up into a number of secondary 
oscillations as a result of the small dispersion. 
For the transient excitation the importance of the Stokes number 
in defining the range of applicability of the linear theory and in 
estimating the number of secondary oscillations developing with 
time (if dissipation effects remain small) has been demonstrated. 
Some steady state features have been related with the transient 
results. It has been verified, in particular, that for the cases 
investigated the maximum number Nf of secondary waves emerging with 
time at resonance is also a function of the Stokes number. The 
applicability of these results to the harbor problem will be dis- 
cussed in Chapter 6. A major difference with the basin problem is 
the usually much larger damping rate of the wave in harbor and bay 
situations. This may somewhat alter some of the present conclusions 
relevant to the basin oscillation problem. 
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CHAPTER 6 
PRESENTATION AND DISCUSSION OF THE RESULTS FOR THE HARBOR 
Experimental r e s u l t s  on t h e  o s c i l l a t i o n s  of harbors  induced by 
t r a n s i e n t  and continuous nonl inear  long waves a r e  presented in t h i s  
chapter  and compared t o  t h e o r e t i c a l  r e s u l t s .  
Experimental cons idera t ions  concerning t h e  range of t h e  experiments, 
t h e  s imulat ion of t h e  open sea condi t ions ,  and t h e  inc ident  wave system 
a r e  discussed i n  Sec t ion  6.1. An experimental i nves t iga t ion  of leakage 
l o s s e s  and en t rance  l o s s e s  f o r  a narrow rec tangular  harbor i s  presented 
i n  s ec t ion  6.2. The r e l a t i v e  importance of t h e  va r ious  sources of d i s-  
s i p a t i o n  which a f f e c t  t h e  response of a narrow rec tangular  harbor a r e  
a l s o  discussed i n  t h i s  sec t ion .  I n  Sec t ion  6 . 3  t h e  response of a narrow 
rec tangular  harbor w i th  a f l a t  bottom exci ted  by a continuous t r a i n  of 
pe r iod ic  i nc iden t  long waves is  discussed.  The t r a n s i e n t  e x c i t a t i o n  of 
a harbor wi th  a f i n i t e  number of i nc iden t  waves i s  inves t iga ted  in 
Sec t ion  6 . 4 .  Three harbor shapes w e r e  used f o r  t h e s e  experiments: 
a f u l l y  open narrow rec tangular  harbor with a f l a t  bottom, a f u l l y  
open narrow rec tangular  harbor wi th  a l i n e a r l y  decreasing depth,  and 
a f u l l y  open and a p a r t i a l l y  open harbor with a t r apezo ida l  planform 
and cons tan t  depth. 
6.1. Experimental Considerations 
6.1.1 Range of t h e  Experiments and t h e  Simulation of t he  Open Sea 
Conditions 
The long wave theory developed i n  Sect ion 3.1 only app l i e s  
I£ t he  r a t i o  of depth t o  wavelength remains small  compared t o  un i ty ,  i . e . ,  
h/h << 1. To s a t i s f y  t h i s  condition i n  t h e  laboratory,  a l l  t h e  experi- 
ments presented i n  t h i s  chapter w e r e  performed i n  t h e  shallow water 
range, with: 
h 
- < 0.05 h (6.1.1) 
The solut ion developed i n  Sections 3 . 3  and 3.4 t r e a t s  t h e  case of 
a harbor connected t o  t h e  open sea where t h e  incident waves a f t e r  being 
re f l ec ted  from t h e  c o a s t l i n e  propagate away without re turning,  and the 
radiated waves which emanate from t h e  harbor entrance decay t o  zero a t  an 
i n f i n i t e  d i s t ance  from t h e  harbor and a l s o  do not re turn .  However, in 
t h e  laboratory t h e  experiments must be conducted i n  a wave basin of 
f i n i t e  s i ze ;  thus, t h e  re f l ec ted  waves from t h e  c o a s t l i n e  and t h e  
radiated waves from t h e  harbor mouth may be re f l ec ted  from t h e  wave 
p l a t e  and t h e  s i d e  walls of t h e  basin,violat ing t h e  desired open sea 
condition. I n  previous inves t igat ions ,  e.g., Lee (1971), t h e  open sea 
condition was simulated by performing t h e  experiments i n  deep water and 
by absorbing t h e  re f l ec ted  and radiated waves with wave absorbers 
located along each s ide  of the  basin and a wave f i l t e r  located i n  f r o n t  
of t h e  wave paddle. I n  t h e  present study t h i s  procedure proved unde- 
s i r a b l e  f o r  two reasons. F i r s t ,  a l l  t h e  experiments were performed i n  
t h e  shallow water range, which s ign i f i can t ly  a l t e r s  t h e  ef f ic iency of 
wave absorbers such a s  those used by Lee (1971). Second, most of t h e  
incident  waves were nonlinear, and they would have been a l t e red  s igni f  - 
i can t ly  by f i l t e r s  located i n  f ron t  of t h e  wave machine; thus,  the  shape 
of t h e  waves a t  t h e  coas t l ine  could not  have been control led ,  
For these  reasons a wave f i l t e r  was not used and an a l t e r n a t i v e  
method w a s  chosen t o  s a t i s f y  t h e  open sea condit ion experimentally. From 
t h e  a n a l y s i s  performed i n  Sec t ion  3.3 t h e  number of o s c i l l a t i o n s  requi red  
f o r  t h e  harbor t o  r each  s teady state f o r  t h e  ca se  of pe r iod ic  inc ident  
waves is  u s u a l l y  less than  e ight .  Taking t h i s  a s  a re ference ,  t h e  
maximum wavelength of t h e  inc ident  waves such that e igh t  o s c i l l a t i o n s  
can be r e a l i z e d  i n  t h e  harbor before  t h e  f i r s t  inc ident  wave r e f l e c t e d  
from t h e  wave p l a t e  r e t u r n s  t o  t h e  harbor,  is  given by: 
where L denotes  t h e  d i s t a n c e  between t h e  wave p l a t e  and t h e  c o a s t l i n e  b 
(about 7 meters  f o r  t h e s e  experiments);  thus :  
Therefore,  w i th  t h i s  wavelength t h e  presence of t h e  wave p l a t e  i s  no t  
f e l t  i n s i d e  t h e  harbor u n t i l  t h e  n i n t h  o s c i l l a t i o n ;  t h i s  provides enough 
time f o r  adequate information on t h e  c h a r a c t e r i s t i c s  of t h e  harbor 
dynamics t o  be obtained.  Combining Eq. (6.1.1) and(6.1.3) y i e l d s  t h e  
maximum permiss ib le  depth  as: 
h - 9 c m  (6.1.4) 
I n  p r a c t i c e  t h e  experiments were performed i n  water depths  between 
4 cm and 10  cm, wi th  inc iden t  wavelengths between 150 cm and 175 cm. 
Even though e f f i c i e n t  wave absorbers  f o r  long waves a r e  d i f f i c u l t  
t o  cons t ruc t  i n  a l imi t ed  area, t o  minimize t h e  e f f e c t s  of r e f l e c t i o n  
of t h e  r ad i a t ed  wave from t h e  s i d e  wa l l s  of t h e  bas in ,  wave absorbers  
composed of wi re  mesh screens  were i n s t a l l e d  a long  each s i d e  w a l l .  (See 
Chapter 4 f o r  t h e i r  c h a r a c t e r i s t i c s ) .  Using t h e  a n a l y s i s  of Goda and 
Ippen (1963) t h e  r e f l e c t i o n  c o e f f i c i e n t s  of t h e s e  absorbers  f o r  t h e  
experimental condi t ions  which a r e  t y p i c a l  of t h i s  study were estimated 
t o  be between 30% and 60%. Although t h i s  i s  l a r g e ,  i n  r e a l i t y  only a 
s m a l l  f r a c t i o n  of t h e  r a d i a l l y  spread r ad ia t ed  wave r e t u r n s  t o  t h e  harbor 
mouth before  t h e  e f f e c t s  of r e f l e c t i o n  from t h e  wave p l a t e  a r e  f e l t ;  
hence, t h e  wave absorbers  proved u s e f u l  in  f u r t h e r  reducing t h e  e f f e c t s  
of t h e  presence of t h e  s i d e  w a l l s .  I n  f a c t ,  f o r  a l l  experiments con- 
ducted t h e r e  w a s  no evidence of d i s tu rbance  of t h e  wave o s c i l l a t i o n s  
i n s i d e  t h e  harbor caused by t h e  proximity of t h e  s i d e  w a l l s .  
6.1.2 The Inc ident  Wave System 
Weakly nonl inear  i nc iden t  long waves such a s  s o l i t a r y  and 
cnoida l  waves were used f o r  t h e  experiments. Several  experiments were 
performed t o  determine t h e  c h a r a c t e r i s t i c s  of t h e  generated waves i n  t he  
present  study. Three wave gages were i n s t a l l e d  i n  t he  bas in  a t  l o c a t i o n s  
A, B ,  and C as shown i n  Figure 6.1.1; gage A was i n s t a l l e d  on t h e  center-  
l i n e  of t h e  bas in ,  180 cm downstream from t h e  wave p l a t e ,  gage B was 
placed on the  c e n t e r l i n e  of t h e  bas in  aga ins t  t h e  c o a s t l i n e  wi th  t h e  
. ha rbo r  mouth c losed ,  and gage C was placed aga ins t  t h e  c o a s t l i n e  150 cm 
a p a r t  from gage B,  near  t h e  s i d e  wa l l  wave absorbers .  
One major concern i n  t h e  present  i n v e s t i g a t i o n  is t h e  e f f e c t  of 
t h e  lateral wave absorbers  on t h e  shape of t h e  incident wave. As shown 
i n  Fig. 6.1.1 t h e  guide walls used t o  prevent leakage around t h e  s i d e s  
of t h e  wave genera tor  extend 250 cm downstream from t h e  wave p l a t e .  
Beyond t h a t  d i s t a n c e  t h e  generated wave d i f f r a c t s  l a t e r a l l y .  Consider- 
ing that t h e  r a t i o  of t h e  t o t a l  bas in  width occupied by t h e  absorbers  
t o  t h e  l eng th  of t h e  wave p l a t e  is more than  0.3, t h i s  may induce a 
s i g n i f i c a n t  change i n  t h e  wave shape a s  t h e  waves propagate toward t h e  
c o a s t l i n e .  
WAVE PLATE 
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Fig. 6 .1 .1  Location of the wave gages i n  the basin used for the 
experimental study of the incident wave system. 
Two series of experiments were performed by genera t ing  s o l i t a r y  
waves us ing  t h e  method descr ibed  by Goring (1978) wi th  nominal wave 
he ight  r a t i o s ,  H/h, of 0.1 and 0.5. Each s e r i e s  cons is ted  of two t e s t s ,  
one wi th  movable v e r t i c a l  s i d e  walls extending p a r a l l e l  t o  t h e  wave 
absorbers  from t h e  end of t h e  e x i s t i n g  f ixed  s i d e  w a l l s  t o  t h e  c o a s t l i n e  
and t h e  o the r  without them. (These walls w e r e  cons t ruc ted  of 16 gage 
galvanized i ron .  ) 
Fig. 6.1.2 shows t h e  water su r f ace  t h e  h i s t o r i e s  a t  each 
l o c a t i o n  f o r  a r e l a t i v e  wave he ight  of H/h 0.1 and a depth  h = 6 cm. 
(The corresponding s t r o k e  S of t h e  wave machine is 3 . 6  cm and t h e  time 
P 
du ra t ion  T of t h e  p l a t e  motion i s  2.27 sec . )  The wave e l eva t ion  n i s  
normalized by t h e  dep th  h a t  l o c a t i o n  A and by twice  t h e  depth  a t  
l o c a t i o n s  B and C t o  account f o r  wave r e f l e c t i o n  a t  t h e  l a t t e r  l oca t ions .  
Considering f i r s t  t h e  experiments wi th  t h e  s i d e  walls extending t o  
t h e  c o a s t l i n e ,  it i s  seen that t h e  wave e s s e n t i a l l y  r e t a i n s  i t s  shape 
as it propagates from l o c a t i o n  A t o  l o c a t i o n s  B and C. The v a r i a t i o n  of 
t h e  wave shape l a t e r a l l y  is s m a l l ,  a s  can be judged by comparing t h e  
wave r eco rds  a t  B and C. It i s  noted t h a t  t h e  experimental wave height  
a t  l o c a t i o n  A i s  about 30% less than  t h e  va lue  predic ted  by t h e  theory.  
P a r t  of t h a t  discrepancy may be due t o  leakage under t h e  wave p l a t e  a s  
it moves forward, d e s p i t e  t h e  presence of t h e  s e a l s  around t h e  p l a t e .  
This  may exp la in  t h e  s l i g h t l y  nega t ive  mean va lue  of t h e  mall 
o s c i l l a t i o n s  t r a i l i n g  t h e  main wave. This  poss ib ly  i n d i c a t e s  t h e  exis-  
tence  of a s m a l l  f l u i d  v e l o c i t y  c r ea t ed  by t h e  s t a t i c  p re s su re  d i f f e r e n c e  
between each s i d e  of t h e  p l a t e  a t  t h e  end of t h e  p l a t e  motion. This  
p re s su re  d i f f e r e n c e  is  a t  l e a s t  equal  t o  S h/d where d denotes  t h e  
P P' P 
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Fig.  6 .1 .2  Shape of s o l i t a r y  waves a t  locat ions  A, B ,  and C for  
H/h= 0.1,  h =  6 cm, S = 3.6 cm, T = 2.27s. 
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F i g .  6.1.3 Comparisons of the experimental shape of solitary wave 
measured at  coastline on the centerline of the basin with 
Boussinesq theory (h = 6 cm, sidewalls in  place). 
d i s t a n c e  between t h e  wave p l a t e  and t h e  bas in  w a l l  behind it. I n  t h e  
present  c a s e  d = 70 cm f o r  t h e  mean p o s i t i o n  of t h e  p i s ton  so that t h e  
P 
r e s u l t i n g  va lue  of S h/d is no t  neg l ig ib l e .  It i s  poss ib l e  t o  f u r t h e r  
P P 
a s s e s s  t h e  importance of leakage e f f e c t s  by assuming that t h e  mean 
nega t ive  l e v e l  H of t h e  t r a i l i n g  wave is  propor t iona l  t o  t h e  s t a t i c  R 
head d i f f e r e n c e  S h/d . From t h e  genera t ion  r e l a t i o n s h i p s  developed by 
P P 
Goring (1978) S /h i s  propor t iona l  t o  (EI/h)'I2, and t h e  r a t i o  H%/H which 
P 
measures t h e  r e l a t i v e  importance of t h e  leakage e f f e c t s  is  then  propor- 
- t i o n a l  t o  : 
Thus, t h e  r e l a t i v e  leakage e f f e c t s  i nc rease  wi th  depth and wi th  decreasing 
d i s t a n c e  d and f o r  a given depth  and d they decrease  as n/h i nc reases .  P ' P 
The shape of t h e  inc ident- ref lec ted  wave a t  t h e  c o a s t l i n e  de t e r-  
mined experimental ly  i s  compared wi th  t h e  s o l i t a r y  wave shape derived 
from t h e  Boussinesq equat ions  i n  Fig. 6.1.3. The f r o n t  of t h e  wave 
measured experimental ly  ag rees  w e l l  w i th  t h e  t h e o r e t i c a l  so lu t ion ,  but  
t h e  back f a c e  does not, perhaps due t o  t h e  leakage e f f e c t s  mentioned. 
Considering next  t h e  c a s e  where t h e  s idewal l s  a r e  removed, i n  
Fig. 6.1.2 it is seen that t h e  shape of t h e  wave changes markedly as it 
propagates toward t h e  c o a s t l i n e .  A secondary o s c i l l a t i o n  appears  behind 
t h e  main wave and i t s  he ight  approaches one-half of t h e  height  of t h e  
main wave a t  l o c a t  ion  B. The wave height  of t h e  leading wave a t  
l o c a t i o n  C i s  about 60% of t h e  height  of t h e  wave a t  l oca t ion  B and t h e  
shape i s  q u i t e  d i f f e r e n t .  These f e a t u r e s  emphasize t h e  two-dimensional 
cha rac t e r  of t h e  inc ident  wave when t h e  s idewal l s  a r e  removed. 
Fig. 6.1.4 shows s imi la r  water sur face  time h i s t o r i e s  f o r  a r e l a t i v e  
height  of ~ / h  = 0.5, h = 5 cm. The s t r o k e  and dura t ion  of t h e  wave 
machine motion a r e  S = 8.2 cm, T = 1.0 sec. With t h e  s idewal ls  i n  place 
P 
t h e  wave shape is about t h e  same a t  t h e  t h r e e  loca t ions .  The wave height 
obtained experimentally a t  l oca t ion  A i n  Fig. 6.1.4 is sti l l  about 30% 
less t&n t h e  va lue  predicted by t h e  theory (H/h = 0.5), but t h e  negat ive  
water sur face  e l eva t ion  observed i n  Fig. 6.1.2 behind t h e  main wave has 
almost completely disappeared, which agrees with t h e  trend predicted by Eq. 
(6.1 5 )  The shape of t h e  wave a t  t h e  c o a s t l i n e  determined experimen- 
t a l l y  agrees  well  with t h e  theory f o r  t h e  whole wave, a s  can be seen i n  
Fig. 6.1.5. I n  t h e  absence of t h e  s idewalls  a secondary o s c i l l a t i o n  
appears a t  gage B i n  Fig. 6.1.4 due t o  t h e  d i f f r a c t i o n  of the  wave 
around t h e  permanent s idewalls  i n t o  t h e  wave absorber region. 
I n  summary, both d i f f r a c t i o n  i n t o  t h e  l a t e r a l  wave absorbers  and 
leakage under t h e  wave p l a t e  tend t o  change t h e  shape of t h e  s o l i t a r y  
wave which is generated i n i t i a l l y .  A s  a r e s u l t  it appears d i f f i c u l t  t o  
p red ic t  i ts c h a r a c t e r i s t i c s  (shape and s p e c t r a l  energy content)  a s  it 
reaches t h e  coas t l ine .  Therefore, t h e  s o l i t a r y  wave was not  used t o  
e x c i t e  t h e  harbor i n  t h i s  study. 
Two series of experiments were performed with cnoidal  waves, gener- 
2 3 
a t i n g  a group of f i v e  waves with nominal Stokes numbers, HA / h  , equal 
t o  50 and 650. Each s e r i e s  consisted of t h r e e  experiments and t h e  waves 
were recorded a t  t h e  same loca t ions  a s  w e r e  t h e  s o l i t a r y  waves. I n  t h e  
f i r s t  run, t h e  cnoidal  waves were generated using t h e  p l a t e  motion a s  
prescribed by Goring (1978), denoted here in  as e l l i p t i c  motion, wi th  t h e  
"removable" sidewalls  present .  I n  t h e  second run t h e  waves were generated 
SIDEWALLS PRESENT NO S I D E  WALLS 
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Fig. 6.1.4 S h a p e  of solitary w a v e s  at locations A,  B, C for H/h = 0.5, 
h = 5 c m , S  ~ 8 . 2  cm, T = 1s. 
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us ing  t h e  same e l l i p t i c  p l a t e  motion without t h e  "removable" walls. In  
t h e  t h i r d  run  a  s inuso ida l  p l a t e  motion was used wi th  t h e  same s t r o k e  
and same period as i n  t h e  o the r  two cases  but  wi th  s idewal l s  i n s t a l l e d .  
Figure 6.1.6 shows t h e  water su r f ace  time h i s t o r y  a t  each l o c a t i o n  
f o r  gh2/h3 = 50, H/h = 0.12, h  = 6 cm, T = 1.613 see, and S = 2.35 cm. 
P 
Considering f i r  st t h e  e l l i p t i c  p l a t e  mot ion, t h e  experimental wave height  
a t  l o c a t i o n  A i s  about 25% l e s s  than  that predic ted  by t h e  wave genera- 
t i o n  r e l a t i onsh ips .  A t  l o c a t i o n  C, when no s idewal l s  are present ,  it 
is s i g n i f i c a n t l y  reduced by d i f f r a c t i o n  e f f e c t s  but t h e  wave shape a t  
l o c a t i o n  B seems t o  be only s l i g h t l y  a l t e r e d  by d i f f r a c t i o n .  The wave 
shape a t  t h e  c o a s t l i n e  on t h e  c e n t e r l i n e  of t h e  bas in  is  compared wi th  
t h e  wave shape from t h e  cnoida l  theory ( see  Sect ion 3.2.3) i n  Fig. 6.1.7. 
With t h e  s idewal l s  a long t h e  wave absorbers  good agreement is obtained. 
When t h e  s idewal l s  a r e  removed a s m a l l  secondary wave appears  a t  t h e  
t rough of t h e  main o s c i l l a t i o n s  but neve r the l e s s  t h e  shape remains 
reasonably c l o s e  t o  t h e  t h e o r e t i c a l  one. A s  expected, when t h e  waves 
a r e  produced by a s inuso ida l  p l a t e  motion (Fig. 6.1.6) they do not  r e t a i n  
t h e i r  o r i g i n a l  shape a s  they propagate. A s  seen a t  l o c a t i o n s  B and C ,  
secondary waves tend t o  form a t  the back of t h e  main osci l lat ions  as the 
waves t r y  t o  a t t a i n  a  permanent shape. 
Similar  r e s u l t s  a r e  observed i n  Fig. 6.1.8 f o r  ~ h ~ / h ~  = 650, H/h = 0.5 
h = 6 cm, T = 2.51 sec ,  Sp= 5.8 cm. I n  t he  presence of s idewal l s  t he  
shape of t h e  waves v a r i e s  l i t t l e  between l o c a t i o n  A and B. It is noted 
t h a t  t h e  r e l a t i v e  wave height  is equal  t o  0.33 a t  l o c a t i o n  A compared t o  
0.5 predic ted  by theory. Such a  discrepancy, a l s o  found i n  t h e  t h r e e  
o the r  ca ses  inves t iga ted  previously, can possibly be explained by leakage 
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Fig. 6 .1 .7  Comparision of the experimental shape of cnoidal wave a t  coast- 
l ine  on the centerline of the basin with the cnoidal wave 
theory, with and without sidewalls, for h = 6 cm, T = 1.613 sec. 
e f f e c t s  mentioned previously.  A s  t h e  wave propagates from l o c a t i o n  A 
t o  l o c a t i o n  B, i ts  height  i s  reduced f u r t h e r  by 25%. Assuming a decay 
l a w  f o r  t h e  wave he ight  of t h e  form: 
t h e  decay f a c t o r  T is  found a s  0.0025 f o r  t h i s  case.  This  va lue  is  f a i r l y  
h igh  but c o n s i s t e n t  wi th  t h e  experimental r e s u l t s  of Goring (1978).  I n  
t h e  absence of s idewa l l s  t h e  shape of t h e  waves v a r i e s  s l i g h t l y  between 
l o c a t i o n  A and l o c a t i o n  B. The wave shapes a t  t h e  c o a s t l i n e  on t h e  
c e n t e r l i n e  of t h e  bas in  a r e  compared wi th  t h e  cnoida l  theory  i n  Fig. 6 . 1 . 9 .  
Theory and experiments ag ree  reasonably w e l l  when t h e  s idewal l s  a r e  i n  
p lace .  I n  t h e  absence of s idewal l s  t h e  wave shape is  no longer  symmetric 
about t h e  c r e s t  i n  t h i s  case,  So d i f f r a c t i o n  does a f f e c t  t h e  cnoida l  
wave shape in  some cases ,  but t h i s  e f f e c t  i s  not  as dramatic as f o r  t h e  
s o l i t a r y  wave. One way t o  c o r r e c t  f o r  t h e  skewness of t h e  inc ident  wave 
i s  by extending t h e  guide w a l l s  one o r  two meters  f u r t h e r  than  i n  
Fig. 6 , l . l .  Thi s  procedure was used f o r  some of t h e  experiments presented 
i n  Sec t ion  6 . 3 ,  e s p e c i a l l y  those  corresponding t o  a l a r g e  Stokes number, 
t o  o b t a i n  a n  inc iden t  wave shape which is  more symmetric about t h e  crest 
a t  t h e  c o a s t l i n e .  
I n  t h e  c a s e  of a s inuso ida l  p l a t e  motion Fig. 6.1.8 shows that 
secondary waves form near  t h e  p l a t e  and t h e  wave shape changes d r a s t i -  
c a l l y  as t h e  waves propagates toward t h e  coas t l i ne .  This  po in t s  ou t  t h e  
importance of a proper ly  generated wave motion t o  c o n t r o l  t h e  charac-  
teristics of t h e  wave a t  t h e  c o a s t l i n e .  
The fol lowing conclusions a r e  drawn from Figs.  6 . 1 . 6  through 6.1.9. 
A s inuso ida l  p l a t e  motion appears inadequate t o  genera te  a nonl inear  
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Fig. 6 . 1 . 9  - Comparison of the shape of anoidal waves a t  coastline on the 
centerline of the basin with the cnoidal wave theory, with 
and without sidewalls, h = 6 cm, T =-2.51 s.  
pe r iod ic  t r a i n  of long waves. The r e s u l t i n g  wave does not  have a proper 
balance between n o n l i n e a r i t i e s  and d i spe r s ion  ( t h e  imbalance increases  
w i th  t h e  Stokes number), and, t he re fo re ,  it changes a s  it propagates.  
Conversely, t h e  proper e l l i p t i c  motion of t h e  p l a t e  genera tes  a wave 
wi th  a permanent form, so that t h e  r e s u l t i n g  shape a t  t h e  c o a s t l i n e  
c l o s e l y  resembles t h a t  near  t h e  p l a t e .  The e f f e c t s  of d i f f r a c t i o n  
through t h e  wave absorbers  remain f a i r l y  small f o r  a cnoida l  wave group 
so that t h e  energy content  and t h e  shape of t h e  waves near  t h e  c o a s t l i n e  
on t h e  c e n t e r l i n e  of t h e  bas in  can be con t ro l l ed  f a i r l y  wel l  by t h e  
p l a t e  genera t ion  parameters.  These cn&idal  waves have t h e  a d d i t i o n a l  
advantage of conta in ing  a dominant frequency which is  convenient f o r  t h e  
study of resonance i n  a harbor.  
A l l  t h e  experimental r e s u l t s  deal ing wi th  t h e  harbor study which w i l l  
be presented he re  were performed us ing  cnoida l  waves. I n  t h e  case  of 
t h e  continuous e x c i t a t i o n  of t h e  harbor (Sec t ion  6.3) a continuous t r a i n  
of cnoida l  waves was generated. I n  t h e  c a s e  of a t r a n s i e n t  e x c i t a t i o n  
(Sec t ion  6 . 4 )  a small number of cnoida l  waves was generated and then  t h e  
wave p l a t e  w a s  brought t o  r e s t .  
6 .2  Experiments on Leakage and Entrance Di s s ipa t ion  
A c o r r e c t  i n t e r p r e t a t i o n  of t h e  experimental r e s u l t s  obtained i n  
t h e  l abo ra to ry  f o r  t h e  problem of wave dynamics of a rec tangular  harbor 
r e q u i r e s  a q u a n t i t a t i v e  knowledge of t h e  e f f e c t  on t h e  response of 
va r ious  d i s s i p a t i o n  mechanisms. The d i s s i p a t i o n  e f f e c t s  r e l a t e d  t o  
boundary f r i c t i o n  and su r f ace  t ens ion  have a l r eady  been presented and 
discussed i n  Sec t ion  5.1 i n  connection wi th  t h e  study of t h e  water 
surf  a c e  o s c i l l a t i o n s  induced i n  a moving closed rec tangular  basin.  Two 
a d d i t i o n a l  sources of d i s s i p a t i o n  have been inves t iga t ed  experimental ly  
and a r e  discussed i n  t h i s  sec t ion :  t h e  l o s s e s  due t o  leakage under t h e  
boundaries of t h e  model harbor and l o s s e s  due t o  flow sepa ra t ion  a t  the 
ent rance ,  (The former is  a l o s s  which is gene ra l ly  pecu l i a r  t o  experi-  
mental f a c i l i t i e s  .) 
6.2.1 In t roduc t ion  
I n  t h e  a n a l y s i s  presented i n  Sec t ion  3 . 3  t h e  response of a 
narrow rec t angu la r  harbor t o  a p lane  harmonic inc iden t  wave w a s  obtained 
a n a l y t i c a l l y  from a l i n e a r  theory.  Various sources of energy d i s s i p a t i o n  
were included i n  a model, such a s  boundary f r i c t i o n ,  leakage underneath 
t h e  wa l l s  and l o s s e s  due t o  flow sepa ra t ion  a t  t h e  entrance.  Two o t h e r  
undetermined parameters,  namely t h e  average gap th ickness  e underneath 
t h e  walls and t h e  en t rance  f r i c t i o n  c o e f f i c i e n t  f e y  were included i n  t h e  
so lu t ion .  An experimental method is presented i n  t h i s  s e c t i o n  f o r  
eva lua t ing  t h e s e  two parameters. It i s  based on t h e  reduct ion  near  a 
resonant  frequency of t h e  wave e l eva t ion  i n s i d e  t h e  harbor caused by 
d i s s i p a t i o n .  
Using t h e  n o t a t i o n s  of Sec t ion  3 . 3  t h e  expression f o r  t he  wave 
t h e  backwall is  given by: amplitude A a t  
R = 
where t h e  normalized average v e l o c i t y  I Y  1 . a t  t he  harbor mouth is: 
and xr, xu, x,, xf r ep re sen t  t h e  e f f e c t s  of r a d i a t i o n  damping, v i scous  
boundary f r i c t i o n ,  leakage l o s s e s ,  and en t rance  separa t ion  l o s s e s ,  respec-  
t i v e l y ,  and a r e  def ined by Eqs. (3.3.80) through (3.3.83) ; t h e  quan t i t y  B 
is defined i n  Eq. (3.3.79). The gap e  is  contained i n  t h e  term xE and 
t h e  en t rance  l o s s  c o e f f i c i e n t  f e  is  incorporated i n  t h e  term x Usually f '  
each of t h e s e  d i s s i p a t i o n  terms i s  of order  l e s s  than  u n i t y  so that t h e  
quan t i t y  I Y ~  remains of order  u n i t y  except f o r  some va lues  of L/X f o r  which 
1 B = 0. Then I Y  I = 0(-) and resonant  cond i t i ons  a r e  obtained i n  t h e  zxi 
harbor.  For s i m p l i c i t y  of no ta t ion  t h e  amplitude 16 (-L,O) I of t h e  wave 3 
e l eva t ion  a t  t h e  back w a l l  and t h e  amplitude 1 of t h e  v e l o c i t y  a t  t h e  
harbor mouth w i l l  be denoted a s  A and Ue, r e spec t ive ly ,  i n  t h e  subsequent 
d i scuss ion .  
The v a r i a t i o n  of t h e  ampl i f i ca t ion  f a c t o r  R wi th  t h e  dimensionless 
wave number kL is presented i n  Figure 6.2.1, from t h e  l i n e a r  theory,  f o r  a 
f u l l y  open harbor wi th  a n  a spec t  r a t i o  b/L equal  t o  0.2 i n  t h e  absence 
of v i scous  d i s s i p a t i o n  ( i . e . ,  X = Xc = Xf = 0).  Resonance t akes  p l ace  
?J 
f o r  kL = 1.3, 4.2 and 7.15. Those va lues  of kL a r e  reasonably c l o s e  t o  
t h o s e  corresponding t o  t h e  l i m i t i n g  c a s e  where b/L = 0, which y i e l d s  
= E -  w,=- 5n , r e spec t ive ly .  
2 ' 2  ' 2 
The method used t o  o b t a i n  t h e  gap width e  and/or t h e  en t rance  
f r i c t i o n  c o e f f i c i e n t  f e  c o n s i s t s  of ob ta in ing  t h e  ampl i f i ca t ion  f a c t o r  R 
from experiments computed a s  t h e  r a t i o  of t h e  f i r s t  harmonic component 
of t h e  s teady s t a t e  o s c i l l a t i o n  a t  t h e  back wal l  t o  t h e  f i r s t  harmonic 
component of t h e  s teady s t a t e  o s c i l l a t i o n  a t  t h e  c o a s t l i n e  on t h e  
c e n t e r l i n e  of t h e  bas in  wi th  closed harbor entrance.  Equations (6.2.1) and (6.2.2) 
can then  be solved f o r  x o r  x f ,  assuming a l l  o t h e r  terms i n  t h e  equat ion 
E 

a r e  known. I n  o rde r  t o  achieve  maximum accuracy it was b p o r t a n t  t o  
conduct the experiments near a resonant  frequency f o r  t h e  fol lowing 
reason. Equation (6.2.2) can be r e w r i t t e n  a s :  
where x denotes  t h e  sum of t h e  d i s s i p a t i v e  terms x D i f f e r e n t i a t i n g  i* 
(Y w i t h  r e spec t  t o  x y ie lds :  
The r a t i o  d /Y 1 /dX i s  a maximum f o r  B = 0, t h a t  is ,  a t  resonance. There- 
f o r e ,  t h e  s e n s i t i v i t y  of t h e  ampl i f i ca t ion  f a c t o r  t o  d i s s i p a t i o n  is  
t h e  h ighes t  a t  (o r  near)  resonance, t hus  t h e  eva lua t ion  of d i s s i p a t i o n  
is most accu ra t e  near  resonance. 
It i s  r e c a l l e d  t h a t  t h e  d e r i v a t i o n  presented in  Sec t ion  3 . 3  (and 
hence t h e  method presented in t h i s  sec t ion)  t o  eva lua te  t h e  gap width 
and t h e  en t rance  l o s s  c o e f f i c i e n t s  a r e  determined from a l i n e a r  theory 
which n e g l e c t s  convect ive nonl inear  i t ies i n  t h e  equat ions of mot ion. It 
will be shown i n  Sec t ion  6 . 3  t h a t  such an  assumption near  resonance i s  
completely i n v a l i d  when t h e  harbor l eng th  L becomes comparable t o  t h e  
inc ident  wavelength A .  However, it i s  reasonable f o r  r a t i o s  of L/X 
about 0.25, i.e., near  the f i r s t  resonant  mode. A s  an  ind ica t ion  of t h e  
l i n e a r  response of a narrow rec t angu la r  harbor near  t h e  f i r s t  resonant  
mode, t h e  t r a n s i e n t  response t o  an inc ident  t r a i n  of s inuso ida l  waves 
was computed a t  t h e  back wa l l  of a f u l l y  open rec tangular  harbor f o r  t h e  
fol lowing condi t ions :  b/L = 0.2, h/A = 0.05, L = 1.3, ( ~ ~ / h ) ~  = 0.05; 
no v iscous  e f f e c t s  were included i n  t h e  c a l c u l a t i o n s .  The time h i s t o r y  
of t h e  normalized wave e l eva t ion  n/h, computed from t h e  l i n e a r  theory  
(Sect ion 3.3) is p l o t t e d  a s  a func t ion  of t h e  dimensionless t ime u t / 2 1 ~  
i n  Fig. 6.2.2 and compared t o  t h e  curve obtained from t h e  nonl inear  
d i s p e r s i v e  theory  (Sec t ion  3 . 4 ) .  (The curve  f o r  U L I ~  = 0 corresponds 
t o  t h e  inc ident  wave system, i . e . ,  L = 0.) The two curves  shown f o r  
U L I ~  = 1.3 ag ree  wel l  both i n  shape and i n  amplitude; t h e  wave he ight  
computed from t h e  nonl inear  theory  is  s l i g h t l y  smaller  than  t h e  one 
r e s u l t i n g  from t h e  l i n e a r  theory,  bu t  t h i s  c o n s t i t u t e s  t h e  only apparent  
discrepancy. In  p a r t i c u l a r ,  very  l i t t l e  harmonic d i s t o r t i o n  is noted 
wi th  regard t o  t h e  r e s u l t s  of t h e  nonl inear  theory ,  a l though t h e  r e l a t i v e  
wave he ight  of t h e  o s c i l l a t i o n s  reaches  0.7. This  comparison suggests  
t h a t  convec t ive  n o n l i n e a r i t i e s  can reasonably be neglected a t  the f i r s t  
resonant  mode f o r  t h e  c a s e  shown. This  is a n  important a spec t  of t h e  
problem which w i l l  be discussed more f u l l y  l a t e r .  
The experimental r e s u l t s  concerning t h e  e f f e c t s  of leakage under 
t h e  harbor boundaries due t o  a gap and flow separa t ion  a t  t h e  en t rance  
a r e  presented i n  t h e  fol lowing two s e c t i o n s  (6.2.2 and 6.2.3). 
6 . 2 . 2  Leakage l o s s e s  
Leakage l o s s e s  a r i s e  i n  t h e  l abo ra to ry  from t h e  presence of 
a small gap between t h e  wa l l s  of a harbor model and t h e  bottom of t h e  
wave basin. For t h e  experiments dea l ing  wi th  t h e  continuous e x c i t a t i o n  
of a harbor ,  t h e  w a l l s  w e r e  n o t  sea led .  (The reasons f o r  t h i s  w i l l  
become apparent when t h e  r e s u l t s  a r e  presented i n  Sect ion 6.3.) The 
purpose of t h e  experiments presented i n  t h i s  s ec t ion  w a s  t o  determine 
t h e  average gap width, e ,  so  that t h e  leakage l o s s  c o e f f i c i e n t  E defined 
b/L = 0.2 Y s  = 0 
WAVE GAGE 
LOCATION +mi = 0.05 E = O  
t -  LINEAR ANALYTICAL SOLUTION 
1 . . . . . . . . NONLINEAR DISPERSIVE NUMERI CAL SOLUTION 
F i g .  6.2.2 Transient response of a fully open rectangular harbor with 
a sinusoidal excitation at the first resonant mode 
b/L = 0.2, comparison between linear theory and non- 
linear theory. 
by Eq. (3.3.40) could be  defined.  A f u l l y  open harbor was used f o r  a l l  
t h e  experiments; t h e  width b and t h e  l e n g t h  L were s e t  t o  8 cm and 40 cm, 
r e spec t ive ly  f o r  a l l  experiments. The co rne r s  of t h e  mouth.were rounded 
wi th  a 5 cm r a d i u s  t o  minimize l o s s e s  due t o  flow separa t ion  a t  t h e  
entrance.  A f i n i t e  element harmonic a n a l y s i s  (Lepel le t  ier , 1978) was 
used t o  determine that t h e  round co rne r s  used f o r  t h e  experiments d i d  
not apprec iab ly  modify the harbor response computed with sharp corners 
a t  t h e  entrance.  
Three series of experiments were performed us ing  depths  of 1 0  cm, 
8 cm, and 6 cm. Each series cons is ted  of f i v e  experiments which d i f f e r e d  
from one another  by t h e  height  of t h e  inc iden t  wave. Each experiment 
cons is ted  of t h r e e  runs: F i r s t  t h e  inc ident  wave e l eva t ion  w a s  recorded 
a t  t h e  c o a s t l i n e  on the c e n t e r l i n e  of t h e  bas in  wi th  t h e  harbor  en t rance  
closed.  I n  t h e  second run  t h e  en t rance  was opened and t h e  wave was 
recorded a t  t h e  back w a l l  of t h e  harbor without  s ea l an t  between t h e  
walls and t h e  wave basin bottom. I n  t h e  l a s t  run t h e  same measurement 
w a s  taken a f t e r  t h e  harbor walls had been sea led  t o  t h e  bas in  bottom 
with mast ic .  The period of t h e  inc ident  waves w a s  set: such t h a t  
~ L I  Jgh = 1.3, corresponding t o  resonant  cond i t i ons  f o r  t h e  f i r s t  mode 
of o s c i l l a t i o n  of t h e  harbor.  
A convenient parameter which provides a measure of t h e  energy con- 
ta ined  i n  a pe r iod ic  wave wi th  period T is t h e  equivalent  r e l a t i v e  wave 
amplitude &-/h defined such that 
Parseval  ' s i d e n t i t y  y i e l d s  : 
where Ai denotes  t h e  amplitude of ith harmonic component. For a 
purely s inuso ida l  wave wi th  zero  mean va lue ,  is just equal  t o  t h e  
a 
amplitude of t h e  wave, i .e . ,  A1. 
The s teady s ta te .  c h a r a c t e r i s t i c s  of t h e  inc ident  wave at t h e  coast-  
l i n e  (with t h e  harbor entrance closed)  wi th in  one period a r e  given i n  
Table 6.2.1 f o r  t h e  experiment conducted. 
Table 6.2.1 
Table 6.2.1 Steady s t a t e  c h a r a c t e r i s t i c s  of t h e  inc ident  wave a t  
t h e  c o a s t l i n e  
It is  seen from Table 6.2.1 t h a t  t h e  r e l a t i v e  importance of higher  har-  
monics i nc reases  a s  f"/h i nc reases  and as t h e  depth  decreases .  This  is  
i n  accordance wi th  t h e  cnoida l  wave theory:  f o r  a  cnoida l  wave t h e  
r e l a t i v e  importance of higher  harmonics i nc reases  as t h e  Stokes number 
increases .  
The v a r i a t i o n  of t h e  experimental ampl i f i ca t ion  f a c t o r  R (defined 
a s  t h e  r a t i o  of t h e  s teady s t a r e  amplitude of t h e  f i r s t  harmonic com- 
ponent a t  t h e  back w a l l  t o  t h e  s teady  s t a t e  amplitude of t h e  f i r s t  
harmonic component a t  t h e  c o a s t l i n e  (wi th  t h e  harbor en t rance  c losed)  
wi th  ( E / h )  is  denoted by hollow c i r c l e s  i n  Fig. 6.2.3. It i s  peen I 
t h a t ,  f o r  a  small  amplitude wave, i . e . ,  a  small  absc i s sa1  va lue ,  R 
decreases  a s  (</h) decreases .  This  i n d i c a t e s  t h e  e f f e c t  of a  
I 
d i s s i p a t i o n  source which inc reases  wi th  decreasing wave amplitude. The 
only source of d i s s i p a t i o n  discussed he re in  which has t h i s  f e a t u r e  
appears  t o  be d ry  f r i c t i o n  r e l a t e d  t o  s u r f a c e  t ens ion  without a wett ing 
agent .  I n  order  t o  c o r r e c t  t h e  experimental d a t a  f o r  t h i s  e f f e c t  t h e  
procedure discussed in  Sec t ion  3.2 can be appl ied  here.  The f a c t o r  Rc 
a s soc i a t ed  wi th  d r y  f r i c t i o n  can be obtained from Eq. (E37) i n  Appendix E 
and Eq. (3.3.99) as: . 
where K =  0.35. The ampl i f i ca t ion  f a c t o r  R, cor rec ted  f o r  t h i s  e f f e c t ,  
is  given by: 1/(1/R - l/Rc), and t h e  cor rec ted  da t a  a r e  denoted by t h e  
s o l i d  c i r c l e s  i n  Fig. 6.2.3. For r e f e rence  t h e  computed ampl i f i ca t ion  
f a c t o r  a f f e c t e d  by r a d i a t i o n  and laminar boundary f r i c t i o n  only i s  indi-  
ca ted  by a  dashed l i n e  i n  each por t ion  of t h e  f i g u r e .  
- 
--- COMPUTED AMPLIFICATION FACTOR AFFECTED BY LAMINAR 
BOUNDARY FRICTION ONLY 
0 EXPERIMENTS 
EXPERIMENTAL DATA CORRECTED FOR DRY FRICTION EFFECTS 
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SEALED BOTTOM 
h = 8  cm 
SEALED BOTTOM 
h= lOc rn  
Fig.  6 . 2 . 3  Variation of the amplification factor R with (%/h)=, 
with and without the walls of the rectangular harbor sealed 
to the bottom. 
It is seen that f o r  a given depth,  t h e  cor rec ted  va lues  f o r  t h e  
ampl i f i ca t ion  f a c t o r  remain f a i r l y  cons tan t .  For l a r g e r  amplitude 
inc ident  waves t h e  response decreases ,  perhaps ind ica t ing  a n  inf luence  
of en t rance  d i s s i p a t i o n .  A s u b s t a n t i a l  r educ t ion  i n  t h e  ampl i f i ca t ion  
f a c t o r  due t o  leakage can be observed f o r  each depth. With seals, f o r  
h = 1 0  cm, R is  about seven, which i s  c l o s e  t o  t h e  va lue  predic ted  by 
t h e  l i n e a r  theory,  i.e., R = 7.2; without s e a l s  t h e  response decreases  
t o  about 5.5 f o r  t h e s e  condi t ions .  For h = 8 cm t h e  ampl i f i ca t ion  f a c t o r  
reaches  a va lue  c l o s e  t o  seven wi th  t h e  bottom sealed and about 5.2 
without seals. F ina l ly ,  f o r  h = 6 cm, R decreases  from 7.7 wi th  s e a l s  
t o  l e s s  than  5 without seals. 
Two major conclusions can be drawn from t h e s e  r e s u l t s :  
( i )  Leakage l o s s e s  cannot be neglected i n  t h e  present  s tudy and 
they  must indeed be incorporated i n  t h e  t h e o r e t i c a l  models t o  
be compared wi th  t h e  experiments. 
( i i )  I n  t h e  absence of leakage t h e  experimental d a t a  c l o s e l y  fo l low 
t h e  r e s u l t s  pred ic ted  by a l i n e a r  theory.  This  suppor ts  t h e  
hypothesis  that a t  t h e  f i r s t  resonant  mode f o r  a narrow harbor 
nonl inear  convect ive terms a r e  neg l ig ib l e .  
From t h e  experimental va lues  of R t h e  d i s s i p a t i o n  term xE can be 
computed from Eq. (6.2.2), where x is set equal  t o  zero.  The gap width f 
is  derived from x us ing  E q s .  (3 .3 .82)  and ( 3 . 3 . 4 0 ) .  (The wa l l  width 
E 
t i n  t h e s e  experiments was 1.2 cm.) Those c a l c u l a t i o n s  y i e l d  t h e  e 
fol lowing r e s u l t s :  
e = 0.041 cm f o r  h = 10 cm 
e = 0.045 cm f o r  h =  8 c m  
e = 0.043 cm f o r  h =  6 cm 
These t h r e e  va lues  f o r  e a r e  i n  reasonable agreement, and, thus ,  t h e  
average width of t h e  gap i s  taken t o  be: 
e = 0.043 cm. 
The gap, a l though of t h e  r i g h t  o rde r  of magnitude, appears  f a i r l y  l a rge .  
This  is  poss ib ly  due t o  t h e  approximation made i n  Appendix D which l e d  
t o  t h e  l i n e a r  a n a l y t i c a l  expression f o r  t h e  "leaky" boundary condi t ion .  
I n  p a r t i c u l a r  wi th  t h i s  va lue  of e, expressions derived i n  Appendix D 
show that t h e  neglected quadra t ic  l o s s e s  caused by t h e  gap a r e  about 
25% of t h e  t o t a l  leakage lo s ses .  However, even i f  t h e  a n a l y t i c a l  
expression used f o r  t h e  leakage l o s s  does no t  r ep re sen t  exac t ly  t h e  t r u e  
l o s s  mechanism, it al lows a s u f f i c i e n t l y  accu ra t e  q u a n t i t a t i v e  es t imate  
t o  be made of t h a t  d i s s i p a t i o n  source. Hence it w i l l  be  used i n  sub- 
sequent s e c t i o n s  when comparing l i n e a r  and nonl inear  t h e o r i e s  wi th  
experiments. 
6 . 2 . 3  Separa t ion  Losses a t  t h e  Entrance 
Separa t ion  l o s s e s  a t  t h e  harbor en t rance  a r i s e  from an  abrupt  
change i n  t h e  geometry of t h e  harbor a t  t h e  mouth which induces flow 
separa t ion ,  j e t  formation, and tu rbu len t  d i s s i p a t i o n  of energy. Unlike 
t h e  l o s s  of energy due t o  leakage beneath t h e  harbor wa l l s  which usua l ly  
only a p p l i e s  t o  l abo ra to ry  condi t ions ,  en t rance  l o s s e s  occur i n  both 
l abo ra to ry  and pro to type  harbors .  It a l s o  t u r n s  out  t o  be one of t h e  
most e f f i c i e n t  means of d i s s i p a t i n g  energy; t h i s  w i l l  be  discussed more 
f u l l y  i n  Sec t ion  6 . 2 . 4 .  
The d i f f e r e n c e  i n  e l eva t ion  between each s i d e  of t h e  en t rance  
is expressed a s :  
The ent rance  l o s s  c o e f f i c i e n t  f  is  not  wel l  def ined f o r  an o s c i l l a t o r y  
e  
flow, and t h e  purpose of t h i s  s e c t i o n  i s  t o  determine t h i s  c o e f f i c i e n t  
experimentally f o r  a  pe r iod ic  flow such a s  t h a t  induced by t h e  o s c i l -  
l a t i o n  of a harbor.  
Dimensional a n a l y s i s  shows t h a t  t h e  c o e f f i c i e n t  f e  f o r  a  symmetric 
en t rance  opening depends i n  genera l  on t h e  following dimensionless 
parameters: 
The phys ica l  s ign i f i cance  of each of t h e s e  parameters can be  b r i e f l y  
discussed a s  fol lows:  
( i )  The opening r a t i o  a /b  i s  equal  t o  t h e  r a t i o  of t he  mouth 
width a  t o  t h e  harbor width b. For a  u n i d i r e c t i o n a l ,  s teady ,  
f u l l y  turbulen t  flow, an es t imate  of t h e  c o e f f i c i e n t  f  f o r  
e  
a / b  = 1 can be obtained from one dimensional engineering 
hydraul ics  (e.g. ,  S t r e e t e r ,  1971). Table 6 . 2 . 2  shows t h e  
en t rance  c o e f f i c i e n t  f o r  an inward s teady flow and an  outward 
s teady flow through t h e  harbor mouth. For t h e  cases  where 
t h e  unsteady e f f e c t s  can be neglec ted ,  t h e  en t rance  c o e f f i c i e n t  
can be estimated f o r  t h e  harbor o s c i l l a t i o n  problem ( f o r  t h e  
f u l l y  open en t rance)  by taking t h e  average of t h e  va lues  
corresponding t o  t h e  outgoing and t h e  ingoing flow through 
t h e  mouth. 
( i i )  The width r a t i o  b /L  does not depend on t h e  geometric charac- 
t e r i s t i c s  of t h e  en t rance  and t h e r e f o r e  should not  a f f e c t ,  i n  
p r i n c i p l e ,  t h e  c o e f f i c i e n t  fe .  (However, some of t h e  
experiments showed some dependence i n  some cases ,  a s  w i l l  be seen 
s h o r t l y  .) 
Table 6.2.2 The pos tu la ted  l o s s  c o e f f i c i e n t  f o r  a / b  = 1 f o r  a  f u l l y  
t u rbu len t ,  s teady  flow f o r  sharp edges ( s ee  S t r e e t e r ,  1971) 
( i i i )  The c o e f f i c i e n t  U /au is  propor t iona l  t o  t h e  number of t imes e  
a  f l u i d  p a r t i c l e  t r a v e l s  d i s t a n c e  a  i n  half  a  period and thus  
can be in t e rp re t ed  a s  an inve r se  Strouhal  number which provides 
a  measure of t h e  unsteadiness  of t h e  flow. For l a r g e  va lues  
of Ue/au separa t ion  flow has enough t ime t o  e s t a b l i s h  f u l l y  
and t h e  inf luence  of t h e  p e r i o d i c i t y  i n  f e  can be neglected.  
Conversely f o r  small  va lues  of Ue/aa one would expect f  t o  be 
e  
s t rongly  influenced by t h e  p e r i o d i c i t y  of t h e  flow. 
( i v )  The Reynolds number aUe/v i s  expected t o  inf luence  t h e  entrance 
l o s s  c o e f f i c i e n t  only f o r  r e l a t i v e l y  small va lues .  A s  an  
ind ica t ion ,  t h e  flow r e s i s t a n c e  through a  c i r c u l a r  o r i f i c e  i n t o  
a  l a r g e  tank i s  unaffected by v i s c o s i t y  f o r  aU / v  > 1000 
e 
(Rouse, 1946). This c r i t i c a l  va lue  of 1000 can be used a s  a  
guide t o  es t imate  t h e  importance of v i scous  e f f e c t s  i n  t h e  
(ingoing flow) 
(outgoing flow) 
present  problem. I n  p a r t i c u l a r ,  a t  resonance t h e  v e l o c i t y  a t  
t h e  en t rance  i s  r e l a t e d  t o  t h e  wave amplitude a t  t h e  backwall 
by: 
0.5 
1 . 0  
so t h a t  t h e  r e l a t i v e  minimum wave amplitude a t  t h e  backwall 
requi red  t o  neg lec t  v i scous  e f f e c t  a t  t h e  en t rance  is: 
2 For t h e  present  experiments v = 0.01 cm I s e c ,  h = 10  cm, b = 7 cm, t h i s  
g ives  A/h = 0.01. Therefore t h e  inf luence  of v i s c o s i t y  on f can b e  
expected t o  remain s m a l l  i n  most ca ses .  
The r e l a t i v e  height  r a t i o  a t  t h e  backwall of t h e  harbor con- 
ce ivably  may a f f  e c t  t h e  f r i c t i o n  c o e f f i c i e n t  f f o r  l a r g e  
e 
va lues ,  as w i l l  be  seen l a t e r .  
The shape f a c t o r  Sh c h a r a c t e r i z e s  t h e  l o c a l  geometry of t h e  
harbor a t  t h e  opening. The inf luence  of t h e  l o c a l  shape of 
t h e  harbor around t h e  mouth on t h e  f r i c t i o n  c o e f f i c i e n t  f is  
expected t o  be f a i r l y  s i g n i f i c a n t  s i n c e  t h e  wave d i s s i p a t i o n  
d i r e c t l y  depends on t h e  sepa ra t ion  p a t t e r n  of t h e  f l o w  a t  t h e  
en t rance  which i n  t u r n  is  induced by t h e  l o c a l  harbor geometry. 
Several  series of experiments were performed by changing t h e  plan- 
form and en t rance  gap of t h e  harbor as def ined  by a / b  and b / ~ .  For 
each harbor conf igura t ion  t e n  experiments were performed varying t h e  
inc ident  wave height .  (For a l l  t h e  experiments a water depth  of 10 cm 
and a wave period of 2 sec  were used.) The harbor conf igura t ions  f o r  
each set of experiments a r e  given by Table 6 . 2 . 3 .  They w e r e  chosen t o  
s a t i s f y  t h e  resonant  condi t ions  ( i n  t h e  absence of v i scous  d i s s i p a t i o n )  
a t  t h e  f i r s t  mode of o s c i l l a t i o n  of t h e  harbor (B = 0 i n  Eq. ( 6 . 2 . 2 ) ) .  
The quan t i t y  r i n  Table 6 . 2 . 3  denotes  t h e  r ad ius  of t he  c o m e r s  a t  t h e  
e 
mouth f o r  t h e  f u l l y  open harbor and t h e  r a d i u s  of t h e  rounded edges of 
t h e  breakwaters f o r  t h e  p a r t i a l l y  c losed  harbor.  
Table 6 . 2 . 3  Harbor c h a r a c t e r i s t i c s  f o r  each series of experiments 
The c h a r a c t e r i s t i c s  of t h e  inc ident  wave a t  t h e  c o a s t l i n e  on t h e  
b/L 
(nominal) 
c e n t e r l i n e  of t h e  bas in  (with t h e  harbor mouth closed)  a r e  presented i n  
Table 6 . 2 . 4 .  It can  be  seen that t h e  r e l a t i v e  importance of higher  
harmonics remains s m a l l  f o r  a l l  wave he ights .  
Each experiment cons is ted  of two runs:  f i r s t ,  t h e  inc ident  wave 
was recorded a t  t h e  c o a s t l i n e  (wi th  t h e  harbor c losed) .  I n  t h e  second 
run  t h e  wave e l eva t ion  w a s  r eco rded . a t  t h e  backwall of t h e  harbor.  A 
harmonic a n a l y s i s  of t h e  s teady s t a t e  o s c i l l a t i o n s  w a s  performed f o r  
each record. (For t h i s  set of experiments s teady s t a t e  condi t ions  were 
obtained a f  t e r  about four  o r  f i v e  o s c i l l a t i o n s  .) The ampl i f i ca t ion  
a / b  
(nominal) 
a 
( 4  
f a c t o r  R w a s  de f ined ' a s  before as t h e  r a t i o  of t h e  s teady s t a t e  ampli- 
tude  of t h e  f i r s t  harmonic component a t  t h e  backwall t o  t h e  s teady  s t a t e  
amplitude of t h e  f i r s t  harmonic component a t  t h e  c o a s t l i n e .  (R was 
cor rec ted  f o r  t h e  e f f e c t s  of d r y  f r i c t i o n  us ing  t h e  same procedure as i n  
Sec t ion  6 . 2 . 2 ) .  Equations ( 6 . 2 . 1 )  and ( 6 . 2 . 2 )  could then be solved f o r  t h e  
en t rance  c o e f f i c i e n t  f r e l a t e d  t o  t h e  parameter y, by Eq. (3.3.83). 'since f  
a l l  t h e  experiments on en t rance  l o s s e s  were performed before  t h e  impor- 
tance  of leakage l o s s e s  was r e a l i z e d ,  t h e  term xE had t o  be included 
in  E q .  ( 6 . 2 . 2 )  f o r  a c o r r e c t  determinat ion of f  . 
e 
Table 6 .2 .4  C h a r a c t e r i s t i c s  of i nc iden t  waves a t  t h e  c o a s t l i n e  
To apprec i a t e  t h e  e f f e c t s  of en t rance  d i s s i p a t i o n  on resonance, 
t h e  v a r i a t i o n  of t h e  ampl i f i ca t ion  f a c t o r  R wi th  h i s  presented 
i n  Fig. 6.2 .4  f o r  each harbor conf igura t ion .  On each graph t h e  dashed 

l i n e  i n d i c a t e s  t h e  va lues  of t h e  ampl i f i ca t ion  f a c t o r  which inc ludes  
t h e  e f f e c t s  of r a d i a t i o n ,  v i scous  boundary f r i c t i o n ,  and leakage l o s s e s .  
The symbols r ep re sen t  t h e  experimental da t a .  For t h e  f u l l y  open harbor 
wi th  l a r g e  corner  r a d i i  a t  t h e  en t rance  ( r e l b = 0 . 5 )  t h e  experiments 
co inc ide  wi th  t h e  dashed l i n e  f o r  small  inc ident  wave he ights .  This  
shows t h a t  en t rance  d i s s i p a t i o n  i s  apparent ly  n e g l i g i b l e  f o r  t h e s e  cases .  
However, as ( h )  increases ,  R begins t o  decrease  ind ica t ing  t h a t  
en t rance  d i s s i p a t i o n  begins t o  manifest  i t s e l f  f o r  l a r g e r  va lues  of 
inc ident  wave he ights .  For a f u l l y  open harbor wi th  co rne r s  wi th  small 
r a d i i  (r,/b = 0.06) t h e  response decreases  wi th  ( 5 1 h ) ~  f o r  t h e  f u l l  
range of t h e  absc i s sa ,  i nd ica t ing  that en t rance  d i s s i p a t i o n  a f f e c t s  a l l  
t h e  measurements f o r  t h e s e  experiments. 
For a p a r t i a l l y  c losed  harbor (a /b  < 1) t h e  d i f f e r e n c e  between 
experimental va lues  of R and va lues  ind ica ted  by t h e  dashed l i n e s  ( f o r  
which no en t rance  l o s s e s  a r e  included) i nc reases  a s  t h e  opening r a t i o  
a / b  decreases  f o r  a f i xed  inc ident  wave he ight ;  it a l s o  inc reases  wi th  
(%/h)= f o r  a given opening r a t i o .  Actual ly ,  resonance as defined he re  
is  suppressed f o r  almost a l l  wave he ights  f o r  a / b  L 0.2. An i n t e r e s t i n g  
f e a t u r e ,  when en t rance  l o s s  becomes s i g n i f i c a n t ,  is t h e  common s lope ,  
1 i .e . ,  , - , f o r  a l l  experimental curves.  This  impl ies  t h a t  R v a r i e s  i nve r se ly  
2  
as t h e  square r o o t  of ( J q / h ) I  when en t rance  l o s s  becomes t h e  dominant d i s s i -  
p a t i v e  mechanism. (This f e a t u r e  w i l l  be explained simply l a t e r ) .  
The v a r i a t i o n  of t h e  en t rance  l o s s  c o e f f i c i e n t  wi th  t h e  parameter 
Ue/aa derived from t h e  experimental d a t a  of Fig. 6 . 2 . 3  i s  presented i n  
Fig. 6.2.5 f o r  t h e  ca se  of t h e  f u l l y  open harbor.  The v e l o c i t y  a t  t h e  
entrance w a s  computed from t h e  experimental ampl i f i ca t ion  f a c t o r  R, 
Fig. 6 .2 .5  Variation of f e  with Ue/aa for fully open harbor (the 
horizontal dashed line indicates the averaged steady 
state value). 
us ing  Eq. (6.2.1). Considering f i r s t  t h e  harbor wi th  m a l l  corner  r a d i i  
( re/b = 0.06), t h e  en t rance  l o s s  c o e f f i c i e n t  f e  v a r i e s  i n  a l i n e a r  manner 
wi th  Ue/aa and reaches  a cons tan t  va lue  equal  t o  approximately 0.8 a s  
Ue/ao becomes g r e a t e r  than  1. The d a t a  corresponding t o  b/L = 0.2 and 
b/L = 0.4 seem t o  a g r e e  f a i r l y  w e l l  w i th  each o t h e r ,  which tends  t o  
i nd ica t e ,  a s  expected, that f i s  not  a func t ion  of t h e  aspec t  r a t i o  b/L. 
e 
The numbers next  t o  t h e  symbols i n  thesupper and lower po r t ions  of Fig.  6.2.5 
i n d i c a t e  va lues  of t h e  r e l a t i v e  wave amplitude a t  t h e  backwall g r e a t e r  
than  0.45. For t h e s e  extreme wave he igh t s  t h e  c o e f f i c i e n t  f e  t akes  
higher  va lues ,  which i n d i c a t e ,  i n  t h e  absence of any a d d i t i o n a l  source 
of d i s s i p a t i o n ,  t h a t  f e  may become a l s o  a func t ion  of t h e  wave amplitude 
i n  t h e  harbor f o r  some extreme condi t ions .  Ignoring t h e  p o i n t s  f o r  which 
t h e  r e l a t i v e  wave amplitude is g r e a t e r  than  0.45, t h e  shape of t h e  curve 
can be in t e rp re t ed  from v i s u a l  observa t ion  as fo l lows ,  For va lues  of 
t h e  parameter Ue/au l e s s  than  un i ty ,  l o s s e s  a r e  induced by v o r t i c e s  a t  
each corner  of t h e  entrance.  I f  U /au i s  f u r t h e r  increased,  flow 
e 
separa t ion  becomes apparent  and a well-f ormed jet i n  a d d i t i o n  t o  t h e  
v o r t i c e s  is  observed during t h e  f i r s t  half  per iod when t h e  flow i s  
d i r ec t ed  inwards i n  t h e  harbor.  The same jet p a t t e r n  develops aga in  
during t h e  second ha l f  per iod when t h e  flow is  d i r ec t ed  outwards. Once 
flow sepa ra t ion  i s  w e l l  formed, t h e  en t rance  l o s s  c o e f f i c i e n t  remains 
r e l a t i v e l y  cons tan t  a s  seen i n  Fig. 6.2.5. 
For l a r g e  r a d i u s  co rne r s  a t e . t h e  en t rance  ( r e / a  = 0.6) a r e l evan t  
measure of t h e  unsteady parameter is Ue/(a+2re)o where an e f f e c t i v e  width 
of the mouth is considered. It i s  seen from t h e  lower p a r t  of Fig. 6.2.5 
t h a t  f remains n e g l i g i b l e  f o r  small va lues  of t h e  unsteady parameter 
e 
and then f e  i nc reases  gradual ly.  For a l l  orperiments ~, / (a+Zr,)o remains 
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l e s s  than u n i t y  and t h e  only  experimental evidence of energy d i s s i p a t i o n  
which w a s  observed w a s  t h e  formation of v o r t i c e s  without "clean cut"  j e t  
formation. 
Figure 6.2.6 shows t h e  v a r i a t i o n  of f e  wi th  Ue/au f o r  p a r t i a l l y  
c losed  harbors  and two harbor planforms. For a / b  = 0.8, f seems t o  
e 
i nc rease  l i n e a r l y  u n t i l  ue/au = 1.3 and then remains cons tan t ,  i. e . ,  
f = 1.10. For a / b  = 0.6, t h e  experimental v a r i a t i o n  of f with  Ue/au 
e e 
remains small. It i s  noted t h a t  t h e  unsteady parameter ue/au i s  g r e a t e r  
than  u n i t y  f o r  a l l  v a l u e s  of ~ , / a u .  For a / b  = 0.4, t h e  range of v a r i a t i o n  
of f e  wi th  Ue/au i s  r a t h e r  l a r g e  (between 1.10 and 1.30) ,  but  no d e f i n i t e  
t rend  can be observed. 
For a / b  = 0.2, t h e  experimental d a t a  corresponding t o  b / ~  = 0 . 4  a r e  
d e f i n i t e l y  d i s t i n c t  from those  corresponding t o  b / ~  = 0.2 even i f  t h i s  d i f -  
fe rence  remains r e l a t i v e l y  small .  P a r t  of t h i s  discrepancy poss ib ly  may 
be a t t r i b u t e d  t o  t h e  small phys ica l  s c a l e  of t h e  present  model harbor.  
For b / ~  = 0.2, t h e  d i s t a n c e  between t h e  edge of t h e  breakwater and t h e  s ide-  
wa l l s  of t h e  harbor is  only 2.5 cm whereas it i s  about 5 cm f o r  b / ~  = 0.4. 
From these  experimental r e s u l t s ,  two regimes seem t o  t ake  p lace ,  
a t  l e a s t  f o r  t h e  f u l l y  open harbor.  I n  t h e  f i r s t  regime, corresponding 
t o  Ue/au < 1, f u l l  f low sepa ra t ion  does not  have time t o  t ake  p l ace  
wi th in  ha l f  a wave period and d i s s i p a t i o n  is  induced by vor tex  formation 
a t  t h e  co rne r s  of t h e  entrance,  and f e  seems t o  grow l i n e a r l y  wi th  
ue/au. I n  t h e  second regime, corresponding t o  U /au 2 1, t h e  flow 
e 
appears  t o  s epa ra t e  from t h e  boundary and a jet forms. (These con- 
c lus ions  a r e  based on d i r e c t  observat ion.)  The d a t a  i n d i c a t e  t h e  
in f luence  of t h e  p e r i o d i c i t y  of t h e  flow does not  seem as important 
f o r  t h i s  reg ion  and fe remains cons tan t  as U /au increases .  
e 
For t h e  p a r t i a l l y  closed harbor ,  only l imi t ed  d a t a  a r e  a v a i l a b l e  
P%g. 6 . 2 . 6  Variation of f e  with lJe/ab for a p a r t i a l l y  c l o s e d  
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Fig.  6 . 2 . 6  01 Variation of f,  with ue/aa for a part ia l ly  closed 
harbor; a/b = 0.2 ,  0 .1  
which support t h i s  conclusion,  s i n c e  most of t h e  da t a  correspond t o  
va lues  of Ue/ao g r e a t e r  than  one. It was no t  poss ib l e  t o  ope ra t e  i n  
t h e  reg ion  Ue/ao < 1 f o r  a / b  5 0.6 because on t h e  one hand t h e  r e s u l t i n g  
wave amplitude t o  be measured would have been very  small and the re f  o r e  
t h e  measurements somewhat inaccura te ,  and on t h e  o the r  hand t h e  e f f e c t s  
of v i s c o s i t y  ( t h e  Reynolds number) on t h e  en t rance  l o s s  c o e f f i c i e n t  f e  
would probably begin t o  be  important.  It should be mentioned, t h e  
j e t  flow was observed f o r  a l l  c a s e s  of t h e  p a r t i a l l y  closed harbor f o r  
Ue/ao > 1. 
The range of v a r i a t i o n  of t h e  Reynolds number f o r  each harbor con- 
f i g u r a t i o n  is  indica ted  i n  Table 6.2.5. For a l l  c a ses  i nves t iga t ed  
3 Uea/v remains l a r g e r  than  1 0  which sugges ts  that v i s c o s i t y  has  l i t t l e  
e f f e c t  on t h e  en t rance  l o s s  c o e f f i c i e n t  f o r  t h e  present  experiments. 
According t o  Ingard and I s i n g  (1967) t h e  v i scous  con t r ibu t ion  t o  o r i f i c e  
r e s i s t a n c e  f o r  an  accous t i ca l  wave becomes unimportant f o r  f low v e l o c i t i e s  
much g r e a t e r  than  ( 8 0 ~ ) ~ ' ~ .  This  condi t ion  is always f u l f i l l e d  in t h e  
present  experiments. 
Table 6.2.5 Range of v a r i a t i o n  of t h e  Reynolds number 
Uea/v for each harbor conf igura t ion  
Uea/v (max) 
35000 
28000 
20000 
11 000 
15000 
57000 
a / b  
0.8 
0.6 
0.4 
0.2 
0.2 
0.1 
- 
b/L 
0.2 
0.2 
0.2 
0.2 
0.4 
0.4 
Uea/v (min) 
8500 
7 000 
5000 
2200 
4600 
11 000 
With t h e  r e s u l t s  of F i g u r e s  6.2.5 and 6.2.6 i n  mind a  s i m p l i f i e d  
r e p r e s e n t a t i o n  of t h e  v a r i a t i o n  of f  w i t h  U / aa  i s  p o s t u l a t e d .  
e  e  
The corresponding e q u a t i o n s  a r e :  
( i )  For f u l l y  open harbor  w i t h  smal l  c o r n e r s  r a d i i :  
(ii) For p a r t i a l l y  c l o s e d  h a r b o r :  ( a / b  i 0.8) 
Two remarks can  be made h e r e .  F i r s t ,  f o r  a  p a r t i a l l y  c losed  harbor  t h e  
dependence of f  on t h e  opening r a t i o  a / b  i s  dropped i n  Eq.  (6.2.10) . 
The v a l i d i t y  of t h i s  s i m p l i f i c a t i o n  f o r  t h e  harbor  o s c i l l a t i o n s  b r i l l  b e  
i n v e s t i g a t e d  s h o r t l y .  Second, i n  a l l  exper iments  on e n t r a n c e  d i s s i p a t i o n  
t h e  parameter  Ue/ao w a s  v a r i e d  l e a v i n g  o approximately  c o n s t a n t  because 
of exper imenta l  c o n s t r a i n t s  ( s e e  Sec 6.1). Whether o r  n o t  t h e  same 
c o n c l u s i o n s  would be ob ta ined  i f  Ue/acr was changed by va ry ing  a bu t  
l e a v i n g  Ue c o n s t a n t ,  a l t h o u g h  t h i s  i s  p o s t u l a t e d  h e r e ,  remains t o  be 
proved exper imenta l ly .  
I n  o r d e r  t o  check whether o r  n o t  Eqs. (6.2.9) and (6.2.10) p r o v i d e  
a r e a s o n a b l e  d e s c r i p t i o n  of t h e  exper imenta l  r e s u l t s  t h e  a m p l i f i c a t i o n  
f a c t o r  has  been computed by s o l v i n g  Eq. (6.2.1) u s i n g  Eqs. (6.2.9) and 
(6.2.10) f o r  each c a s e ,  which i s  d e f i n e d  by t h e  i n c i d e n t- r e f l e c t e d  wave 
ampl i tude a t  t h e  c o a s t l i n e  and by t h e  ha rbor  geometry. The v a r i a t i o n  of 
t h e  computed v a l u e s  of t h e  a m p l i f i c a t i o n  f a c t o r ,  R ,  w i t h  t h o s e  ob ta ined  
R (predicted 1 
Fig. 6.2.7 Comparison between predicted and experimental values of the 
amplification factor near the first resonant mode. 
experimental ly  i s  presented i n  Fig. 6.2.7. It is  seen t h a t  almost 
a l l  po in t s  l i e  c l o s e  t o  t h e  l i n e  which r ep resen t s  p e r f e c t  agreement between 
t h e  predic ted  and experimental va lues  of R. The e f f e c t s  of entrance 
d i s s i p a t i o n  f u r t h e r  can be charac te r ized  considering a s i t u a t i o n  where 
the  most important d i s s i p a t i o n  source i s  en t rance  f r i c t i o n .  That i s ,  
i t  i s  assumed momentarily t h a t  t h e  d i s s i p a t i o n  parameters,  x r ,  x u ,  
and x can be neglected i n  Eq. (6.2.2) when compared t o  x and B = 0. 
E f 
Therefore Eq. (6.2.2) becomes: 
Subs t i t u t ing  t h e  expression (3.3.83) f o r  xf y i e l d s ,  from Eq. (6.2 -11) , 
t h e  fol lowing expression f o r  I Y  1 .  
Using Eq. (6.2.1) and tak ing  kL = 1~12, t h e  ampl i f i ca t ion  f a c t o r  a t  t h e  
backwall becomes: 
Several  comments can be drawn from Eq. (6.2.13) f o r  t h e  c a s e  where 
en t rance  sepa ra t ion  p l ays  a s i g n i f i c a n t  r o l e .  The ampl i f i ca t ion  f a c t o r  
R decreases  l i n e a r l y  wi th  a /b ,  which c l e a r l y  demonstrates t h e  f r re levancy  
of t h e  harbor paradox which p r e d i c t s  a con t r a ry  behavior.  R v a r i e s  a l s o  
l i k e  t h e  inve r se  of t h e  square r o o t  of t h e  inc ident  wave amplitude. (Of 
course;  t h e r e  i s  a l i m i t  t o  t h e  a p p l i c a b i l i t y  of Eq. (6.2.13) a s  A / h  I 
decreases .)  This  f e a t u r e  can be v e r i f i e d  f o r  a l l  curves on Fig. 6.2.4 
o / b  b / L  
0 . 8  0 . 2  
0 .6  0 . 2  
0 . 4  0 . 2  
0 . 2  0 . 2  
0 . 2  0 .4  
0.1 0 .4  
FROM EQUATION 
6.2.13 
l / 2  Fig. 6.2.8 Var ia t ion  of t h e  smplif icae ion  f a c t o r  with ( d b )  / (f e ~ , / h )  . 
f o r  a / b  5 0.8. Also R v a r i e s  l i k e  11%; hence, the re  is a s m a l l  
dependence on R of t h e  f r i c t i o n  fac to r  f o r  conditions of l a rge  entrance 
d iss ipat ion.  
The dimensionless r a t i o  (alb)  I (f ,%lh) 'I2 appears t o  be an important 
parameter i n  describing t h e  r e l a t i v e  importance of entrance d iss ipat ion.  
In  order t o  quantify t h i s ,  the  experimental amplif icat ion fac to r  of t h e  
f i r s t  mode has been plot ted  versus t h i s  parameter i n  Fig. 6.2.8 fo r  
p a r t i a l l y  closed harbors ( a lb  L 0.8). The curve represents  Eq. (6.2.13) 
with f e  = 1.15. It i s  seen that agreement between t h e  data  and t h e  
curve defined by a constant entrance l o s s  parameter remains reasonable 
f o r  abscissa values less than about unity.  This corresponds t o  the  
regime where entrance d i s s ipa t ion  dominates t h e  other d i s s ipa t ion  
sources. For abscissa values g rea te r  than uni ty ,  disagreement becomes 
s ign i f i can t  indica t ing t h e  o ther  d i s s i p a t i v e  sources can no longer be 
neglected i n  determining t h e  amplif icat ion fac to r .  
The generation of higher harmonics due t o  the  quadrat ic  nature of the  
entrance l o s s  expression was invest igated by comparing t h e  second and 
t h i r d  harmonic components of t h e  wave elevation a t  t h e  backwall t o  t h e  
same components corresponding t o  t h e  incident  wave. No di f ference  
within t h e  range of accuracy of t h e  measurement could be found f o r  a l l  
experimental cases. It i s  thus concluded t h a t  within t h e  present 
experimental range t h e  generation of higher harmonics from entrance 
d i s s ipa t ion  can be neglected. 
I n  summary, t h i s  aspect of t h e  inves t igat ion has pointed out t h e  
degree of v a r i a b i l i t y  of t h e  entrance f r i c t i o n  coef f i c ien t  fo r  a periodic 
flow. For values of t h e  parameter Ue/ao greater  than uni ty ,  t h e  
c o e f f i c i e n t  f can  be  considered cons tan t .  For Ue/ao less than  u n i t y  
e 
f appears  t o  be a l i n e a r  func t ion  of Ue/aa. The r e s u l t s  of en t rance  
e 
l o s s e s  can, i n  p r i n c i p l e ,  be appl ied  t o  any harbor shape wi th  an  abrupt  
change of geometry a t  some loca t ion .  A narrow rec tangular  shape was 
used only a s  a convenient means f o r  determining t h i s  c o e f f i c i e n t  fe .  The 
r e s u l t s  of t h e  s tudy w i l l  be  appl ied  i n  subsequent s ec t ions .  
6.2.4 The Re la t ive  Importance of t h e  Various Diss ipa t ion  Sources 
in a Narrow Rectangular Harbor f o r  Laboratory Conditions 
Various l o s s e s  which could a f f e c t  and reduce t h e  response of a 
harbor t o  inc ident  waves i n  labora tory  s i t u a t i o n s  have been presented 
i n  t h e  previous s e c t  ion. These inc lude  : boundary f r i c t i o n ,  su r f ace  
t ens ion  d i s s i p a t i o n  (Sec t ion  5. I ) ,  lealcage l o s s e s  (Sect ion 6.2.2), and 
separa t ion  l o s s e s  a t  t h e  en t rance  (Sect ion 6.2.3). 
The purpose of t h e  s e c t i o n  i s  t o  eva lua te ,  from t h e  phys ica l  consid-  
e r a t i o n s  discussed i n  Sec t ion  3.3.3, t h e  r e l a t i v e  importance of t hose  
va r ious  sources i n  reducing resonance i n  t h e  case  of a narrow rec tangular  
harbor,  i.e., corresponding t o  a r a t i o  b/L l e s s  than  0.4. Res t r i c t i ng  
t h e  present  d i scuss ion  t o  shallow water waves, t h e  ampl i f i ca t ion  f a c t o r  R, 
a s  a f f e c t e d  by t h e  va r ious  d i s s i p a t i v e  mechanism near  a resonant  frequency, 
can be est imated from t h e  r e s u l t s  of Sec t ion  3.3.3 a s :  
where Ri denotes  t h e  ampl i f i ca t ion  f a c t o r  a s soc i a t ed  wi th  a p a r t i c u l a r  
d i s s i p a t i v e  source,  i. e., t h e  ampl i f i ca t ion  f a c t o r  which would p r e v a i l  
i f  only t h a t  d i s s i p a t i v e  source a lone  were present .  It i s  r eca l l ed  
t h a t  t h e  r a t i o  l/Ri can be used t o  measure t h e  e f f ec t iveness  of source 
S i n  d i s s i p a t i n g  energy i n  t h e  harbor.  The expression f o r  t h e  ampl i f i -  i 
c a t i o n  f a c t o r  assoc ia ted  wi th  each source of d i s s i p a t i o n  can be derived 
a s  fol lows from t h e  Qi f a c t o r  computed i n  Appendix E and from t h e  
r e l a t i o n  i n  (3.3.99) between R .  and Q . 
1 i' 
( i )  Rad i a t  ion  damp ing 
where b and L denote t h e  harbor width and l eng th ,  r e spec t ive ly ,  n  is  t h e  
mode number corresponding t o  resonant  condi t ions  such that in shallow 
water : 
where h i s  t h e  depth and o is t h e  frequency of t h e  inc ident  harmonic wave 
system. ( I t  i s  r e c a l l e d  t h a t  when b/L+0, 1 / R  does not  depend on a /b . )  
r 
( i i )  Laminar boundary f r i c t i o n  
where t h e  boundary f r i c t i o n  parameter is  given by: 
where v i s  t h e  f l u i d  kinematic v i s c o s i t y  and C is  t h e  su r f ace  contamin- 
i n a t i o n  f a c t o r  equal  t o  u n i t y  i n  t h e  present  s tudy.  The t h r e e  terms i n  
t h e  parentheses  account f o r  t h e  bottom, su r f ace ,  and w a l l  f r i c t i o n ,  
r e spec t ive ly .  
( i i i )  Leakage l o s s  
where t h e  leakage parameter E is  given by: 
where g is t h e  a c c e l e r a t i o n  of g r a v i t y ,  te t h e  th i ckness  of t h e  harbor 
w a l l s ,  and e t h e  gap width between t h e  walls. I n  t h e  present  study 
te = 1.2 cm and e 1 0.043 cm. 
( iv )  Separa t ion  l o s s  a t  t h e  en t rance  
where K is  def ined  by: f  
where a i s  t h e  mouth width of t h e  harbor ,  (AI/h) denotes  t h e  wave ampli- 
tude  a t  t h e  c o a s t l i n e  on t h e  c e n t e r l i n e  of t h e  bas in  wi th  t h e  en t rance  
c losed ,  and R i s  t h e  o v e r a l l  ampl i f i ca t ion  f a c t o r .  The en t rance  l o s s  
c o e f f i c i e n t ,  fe ,  is given by Eqs. (6.2.9) and (6.2.10). It is noted 
that Rf is  a func t ion  of t h e  o v e r a l l  ampl i f i ca t ion  f a c t o r  R due t o  t h e  
nonl inear  n a t u r e  of t h e  en t rance  sepa ra t ion  l o s s .  
(v) Surface t ens ion  d i s s i p a t i o n  r e l a t e d  t o  dry  f r i c t i o n  
1 IT 11 .2re 
- = -  
a b  &, 4 (2n+l) 2 ( 1  + - -) 
n pgbAI 4 L  R 
where re denotes  
It is noted t h a t  
t h e  a i r - d i s t i l l e d  
l/Rc depends on R 
2 
water su r f ace  t ens ion  (- 72 g/sec  ). 
because of t h e  nonl inear  n a t u r e  of 
t h i s  f r i c t i o n  source, bu t  u n l i k e  en t rance  d i s s i p a t i o n  which inc reases  
as R inc reases ,  d r y  f r i c t i o n  d i s s i p a t i o n  decreases  a s  R increases .  
( v i )  Residual sur f  ace  tens ion  d i s s i p a t i o n  
It is  r e c a l l e d  t h a t  Eq. (6.2 . l4)  remains q u a n t i t a t i v e l y  reasonable 
only f o r  va lues  of t h e  r e s u l t i n g  ampLif icat ion f a c t o r  R g r e a t e r  than,  say 
two, f o r  reasons discussed i n  Sect ion 3 .3 .  IF t h i s  condi t ion  is  not  met, 
t h e  va lue  of t h e  ampl i f i ca t ion  f a c t o r ,  R, g iven by Eq. (6.2.14) is  
usua l ly  smaller  than  t h e  maximum va lue  which is  s h i f t e d  toward a smaller  
frequency, and should be considered q u a l i t a t i v e l y  only. On t h e  o the r  
hand, i t  appears  t o  g ive  t h e  r i g h t  va lue  of R a t  t h e  frequency such t h a t  
A 
G L / ~  = (2n+l) -, even i n  ca ses  of s t rong  d i s s i p a t i o n .  2 
To compute t h e  ampl i f i ca t ion  f a c t o r  r e l a t e d  t o  a nonl inear  d i s s ipa-  
t i v e  form such as t h e  e f f e c t  of s epa ra t ion  a t  t h e  harbor en t rance  and 
dry  f r i c t i o n ,  it i s  necessary t o  know t h e  o v e r a l l  ampl i f i ca t ion  f a c t o r  R. 
It i s  a n t i c i p a t e d  a t  t h i s  po in t  t h a t  d r y  f r i c t i o n  e f f e c t s  do no t  appre- 
c i a b l y  a f f e c t  t h e  o v e r a l l  ampl i f i ca t ion  f a c t o r  R. Therefore R can be 
determined i n  t h e  fol lowing way: 
Equation (6.2.14) is  r e w r i t t e n  as: 
where (R.) r e f e r s  t o  any ampl i f i ca t ion  f a c t o r  assoc ia ted  wi th  a l i n e a r  
111 
d i s s i p a t i v e  source, i.e., such t h a t  t h e  mean power d i s s ipa t ed  by t h e  
source is propor t iona l  t o  t h e  square of t h e  wave ampli tude and (R. )  
1 ng 
denotes  any ampl i f i ca t ion  f a c t o r  a s soc i a t ed  wi th  a quadra t ic  d i s s i p a t i v e  
source, so t h a t  t h e  mean power d i s s i p a t e d  by t h i s  source is propor t iona l  
t o  t h e  t h i r d  power of t h e  wave amplitude. For i n s t ance ,  en t rance  
separa t ion  and rough tu rbu len t  boundary f r i c t i o n  a r e  quadra t ic  d i s s i p a t i v e  
sources.  A l l  amp l i f i ca t ion  
can be w r i t t e n  i n  t h e  £om:  
f a c t o r s  a s soc i a t ed  wi th  quadra t ic  d i s s i p a t i o n  
where K.  i s  a  f i xed  l i n e a r  c o e f f i c i e n t  s p e c i f i c  t o  t h e  d i s s i p a t i o n  
J 
mechanism, so t h a t  Eq. (6.2.21) becomes: 
The r e s u l t i n g  o v e r a l l  ampl i f i ca t ion  f a c t o r  a t  resonance i s  found by 
simply so lv ing  Eq. (6.2.23) a l g e b r a i c a l l y  f o r  R. 
I n  t h e  present  case .  t h e  only quadra t ic  d i s s i p a t i v e  source i s  
en t rance  separa t ion .  The c o e f f i c i e n t  K con ta ins  t h e  en t rance  l o s s  f  
parameter fe which may vary  wi th  Ue/acr as seen i n  Sec t ion  6.2.3. I n  
order  t o  account f o r  t h i s  v a r i a t i o n  t h e  fol lowing i t e r a t i v e  procedure is 
recommended. F i r s t  an  e s t ima te  f o r  f e  is  made. Equation (6.2.23) is  
solved f o r  R and t h e  v e l o c i t y  a t  t h e  en t rance  Ue i s  computed from R a s  
The va lue  Ue/ao fo l lows  and t h e  c o e f f i c i e n t  f  is then  determined from 
e 
Eqs. (6.2.9) o r  (6.2.10). Usually t h i s  process  needs t o  be  
repeated one more t ime f o r  a  c o r r e c t  determinat ion of R. Once t h e  
o v e r a l l  ampl i f i ca t ion  R has been computed, t h e  ampl i f i ca t ion  f a c t o r  
a s soc i a t ed  wi th  each quadra t ic  d i s s i p a t i v e  source i s  obtained from 
Eq. (6.2.22). 
This  s impl i f ied  method can be used t o  es t imate  t h e  r e l a t i v e  impor- 
tance  of t h e  va r ious  d i s s i p a t i v e  sources.  A s  an  example, t h e  following 
four  c a s e s  a r e  considered f o r  t h e  rec tangular  harbor:  
( i )  F i r s t  resonant  mode, f u l l y  open harbor 
( i i )  F i r s t  resonant  mode, p a r t i a l l y  c losed  harbor.  
( i i i )  Second resonant  mode, f u l l y  open harbor.  
( i v )  Second resonant  mode, p a r t i a l l y  closed harbor.  
The va lues  of t h e  inverse  ampl i f i ca t ion  f a c t o r  corresponding t o  
each d i s s i p a t i v e  source i s  shown i n  Fig. 6.2.9 f o r  each of t h e  four  
cases .  The phys ica l  parameters from which t h e  l / R i  were computed a r e  
a l s o  ind ica ted  i n  that f i g u r e ;  they  correspond t o  t y p i c a l  labora tory  
condi t ions  i n  t h e  present  study. It i s  r e c a l l e d  from Sect ion 3 . 3 . 3  
that / R ) / ( / R ~ )  i s  t h e  r a t i o  of t h e  mean power d i s s i p a t e d  by t h e  
source S t o  t h e  mean power d i s s i p a t e d  by t h e  source S . Therefore,  i j 
1 / R .  i s  a measure of t h e  energy d i s s i p a t e d  by t h e  source S 
a. i* 
It is  seen that f o r  a l l  four  c a s e s  r a d i a t i o n  and en t rance  d i s s i p a t i o n  
a r e  t h e  two most important damping sources; f o r  t h e  p a r t i a l l y  closed 
harbor en t rance  separa t ion  becomes t h e  most important d i s s i p a t i v e  source. 
The magnitude of t h e  d i s s i p a t i o n  due t o  leakage i s  next  i n  importance. 
For t h e  f i r s t  resonant  mode, d i s s i p a t i o n  induced by leakage i s  about 
one- fourth t h a t  due t o  r ad i a t ion ;  neve r the l e s s  it i s  not  neg l ig ib l e .  
For t h e  second mode t h e  r e l a t i v e  importance of leakage grows s l i g h t l y  
when conpared t o  r a d i a t i o n .  The e f f e c t  of laminar boundary f r i c t i o n  
I FIRST RESONANT MODE I FIRST RESONANT MODE FULLY OPEN HARBOR PARTIALLY CLOSED HARBOR 
I I - entrance separation 
I b/L-0.2 b-7 cm a/b=l.O h-6 cm AI/h-0.1 T92 sec 
t 0.2t - radiation - radiation 1 K;- 
b/L-0.2 b=7 cm 
a/b-0.5 ha6 cm 
AI/h=O.l T=2 sec 
"0~1 0.04 - leahge leakage 
0.1 
0.09- 
0.08- 
0.07- 
0.06- 
I I - surface tension 
- entrance separation 
SECOND RESONANT MODE 
FULLY OPEN HARBOR 
b/L=O. 1 ball cm 
a/b*1.0 h=6 cm 
AI/h=O.l T=2 sec 
- 
- 
- 
- 
0.01 
- radiation 
- surface tension 
- entrance separation 
- leakage 
- laminar friction 
- surface tension 
SECOND RESONANT MODE 
PARTIALLY CLOSED HARBOR 
bfLuO.1 b=ll cm 
a/b=O. 5 h=6 cm 
A,/h=O.l T=2 sec 
- - entrance separation 
- radiation 
. - leakage 
- laminar friction 
- surface tension 
Fig. 6.2.9 The relative importance of the various sources of dissipation near resonance for four different 
situations, in laboratory conditions, 
is  f o u r t h  i n  importance, d i s s i p a t i n g  about one-ninth t h a t  due t o  
r a d i a t i o n  f o r  t h e  f i r s t  mode o s c i l l a t i o n  and about one-f if t h  f o r  the  
second mode. The r e l a t i v e  importance of leakage and laminar f r i c t i o n  
grows f o r  t h e  second mode when compared t o  t h e  e f f e c t s  of en t rance  
sepa ra t ion  f o r  t h e  f u l l y  open harbor.  Surface tens ion  (which on Fig. 
6.2. 9 inc ludes  both d ry  f r i c t i o n  and t h e  r e s i d u a l  d i s s i p a t i o n  source 
r e l a t e d  t o  su r f ace  tens ion)  is of l e a s t  importance, but a s  mentioned i n  
Sec t ion  5.1 t h e  r a t i o  of t h e  power d i s s i p a t e d  by su r f ace  t ens ion  cannot 
be neglected when compared t o  t h a t  d i s s i p a t e d  by laminar f r i c t i o n .  It 
is  about one-half t h e  power d i s s i p a t e d  by v iscous  boundary f r i c t i o n  f o r  
t h r e e  out  of t h e  four  ca ses  inves t iga ted .  It i s  r eca l l ed  t h a t  dry  
f r i c t i o n  i s  mainly respons ib le  f o r  su r f ace  t ens ion  d i s s i p a t i o n  and t h a t  
one way t o  d r a s t i c a l l y  reduce it is  t o  add a wet t ing agent .  
I n  experimental condi t ions  of Fig. 6.2.9 t h e  wave amplitude 
chosen a t  t h e  c o a s t l i n e ,  AI/h = 0.1, is  f a i r l y  l a rge .  The e f f e c t  of 
en t rance  d i s s i p a t i o n  decreases  markedly f o r  smaller  inc ident  wave 
amplitudes.  For example, f o r  t h e  f u l l y  open harbor case ,  a t  t h e  f i r s t  
resonant  mode a r e l a t i v e  wave amplitude a t  t h e  c o a s t l i n e  equal  t o  0.05 
induces a l o s s  due t o  en t rance  effects equivalent  t o  t h a t  of leakage. 
6.2.5 Summary 
I n  summary, t h e  e f f e c t s  of en t rance  separa t ion ,  leakage, and 
laminar f r i c t i o n  when combined, u sua l ly  induce more d i s s i p a t i o n  than t h e  
inv i sc id  e f f e c t  of rad ia t ion . '  Therefore,  t o  c o r r e c t l y  p red ic t  t h e  
maximum ampl i f i ca t ion  f a c t o r  near resonance it is  c r u c i a l  t o  inc lude  
t h e s e  t h r e e  e f f e c t s  i n  t h e  a n a l y s i s .  Surface t ens ion  can  be  s a f e l y  
neglected only i f  a wett ing agent  i s  added t o  t h e  water i n  t h e  wave basin.  
Otherwise i t  can  in t roduce  a r e l a t i v e l y  important d i s s i p a t i o n ,  e s p e c i a l l y  
f o r  small  wave amplitudes,  e.g., l e s s  than 0.5 cm. It is  emphasized a t  
t h i s  po in t  t h a t  t h e  s impl i f ied  a n a l y s i s  of Sec t ion  6.2.4 provides a method 
of determining t h e  r e l a t i v e  importance of t h e  va r ious  d i s s i p a t i v e  sources,  
and can y i e l d  only an  e s t ima te  of t h e  r e s u l t i n g  o v e r a l l  ampl i f i ca t ion  
f a c t o r .  In  p a r t i c u l a r  t h e  e f f e c t s  of nonl inear  convect ive e f f e c t s  were 
neglected.  This  assumption, a s  w i l l  be  seen i n  Sec t ion  6.3. is  reasonable  
a t  t h e  f i r s t  resonant  mode but it becomes inco r rec t  a t  t h e  second mode. 
A last remark concerns t h e  t o t a l  .damping a s soc i a t ed  wi th  o s c i l l a t i o n  
induced i n  a c losed rec tangular  bas in  compared t o  t h e  damping connected 
wi th  wave induced o s c i l l a t i o n  i n  a rec tangular  harbor.  I n  t h e  s tudy of 
t h e  motions i n  a r ec t angu la r  bas in  discussed in Chapter 5 t h e  important 
d i s s i p a t i v e  sources were laminar f r i c t i o n  a t  t h e  boundaries and d i s s i -  
p a t i v e  e f f e c t s  r e l a t e d  t o  su r f ace  tens ion .  However, f o r  t h e  c a s e s  of 
Fig. 6.2.9 those  sources account f o r  l e s s  than  7% of t h e  t o t a l  d i s s i -  
pat ion  i n  t h e  harbor.  Therefore,  one can expect that t h e  growth of 
nonl inear  it ies observed i n  t h e  closed rec tangular  basin w i l l  a l s o  be 
seen i n  t h e  harbor ,  but t o  a l e s s e r  ex t en t  because of t h e  comparatively 
much s t ronger  d i s s i p a t i o n  e f f e c t s .  
The Exc i t a t i on  of a Narrow Rectangular Harbor by a Continuous 
Train of Pe r iod ic  Long Waves 
6.3.1 In t roduc t ion  
Experimental and t h e o r e t i c a l  r e s u l t s  a r e  presented i n  
t h i s  s ec t ion  f o r  t h e  f i n i t e  amplitude waves which a r e  produced i n  a 
narrow rec tangular  harbor wi th  a cons tan t  depth by a continuous t r a i n  
of pe r iod ic  long waves inc ident  upon t h e  entrance.  The bas ic  f e a t u r e s  
of harbor o s c i l l a t i o n s  a s soc i a t ed  wi th  nonl inear  it ies, frequency 
d i spe r s ion ,  and d i s s i p a t i o n  w i l l  be discussed i n  some d e t a i l .  
From t h e  a n a l y s i s  of Sect ion 3.4,  f o r  a  given inc ident  wave shape, 
t h e  t r a n s i e n t  and s teady state c h a r a c t e r i s t i c s  of t h e  o s c i l l a t i o n s  a t  a 
given loca t ion  i n s i d e  t h e  rec tangular  harbor can be defined by t h e  
fol lowing dimensionless parameters: 
where t is  t h e  time, g  i s  t h e  a c c e l e r a t i o n  of g r a v i t y ,  h  is  t h e  s t i l l  
water depth, a ,  b,  L a r e  t h e  en t rance  width, t h e  width, and t h e  l eng th  
of t h e  rec tangular  harbor ,  r e spec t ive ly .  H denotes  t h e  c h a r a c t e r i s t i c  
wave height  and R a c h a r a c t e r i s t i c  wave l eng th  of t h e  inc ident  wave 
system, yS i s  t h e  laminar boundary f r i c t i o n  c o e f f i c i e n t ,  E is t h e  
leakage c o e f f i c i e n t ,  and f e  i s  t h e  en t rance  l o s s  c o e f f i c i e n t .  The l eng th  
2, f o r  t h e  d i scuss ion  presented next ,  is  chosen a s  T J ~ ,  where T is  t h e  
period of t h e  inc ident  waves (a = ~ I T / T )  so that L/B Q, OLIJ~?;. 
A u s e f u l  method f o r  i nves t iga t ing  t h e s e  e f f e c t s  c o n s i s t s  of ob ta in ing  
t h e  response of t h e  harbor from t h e  v a r i a t i o n  of t h e  s teady s t a t e  wave 
c h a r a c t e r i s t i c s  i n s i d e  t h e  harbor wi th  t h e  l eng th  r a t i o  L/R by keeping 
t h e  r e l a t i v e  shape of t h e  harbor,  b/L, t h e  same. The reason t h e  s teady 
s t a t e  i nves t iga t ion  i s  important is  mainly because, given a  per iodic  
inc ident  wave, s teady  s t a t e  condi t ions  a r e  reached i n  t h e  harbor wi th in  
a  few o s c i l l a t i o n s .  Therefore an  understanding of s teady s t a t e  f e a t u r e s  
y i e l d s  a good i n s i g h t  i n t o  t h e  t r a n s i e n t  harbor o s c i l l a t i o n  problem. 
It is  r e c a l l e d  (Sec t ion  6.1) that s teady s t a t e  condi t ions  were 
obtained experimentally a f t e r  exc i t i ng  t h e  harbor from a t- r e s t  condi t ions  
before  t h e  e f f e c t s  of t h e  f i n i t e  s i z e  of t h e  wave bas in  were f e l t  i n  t h e  
harbor. I n  t h e  present  study, a s  mentioned previously,  t h e  inc iden t  
waves a r e  a s e r i e s  of approximately i d e n t i c a l  cnoida l  waves which have 
c e r t a i n  nonl inear  f e a t u r e s  assoc ia ted  wi th  then.  Therefore,  t h e  charac- 
t e r i s t i c  ho r i zon ta l  l eng th  R assoc ia ted  wi th  t h e s e  waves cannot be 
va r i ed  without a l s o  changing t h e i r  s p e c t r a l  energy content .  Consequently, 
f o r  a l l  c a s e s  presented,  t h e  r a t i o  LIR was changed by vary ing  t h e  harbor 
l eng th  L and simultaneously changing t h e  en t rance  width and t h e  harbor 
width accordingly.  
For t h e s e  experiments s i n c e  t h e  walls of t h e  harbor were adjus ted  
during t h e  t e s t s  some leakage l o s s e s  were noted. The r e s u l t s  were 
cor rec ted  f o r  t h e s e  e f f e c t s .  
For purposes of terminology i n  t h e  fol lowing d i scuss ion  t h e  s o l u t i o n  
obtained us ing  t h e  f u l l y  d i s p e r s i v e  l i n e a r  a n a l y s i s  descr ibed i n  Sec t ion  
3 .3  w i l l  be termed t h e  l i n e a r  a n a l y t i c a l  so lu t ion ,  and t h e  so lu t ion  
obtained us ing  t h e  f i n i t e  element a n a l y s i s  descr ibed i n  Sect ion 3.4 is  
denoted as t h e  numerical so lu t ion .  I n  t h e  l a t t e r  it w i l l  be ind ica ted  
f o r  each case  i f  nonl inear  and/or d i s p e r s i v e  f e a t u r e s  a r e  incorporated.  For 
both s o l u t i o n s  t h e  inc lus ion  of d i s s i p a t i v e  e f f e c t s  w i l l  be  ind ica ted  
by t h e  va lues  of t h e  l o s s  parameters:  ysy E and fe .  
It became apparent during t h e  i n i t i a l  s t ages  of t h e  experimental 
i nves t iga t ion  that t h e  nonl inear  f e a t u r e s  which develop i n  t h e  harbor 
a r e  s t rong ly  r e l a t e d  t o  t h e  mode which is exc i ted .  Therefore,  t h e  
following p re sen ta t ion  i s  divided i n t o  two p a r t s .  I n  Sect ion 6 . 3 . 2  t h e  
harbor response near  t h e  lowest resonant  mode i s  discussed,  and i n  Sect ion 
6 .3 .3  t h e  harbor response near  t h e  second resonant  mode is  t r e a t e d .  
6.3.2 The Harbor Response Near t h e  F i r s t  Resonant Mode 
Four s e t s  of response curves w e r e  obtained near  t h e  f i r s t  
resonant  mode of a narrow rec tangular  harbor.  The c h a r a c t e r i s t i c s  of 
t h e  inc ident  wave and t h e  harbor a r e  given f o r  each c a s e  i n  Table 6.3.1. 
I n  Table 6.3.1 (Al/h)o, (A2/h)o, (A3/h)o denote t h e  r e l a t i v e  amplitude 
of t h e  f i r s t  t h r e e  Fourier  components of t h e  inc ident  cnoida l  waves, 
measured on t h e  c e n t e r  l i n e  of t h e  bas in  a t  t h e  c o a s t l i n e  wi th  harbor 
en t rance  closed.  The period of t h e  p l a t e  motion is  denoted by T o r ,  
equiva len t ly ,  t h e  period of t h e  f i r s t  harmonic component of t h e  inc ident  
wave system; a, by L are t h e  en t rance  width, t h e  harbor width, and t h e  
l e n g t h  of t h e  rec tangular  harbor ,  r e spec t ive ly .  The equivalent  r e l a t i v e  
wave amplitude ( 5 1 h ) ~  a t  t h e  c o a s t l i n e  is  defined us ing  Eq. (6.2.6). 
A s  seen from Table 6.3.1, t h e  f i r s t  harmonic amplitude dominates t h e  o t h e r s  
and l ies i n  t h e  shallow water range f o r  a l l  cases ,  a s  ind ica ted  by t h e  
va lues  of t h e  parameters (a) /T which a r e  a l l  l e s s  than 0.05. However, 
t h e  amplitude of higher  harmonics cannot be neglected when compared t o  
t h a t  of t h e  f i r s t  component. Therefore,  even considering only  t h e  
l i n e a r  theory,  those  higher  harmonics (such t h a t  t h e  nth harmonic 
has a period Tn equal  t o  T/n) may apprec iab ly  modify t h e  waves i n  t h e  
harbor by e x c i t i n g  higher  modes of o s c i l l a t i o n  of t h e  harbor i n  add i t i on  
t o  t h e  lowest which is  exc i ted  by t h e  f i r s t  harmonic of t h e  wave. 
A s  t h e  b a s i s  of comparison wi th  l a t e r  r e s u l t s ,  t h e  response of a 
rec tangular  harbor t o  s inuso ida l  waves from a l i n e a r  theory i s  presented 
i n  Fig. 6.3.1 f o r  two cases :  b/L = 0.2, a / b  = 1.0 and b/L = 0.2, 
a / b  = 0.5. The theory used i s  inv i sc id  and t h e  o r d i n a t e  r ep re sen t s  t h e  
ampl i f i ca t ion  f a c t o r  a t  t h e  backwall and t h e  absc i s sa  is t h e  dimensionless 

wave number kL, where t h e  wave number k i s  r e l a t e d  t o  t h e  wave frequency 
G by t h e  usua l  l i n e a r  d i spe r s ion  r e l a t i o n s h i p :  
o2 = kg tanh  kh (6.3.1) 
Table 6.3.1 Experimental condi t ions  f o r  t h e  experiments performed 
near  t h e  f i r s t  resonant  mode 
I Case l a  1 6.0 1 2.170 1 0.0361 0.05 1 0.046 10.017 
h (cm) 
I Case l b  1 6.0 ( 1.90 1 0.0411 0.13 1 0.116 ( 0.051 
T (sec) 
I Case l c  1 4.0 1 2.87 1 0.0221 0.104 10.082 10.047 
It should be noted t h a t  t h e  higher  harmonic components i n  t h e  
experimental inc ident  cnoida l  wave a r e  no t  i n  t h e  shallow water range. 
Therefore,  i f  t h e  harbor response is  considered a l i n e a r  process  t h e  
f u l l  d i spe r s ion  r e l a t i o n s h i p  (Eq. 6.3.1) must be used t o  r e l a t e  G~ 
(where 0 denotes  t h e  frequency of t h e  nth harmonic component) t o  k. 
n 
This  is  one reason a f u l l y  d i s p e r s i v e  l i n e a r  a n a l y s i s  was presented in  
Sec t ion  3.3. 
Figure 6.3.1 shows a sharp peak a t  t h e  f i r s t  resonant  mode (kL = 1.3) .  
The two o t h e r  peaks correspond t o  t h e  e x c i t a t i o n  of t h e  second and t h i r d  
modes, r e spec t ive ly .  I n  r e a l i t y ,  v i scous  d i s s i p a t i o n  reduces t h i s  
ampl i f ica t ion .  Table 6.3.2 g ives  t h e  va lues  of ys, E ,  and f e  f o r  each 
c a s e  t o  be considered, a long wi th  t h e  r e s u l t i n g  ampl i f i ca t ion  f a c t o r  
f o r  t h e  f i r s t  mode est imated from t h e  s impl i f ied  a n a l y s i s  presented i n  
Sec t ion  6.2.4 and t h e  r e l a t i v e  harbor opening a /b .  
Case Id 6.0 1.90 0.041 0.15 0.136 0.052 
312 
Table 6.3.2 E f f e c t s  of v i scous  f r i c t i o n  on t h e  ampl i f i ca t ion  
f a c t o r  a t  t h e  f i r s t  resonant  mode 
It is noted i n  Table 6.3.2 t h a t  f o r  t h e  f u l l y  open harbor c a s e s  t h e  
maximum ampl i f i ca t ion  is reduced t o  about one-half i t s  inv i sc id  value.  
In add i t i on ,  when t h e  harbor i s  p a r t i a l l y  c losed  (a /b  = 0.51, t h e  
ampl i f i ca t ion  f a c t o r  i s  f u r t h e r  reduced by half  and resonance i s  nea r ly  
nonexistent .  Each c a s e  can be def ined  approximately by t h r e e  charac-  
t e r i s t i c s :  t h e  i nc iden t  wave amplitude (moderate o r  l a r g e ) ,  d i spe r s ion  
(moderate o r  small)  and d i s s i p a t i o n  (moderate f o r  a f u l l y  open harbor ,  
and l a r g e  f o r  a p a r t i a l l y  closed one) .  More p r e c i s e l y  t h e  range 
over which each denomination a p p l i e s  is  ind ica t ed  i n  Table 6.3.3 below. 
Case la 
Case l b  
Case l c  
Case Id  
Table 6.3.3 Def in i t i on  of experimental range of non- l inea r i t i e s ,  
d i spe r s ion  and d i s s i p a t i o n .  
I 
ys* 
0.15 
0.15 
0.22 
0.15 
€ 
0.0075 
0.0075 
0.0092 
0.0075 
f e  
0.7 
0.8 
0.8 
1.15 
R 
3.5 
3.0 
3.0 
1.6 
a / b  
1.0 
1 .O 
1.0 
0.5 
The r e s u l t s  a r e  presented sepa ra t e ly  f o r  each case ,  such t h a t  one 
c h a r a c t e r i s t i c  is  changed a t  a t ime, t h e  o t h e r  two remaining t h e  same. 
6.3.2.1 Case l a :  I4oderate Amplitude, Xoderate Dispersion,  Ful ly  
Open Harbor 
The v a r i a t i o n  of t h e  p o s i t i v e  and negat ive  s teady s t a t e  
wave extrema wi th  U L / ~  a s  obtained experimental ly  a t  t h e  backwall of 
t h e  harbor i s  presented i n  t h e  upper graph of Fig. 6.3.2 and is  compared 
wi th  t h e  l i n e a r  a n a l y t i c a l  so lu t ion  and t h e  n o n l i n e a r d i s p e r s i v e  so lu t ion .  
It should be mentioned a t  t h i s  po in t  t h a t  t h e  numerical r e s u l t s  neces s i t a t ed  
a d i f f e r e n t  f i n i t e  element mesh conf igura t ion  f o r  each harbor length ;  t h i s  
process  proved t ime consuming, and consequently only a few numerical runs  
were performed f o r  comparison wi th  experiments f o r  each case.  The va lues  
of t h e d i s s i p a t i o n  parameters y E,  f e v a r y  with U L / ~ .  They a r e  
s ' 
ind ica ted  i n  Fig. 6.3.2 (and f o r  a l l  subsequent f i g u r e s  where response 
curves a r e  presented)  f o r  t h e  va lue  of UL/ Jgh corresponding t o  resonant 
condi t ions .  The parameters y and E can be computed simply f o r  each 
s 
harbor length ,  but  t h e  en t rance  l o s s  c o e f f i c i e n t  f may depend on t h e  
e 
l o c a l  i nve r se  S t rouhal  number computed a t  t h e  harbor mouth which i s  not  
known a p r i o r i .  However, f o r  s imp l i c i ty ,  t h i s  c o e f f i c i e n t  was s e t  
cons tan t  f o r  a l l  harbor l eng ths  f o r  a given response curve, and was 
chosen from t h e  s impl i f ied  a n a l y s i s  presented i n  Sect ion 6.2.4. 
I n  t h e  response curve shown i n  t h e  upper p a r t  of t h e  f i g u r e  
6.3.2 agreement between t h e  experimental r e s u l t s  and those from the  
l i n e a r  theory appears reasonably good. The f i r s t  peak a t  an 
absc i s sa1  va lue  of a ~ / J g h  = 0.6 corresponds t o  t h e  lowest resonant  mode 
f o r  t h e  second harmonic component; t h e  main peak a t  oL/Jg?; = 1.3 i s  t h e  
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l eng ths  higher  harmonics are generated and grow i n  r e l a t i v e  importance 
u n t i l  a t  a L / G  = 2.4, where t h e  t h i r d ,  f o u r t h  and £ i f  t h  harmonic components 
con ta in  about 25% of t h e  t o t a l  wave energy compared t o  3% f o r  t h e  l i n e a r  
theory.  The response curves  f o r  t h e  f i r s t  t h r e e  Fourier  components 
a r e  presented i n  Fig. 6.3.8. An i n t e r e s t i n g  f e a t u r e  of t h e s e  curves i s  
t h e  reasonably good agreement between t h e  l i n e a r  theory  and t h e  experi-  
ments f o r  t h e  f i r s t  two harmonics f o r  t h e  f u l l  range of harbor l eng ths  
inves t iga ted .  I n  c o n t r a s t ,  t h e  t h i r d  harmonic component e x h i b i t s  much 
l a r g e r  va lues  from experiments than  predic ted  from t h e  l i n e a r  theory 
f o r  aL/Jg?; > 1 : 5  and reaches a maximum disagreement a t  a L / G  = 2.2. 
It appears,  from Figs.  6.3.7 and 6.3.8, that e f f e c t  of n o n l i n e a r i t i e s  
i s  most important a t  a L / G  = 2.2, and t h e  r e l a t i v e  importance of t h i s  
mode inc reases  wi th  increas ing  inc ident  wave he ight .  It i s  produced by 
a nonl inear  resonant  process  which genera tes  o r  enhances higher harmonics 
whi le  leav ing  t h e  amplitude of t h e  f i r s t  two harmonic components reasonably 
i n t a c t .  I n  o t h e r  words, f o r  t h i s  nonl inear  resonant  mode l i t t l e  energy 
is  t r a n s f e r r e d  from t h e  lower t o  t h e  higher  harmonic components. 
The ques t ion  of whether o r  no t  t h e s e  nonl inear  resonant  condi t ions  
a r e  t r i gge red  o r  enhanced by t h e  presence of higher  harmonics i n  t h e  
inc ident  wave can only be answered numerical ly  by computing t h e  harbor 
response t o  a s inuso ida l  inc ident  wave a t  o L / G  = 2.2. The v a r i a t i o n  
of t h e  normalized wave e l eva t ion  n / ( A  ) with  t / T  is presented i n  Fig. l o  
6.3.9 f o r  three r e l a t i v e  inc ident  wave amplitudes (Al/h)o equal t o  0.03, 
0.07, and 0.15, f o r  a l e n g t h  r a t i o  oL/@ = 2.2, an  aspec t  r a t i o  b/L = 0.2, 
and a r e l a t i v e  period a/ T = 0.04. No v iscous  d i s s i p a t i o n  i s  included 
i n  t h e  computations. The importance of t h e  t r a n s i e n t  phase of t h e  
The experimental v a r i a t i o n  of t h e  percentage of wave energy w i t h  
U L I ~  i s  presented i n  Fig. 6.3.3 f o r  t h e  f i r s t  six Fourier  components 
and i s  compared wi th  t h e  l i n e a r  a n a l y t i c a l  so lu t ion ;  (such curves  a r e  
termed energy percentage curves  f o r  s i m p l i c i t y  i n  t h e  fol lowing d iscus-  
s i o n s ) .  The experiments appear t o  ag ree  we l l  wi th  t h e  l i n e a r  theory  f o r  
nea r ly  a l l  va lues  of OLIG inves t iga ted .  The major d i f f e r e n c e  between 
t h e  experiments and t h e  theory  i s  f o r  a L I m  = 2.2 where t h e  t h i r d  
harmonic is  somewhat l a r g e r  than  what t h e  l i n e a r  theory p red ic t s .  The 
v a r i a t i o n  of t h e  r e l a t i v e  amplitude A /h,  f o r  i = 1,2 ,3 ,  wi th  U L I J ~ ? ;  i 
is  presented i n  Figure 6 . 3 . 4 .  The comparison between l i n e a r  theory  and 
experiments i s  good f o r  t h e  f i r s t  and second harmonics. It is noted 
that t h e  experimental ampl i f i ca t ion  curve  appears  q u i t e  smooth, i. e . ,  
t h e r e  a r e  no spur ious  peaks which could r e l a t e  t o  r e f l e c t i o n s  i n s i d e  
t h e  wave basin. This  tends  t o  confirm t h e  v a l i d i t y  of t h e  present  
experimental approach i n  s imula t ing  t h e  open sea condi t ions .  Some 
discrepancy between experiments and l i n e a r  theory  arises f o r  t h e  t h i r d  
harmonic component around a ~ 1 6  = 2.2 i n  which t h e  experiments i n d i c a t e  
higher  amplitudes.  Since f o r  t h i s  experimental va lue  t h e  amplitude of 
t h e  f i r s t  two harmonic components ag ree  w e l l  w i th  t h e  l i n e a r  theory ,  t h e  
discrepancy may be due t o  some f orm of nonl inear  resonance phenomenon 
which mani fes t s  i t s e l f  by producing higher  harmonics wi th  small  i n t e r -  
~ c t i o n  wi th  t h e  f i r s t  two lowest harmonic components. 
6.3.2.2 Case lb: Large Amplitude, Moderate Dispersion,  Fu l ly  
Open Iiarbor 
I n  t h i s  example, d i s p e r s i o n  and d i s s i p a t i o n  e f f e c t s  a r e  
kept approximately t h e  same a s  i n  c a s e  l a ,  but nonl inear  e f f e c t s  a r e  
l a r g e r .  The f i r s t  harmonic component of t h e  inc ident  wave has more than  
doubled and t h e  r e l a t i v e  importance of t h e  higher  components has increased.  
The upper po r t ion  of Fig. 6.3.5 shows t h e  v a r i a t i o n  of t h e  r e l a t i v e  
s teady  s t a t e  wave extrema, d h ,  w i th  U L I ~ .  Again, t h e  l i n e a r  a n a l y t i c a l  
s o l u t i o n  ag rees  we l l  wi th  t h e  experiments except around UL/ Jgh = 2.2, 
where t h e  p o s i t i v e  wave e l eva t ion  e x h i b i t s  a  peak 30% higher  than  w h a t  
t h e  l i n e a r  theory p red ic t s .  It should be noted t h e  l o c a t i o n  of t h i s  peak 
does not  correspond t o  t h e  resonant  cond i t i ons  by t h e  second harmonic, 
i. e. ,  ULI Jgh = 2. The nonl inear  d i s p e r s i v e  s o l u t i o n  ag rees  q u i t e  wel l  
wi th  t h e  experiments f o r  t h e  four  p o i n t s  i nves t iga t ed  which inc lude  
U L I ~  = 2.2. 
Considering t h e  s teady s t a t e  wave r eco rds  shown i n  t h e  lower po r t ion  
of Fig. 6.3.5, t h e  correspondence of t h e  wave shapes between l i n e a r  
a n a l y t i c a l  theory  and experiments remains good f o r  a L / G  < 1.5. I n  
p a r t i c u l a r ,  both t h e  wave he ight  and t h e  wave shape a r e  c o r r e c t l y  
pred ic ted  by t h e  l i n e a r  theory  a t  t h e  f i r s t  resonant  mode f o r  both t h e  
f i r s t  harmonic component (aL/Jgh = 1.3) and t h e  second harmonic component 
(aL/Jgh = 0.6). This  agreement f o r  t h e  h ighes t  peak appears  indeed 
remarkable when one cons iders  t h e  l a r g e  r e l a t i v e  wave he igh t ,  i. e. , 
H/h = 0.8, reached by t h e  o s c i l l a t i o n s  a t  t h e  backwall f o r  aL/@ = 1.3. 
However, a s  t h e  harbor l eng th  i s  increased,  some secondary o s c i l l a t i o n s  
appear behind t h e  main o s c i l l a t i o n  and t h e  f r o n t  of t h e  wave s teepens;  
t h i s  experimental f e a t u r e  e x i s t s  a l s o  f o r  t h e  wave record computed 
from t h e  nonl inear  d i s p e r s i v e  theory,  but it is  not  observed i n  t h e  
r e s u l t s  of t h e  l i n e a r  theory.  Away from resonance, a t  a~ /Jg? ;  = 2.84, 
t h e  wave shape a t  t h e  backwall becomes s imi l a r  t o  t h e  inc ident  wave 
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shape, and agreement between l i n e a r  so lu t ion ,  nonlinear  so lu t ion ,  and 
experiments i s  again good. 
Before pursuing t h e  d iscuss ion  of s teady s t a t e  wave o s c i l l a t i o n s ,  
it is of i n t e r e s t  t o  evalua te  t h e  importance of t r a n s i e n t  e f f e c t s  f o r  
t h e  experimental condi t ions  of Fig. 6.3.5. The experimental water 
sur face  time h i s t o r i e s  of q/h a r e  presented i n  Fig. 6.3.6 f o r  severa l  
of t h e  va lues  of DL/ c h  shown i n  Figure 6.3.5 and a r e  compared t o  t h e  
nonlinear  d i spe r s ive  numerical so lu t ion .  (No spec ia l  a t t e n t  ion was 
given t o  t h e  exact time o r i g i n  during t h e  experiments; t he re fo re ,  t h e  
wave records  have been a r b i t r a r i l y  al igned on t h e  f i r s t  extremum of 
t h e  o s c i l l a t i o n s . )  F i r s t ,  good agreement i s  observed between t h e  
experiments and t h e  nonlinear  d i spe r s ive  theory f o r  a l l  records.  Although 
f o r  DL/ Jgh = 2.19, t h e  phase and t h e  amplitude of t h e  secondary o s c i l-  
l a t i o n s  do not  a l i g n  exact ly ,  t h e  f e a t u r e s  a r e  q u a l i t a t i v e l y  s imi la r .  It 
is i n t e r e s t i n g  how rap id ly  steady s t a t e  o s c i l l a t i o n s  a r e  r ea l i zed  i n  
con t ra s t  t o  t h e  experiments i n  t h e  closed basin (see  f o r  example Figure 
5.2.4). This i s  probably due t o  t h e  higher d i s s i p a t i o n  r a t e  f o r  t h i s  
harbor s i t u a t i o n  compared t o  t h e  closed basin. Also, t h e  maximum t r a n s i e n t  
wave height  does not  overshoot t h e  steady s t a t e  f ea tu res .  Therefore, f o r  
t h e  case of Fig. 6.3.6. t r a n s i e n t  e f f e c t s  appear small. 
Returning t o  t h e  cons idera t ions  of t h e  s teady s t a t e  o s c i l l a t i o n s ,  
f o r  t h e  example of Fig. 6.3.5 t h e  percentage energy curves i n  Fig. 6.3.7 
show t h e  same anomaly (although much more pronounced) a s  mentioned 
e a r l i e r  between experiments and l i n e a r  theory i n  t h e  region of 
U L / ~  > 1.5. While f o r  shor t  lengths  (DL/= < 1.5) t h e  experimental 
r e s u l t s  fol low t h e  predic t ions  of t h e  l i n e a r  theory, f o r  l a r g e r  harbor 


l eng ths  higher  harmonics are generated and grow i n  r e l a t i v e  importance 
u n t i l  a t  a L / G  = 2.4, where t h e  t h i r d ,  f o u r t h  and £ i f  t h  harmonic components 
con ta in  about 25% of t h e  t o t a l  wave energy compared t o  3% f o r  t h e  l i n e a r  
theory.  The response curves  f o r  t h e  f i r s t  t h r e e  Fourier  components 
a r e  presented i n  Fig. 6.3.8. An i n t e r e s t i n g  f e a t u r e  of t h e s e  curves i s  
t h e  reasonably good agreement between t h e  l i n e a r  theory  and t h e  experi-  
ments f o r  t h e  f i r s t  two harmonics f o r  t h e  f u l l  range of harbor l eng ths  
inves t iga ted .  I n  c o n t r a s t ,  t h e  t h i r d  harmonic component e x h i b i t s  much 
l a r g e r  va lues  from experiments than  predic ted  from t h e  l i n e a r  theory 
f o r  aL/Jg?; > 1 : 5  and reaches a maximum disagreement a t  a L / G  = 2.2. 
It appears,  from Figs.  6.3.7 and 6.3.8, that e f f e c t  of n o n l i n e a r i t i e s  
i s  most important a t  a L / G  = 2.2, and t h e  r e l a t i v e  importance of t h i s  
mode inc reases  wi th  increas ing  inc ident  wave he ight .  It i s  produced by 
a nonl inear  resonant  process  which genera tes  o r  enhances higher harmonics 
whi le  leav ing  t h e  amplitude of t h e  f i r s t  two harmonic components reasonably 
i n t a c t .  I n  o t h e r  words, f o r  t h i s  nonl inear  resonant  mode l i t t l e  energy 
is  t r a n s f e r r e d  from t h e  lower t o  t h e  higher  harmonic components. 
The ques t ion  of whether o r  no t  t h e s e  nonl inear  resonant  condi t ions  
a r e  t r i gge red  o r  enhanced by t h e  presence of higher  harmonics i n  t h e  
inc ident  wave can only be answered numerical ly  by computing t h e  harbor 
response t o  a s inuso ida l  inc ident  wave a t  o L / G  = 2.2. The v a r i a t i o n  
of t h e  normalized wave e l eva t ion  n / ( A  ) with  t / T  is presented i n  Fig. l o  
6.3.9 f o r  three r e l a t i v e  inc ident  wave amplitudes (Al/h)o equal t o  0.03, 
0.07, and 0.15, f o r  a l e n g t h  r a t i o  oL/@ = 2.2, an  aspec t  r a t i o  b/L = 0.2, 
and a r e l a t i v e  period a/ T = 0.04. No v iscous  d i s s i p a t i o n  i s  included 
i n  t h e  computations. The importance of t h e  t r a n s i e n t  phase of t h e  
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Fig. 6.3.9 
Computed transient wave records at the backwall for sinusoidal 
excitations with various amplitudes, b/L = 0.2, ~ ~ l ( / g h  = 2.2 ,  
1 / ~ / h / g  = 0 .04 .  
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o s c i l l a t i o n  can be appreciated f o r  t h i s  case ,  f o r  which t h e  negat ive  
wave e l eva t ion  a t  t h e  end of t h e  f i r s t  o s c i l l a t i o n  reaches twice t h e  
inc ident- ref lec ted  wave amplitude a t  t h e  coas t l i ne .  When steady s t a t e  
conditYons a r e  achieved (which, f o r  t h e  case  of Fig. 6.3.9 does not  
occur u n t i l  a t  l e a s t  t h e  seventh o s c i l l a t i o n )  t h e  r e l a t i v e  trough 
e l eva t ion  keeps a f a i r l y  constant  va lue  equal t o  -1.25 f o r  t h e  t h r e e  
inc ident  waves, but t h e  r e l a t i v e  c r e s t  e l eva t ion  increases  from 1.25 
f o r  (Al/h)o = 0.03 t o  1.70 f o r  (Al/h)o = 0.15. I n  add i t ion ,  higher  
harmonics a r e  generated f o r  t h e  l a r g e s t  inc ident  wave, s imi l a r  t o  what 
i s  observed i n  Fig. 6.3.5, Therefore, nonlinear  resonant condi t ions  
obtained i n  t h e  case  of Fig. 6.3.5 need not  be t r iggered  by t h e  presence 
of higher  harmonics i n  t h e  inc ident  wave. They r e s u l t  d i r e c t l y  from t h e  
magnitude of t h e  
6.3.2.3 
inc ident  wave height .  
Case l c :  Large Amplitude, Small Dispersion, Ful ly  Open 
Harbor 
The experimental condi t ions  a r e  approximately t h e  same 
- 
a s  i n  case  l b  except t h a t  t h e  depth t o  wavelength parameter dhlg/ T has 
been decreased from 0.041 t o  0.022. Hence, t h e  d i spe r s ion  e f f e c t s  
become smaller .  The r e s u l t i n g  Stokes parameter assoc ia ted  with t h e  
inc ident  waves is increased and, consequently, t h e  r e l a t i v e  importance 
of higher  harmonics i n  t h e  inc ident  wave i s  l a r g e r .  
The v a r i a t i o n  of p o s i t i v e  and negat ive  s teady s t a t e  wave extrema 
wi th  U L / ~  i s  presented i n  t h e  upper po r t ion  of Fig. 6.3.10. Good 
agreement can be seen between t h e  experimental r e s u l t s  and those  from 
t h e  l i n e a r  theory f o r  nea r ly  a l l  va lues  of aL/Jg?; inves t iga ted .  The 
only s l i g h t  discrepancy occurs around U L / ~  = 2.6, where t h e  p o s i t i v e  
wave extremum obtained from t h e  experiments is  l a r g e r  than w h a t  t h e  
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l i n e a r  theory p red ic t s .  Selected po r t ions  of t h e  s teady state wave 
records  (experimental and t h e o r e t i c a l )  a r e  presented i n  t h e  lower por t ion  
of Fig. 6.3.10 f o r  s eve ra l  va lues  of ULI@. For a l l  curves,  agreement 
between l i n e a r  theory and experiments appears  good. I n  p a r t i c u l a r  t h e  
secondary o s c i l l a t i o n s  which evolved i n  case  2b f o r  > 1.5 a r e  
hardly observed f o r  t h e s e  condit ions.  (The nonlinear  numerical so lu t ion  
a l s o  compares reasonablv w e l l  f o r  t h e  two va lues  of a t /  Jgh inves t iga ted  . ) 
For u~/, 'gh = 2.2, the numerical s o l u t i o n  .exhib i t s  s e v e r a l  secondary 
o s c i l l a t i o n s  of higher  frequency than i n  c a s e  l b ,  but wi th  smaller 
amplitudes. 
Turning t o  t h e  percentage energy curves i n  Fig. 6.3.11, t h e  importance 
of higher harmonics can be appreciated by considering t h e  r a t h e r  compli- 
cated p a t t e r n  i n  t h e  experimental and t h e  t h e o r e t i c a l  r e s u l t s .  The 
correspondence between t h e  l i n e a r  theory and t h e  experiments is  q u i t e  
good except around U L I G  = 2.2 where higher  harmonics, not  predicted by 
t h e  l i n e a r  theory,  emerge. The percentage of wave energy contained 
i n  t h e  four th ,  f i f t h ,  and s h t h  components reached 15% f o r  t h e  experi-  
ments, compared t o  2% f o r  t h e  l i n e a r  r e s u l t s .  The response curves 
f o r  t h e  f i r s t  t h r e e  harmonic components a r e  presented i n  Fig. 6.3.12. 
It is  noted t h e  experiments agree  w e l l  wi th  t h e  l i n e a r  theory f o r  a l l  
t h r e e  components over t h e  f u l l  range of U L I ~  which was inves t iga ted .  
It appears  then, that smaller  d i spe r s ion  induces some nonlinear  
resonance i n t e r a c t i o n  which i s  s h i f t e d  towards somewhat l a r g e r  va lues  
of U L I ~  and which i s  charac ter ized  by t h e  generat ion of higher 
frequency secondary o s c i l l a t i o n s  of r a t h e r  small amplitude. These 
r e s u l t s  a r e  cons i s t en t  wi th  those  obtained i n  t h e  inves t iga t ion  of t h e  
o s c i l l a t i o n s  i n  a closed basin f o r  which it was found t h a t ,  near resonance, 
t h e  frequency of secondary o s c i l l a t i o n s  increases with smaller dispersion.  
It was a l s o  found that high frequency secondary o s c i l l a t i o n s  a r e  very 
sens i t ive  t o  d iss ipat ion.  I n  t h e  present case,  t h e  d i s s ipa t ion  
e f f e c t s  a r e  considerably more important than i n  t h e  closed basin problem; 
therefore ,  t h e  higher harmonics produced by nonlinear resonant e f f e c t s  
a r e  strongly reduced by diss ipat ion.  This considerat  ion, compounded by 
t h e  higher viscous d i s s ipa t ion  r a t e  i n  t h e  case l c  compared t o  case 
l b  (see Table 6.3.2), probably explains t h e  b e t t e r  agreement between 
experiments and l i n e a r  theory i n  case  l c  than i n  case lb .  This example 
i l l u s t r a t e s  t h e  ef fec t iveness  of d i s s ipa t ion  i n  off s e t t i n g  t h e  e f f e c t s  
of non l inea r i t i e s ,  i.e., t h e  generation of nonlinear resonant condit ions 
not predicted by 
6.3.2.4 
t h e  l i n e a r  theory. , 
Case Id: Large Amplitude, Moderate Dispersion, P a r t i a l l y  
Open Harbor 
The experimental condit ions a r e  approximately t h e  same 
a s  i n  case lb ,  except t h a t  t h e  harbor mouth i s  p a r t i a l l y  closed t o  half 
i t s  width (a/b = 0.5). The purpose of t h i s  sec t ion is  t o  inves t igate  
t h e  e f f e c t s  of t h e  r a t h e r  strong d i s s ipa t ion  a t  o r  near resonance which 
i s  introduced by t h e  p a r t i a l l y  closed entrance. 
The upper pa r t  of Fig. 6.3.13 shows t h e  va r ia t ion  of t h e  steady 
s t a t e  wave extrema with U L I ~ .  The pos i t ive  experimental curve shows 
a ra the r  in te res t ing  fea ture .  The second peak induced by t h e  nonlinear 
resonant mode (uL/G = 2 .2 )  becomes as l a r g e  as t h e  peak induced by t h e  
l i n e a r  resonant condit ions f o r  the  f i r s t  harmonic computed near U L ~ G  = 1.3, 
This can be explained i n  t h e  following way: The d i s s ipa t ive  e f f e c t s  of 
entrance separat ion,  which increase with t h e  veloci ty  a t  t h e  mouth, a r e  
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Fig. 6.3.15 Variation of the relative wave amplitude with alf for the first three Fourier components, 
comparison between experiments, linear and nonlinear solution, Case Id; h 
most severe  f o r  O L I ~  = 1.3,  where a node e x i s t s  near t h e  entrance.  I n  
c o n t r a s t ,  near  ~ L I G  = 2.2, where nonl inear  resonance occurs ,  t h e  
v e l o c i t y  a t  t h e  mouth becomes smal le r  s ince ,  from the  l i n e a r  theory,  a 
node no longer  e x i s t s  near  t h a t  l oca t ion .  Therefore,  en t rance  sepa ra t ion  
does no t  a f f e c t  s u b s t a n t i a l l y  t h e  development of t h e  nonl inear  resonant  
f e a t u r e s  a t  O L I ~  = 2 . 2 .  
The agreement of t h e  experiments wi th  t h e  l i n e a r  theory is  r a t h e r  
poor around ~ L / J &  = 2.2, a s  expected, bu t  it  i s  a l s o  r a t h e r  poor f o r  
smaller  va lues  of O L I ~ ,  where t h e  p o s i t i v e  extrema a r e  underpredicted 
and t h e  negat ive  extrema a r e  overpredicted.  The nonl inear  theory agrees  
we l l  with t h e  experiments f o r  cs~/Jg?; = 2.2, bu t  shows t h e  same tendency 
a s  t h e  l i n e a r  s o l u t i o n  f o r  O L / ~  = 0.6. The reason f o r  t h i s  discrepancy 
i s  not  c l e a r .  Examples of s eve ra l  s teady s t a t e  wave records  a r e  presented 
i n  t h e  lower po r t ion  of Fig.  6.3.13. For ULIG > 1.3,  t he  growth of 
secondary o s c i l l a t i o n s  i s  observed aga in  and good agreement is  obtained 
between t h e  experimental r e s u l t s  and t h e  r e s u l t s  of t h e  nonl inear  theory 
f o r  O L I G  = 2.2.  
The energy percentage curves i n  Fig. 6.3.14 and t h e  amplitude 
response curves i n  Fig. 6.3.15 fol low t h e  same t rend  as f o r  case  l b :  
entrance separa t ion  reduces t h e  maximum ampl i f i ca t ion  f a c t o r  f o r  t he  
f i r s t  harmonic component down t o  about 1.7 (= Ai/Ao) a t  resonance, but  
does not  prevent t h e  development of higher  harmonics near U L I ~  = 2.2. 
Actual ly,  t h e  amplitudes of t h e  t h i r d  harmonic component f o r  t h i s  harbor 
l eng th  a r e  both equal  t o  about 0.055 f o r  case  Id  and l b .  This  shows 
t h a t  nonl inear  resonance develops a s  f u l l y  i n  case  Id  a s  i n  case  l b .  
To demonstrate t h e  c a p a b i l i t y  of t h e  numerical program i n  modeling 
separa t ion  l o s s  a t  t h e  en t rance  of t h e  harbor ,  four  experiments were 
performed by exciting the harbor continuously with different opening 
ratios a/b. The fixed dimensionless parameters are (H/h) = 0.1, inc 
b / ~  = 0.2, T = 0.05, U L I ~  = 1.2, ys = 0.113, and E = 0.006, 
corresponding to T = 2.0 sec and h = 10 cm. The opening ratios a/b were 
set equal to 1.0, 0.8, 0.4, 0.2. For this set of experiments the harbor 
was not sealed to the floor of the basin; consequently, the leakage loss 
parameter E has a non-zero value. The entrance friction factor f is 
e 
determined from the simplified analysis of Section 6.2.4 as 0.8 for the 
fully open cases, 1.15 for the other cases. Figure 6.3.16 shows the 
variation of the relative wave surface displacement q/h at the backwall 
with dimensionless time t/T for the four opening ratios. It is seen 
that the numerical solution agrees reasonably well with the experiments 
although it predicts a slightly larger amplification for a/b = l., 0.8, 
and 0.4 by about 15%. The efficiency of the breakwater in reducing 
resonance for small values of a/b can be appreciated by considering the 
higher curve and the lower curve in Fig. 6.3.16;the former corresponds 
to a/b = 1 and the latter to a/b = 0.2. For the partially closed harbor 
resonance is completely suppressed compared to the example of the fully 
open harbor where the wave height at the backwall is more than three 
times the incident wave height. 
In prototype situations the depth to wavelength ratio T is 
smaller than in laboratory, typically by one order of magnitude. In order 
to investigate the effects of very small dispersion on the first resonant 
mode, numerical experiments were performed using a sinusoidal incident 
wave with b/L = 0.2, L = 3 ( ~ ~ / h ) ~  = 0.05, and no viscous 
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Fig. 6.3.16 Transient wave records at the backwall for various opening 
ratios a/b near the first resonant mode, comparison between 
experiment and nonlinear solution, L = 38'cm, T = 2 sec, 
h = 10 cm. 
d i s s i p a t i o n .  The time h i s t o r y  of t he  r e l a t i v e  water su r f ace  e l eva t ion ,  
n/h,  a t  t h e  backwall i s  presented i n  Fig. 6.3.17 f o r  three va lues  of 
Jhlg/~: 0.03, 0;009, and 0.003. The t h r e e  waves evolve with time i n  
a  s i m i l a r  manner and r e t a i n  t h e i r  shape which i s  approximately s inuso ida l  
even when t h e  r e l a t i v e  wave he ight  a t  t h e  backwall -reaches 0.8. Therefore,  
t h e  e f f e c t s  of n o n l i n e a r i t i e s  with small  d i spe r s ion  can a l s o  be 
neglected f o r  t hese  condi t ions .  
6.3.3 The Harbor Response Near t h e  Second Resonant Mode 
Five s e t s  of response waves were obtained near  t h e  second 
resonant  mode f o r  a  rec tangular  harbor where f o r  t h i s  mode t h e  harbor 
e s s e n t i a l l y  appears  longer  r e l a t i v e  t o  t h e  inc iden t  wavelength. The 
c h a r a c t e r i s t i c s  of t h e  inc iden t  wave and of t h e  harbor f o r  each case  a r e  
given i n  Table 6.3.4. 
Table 6.3.4 
Case 2a 
Case 2b 
Case 2c 
Case 2d 
Case 2e 
Experimental condi t ions  f o r  t h e  experiments performed 
near  t h e  second resonant  mode 
Cases 2a, 2b, 2c, and 2d correspond approximately t o  t h e  same experi-  
mental condi t ions  a s  ca ses  l a ,  l b ,  I c y  and I d ,  r e spec t ive ly ,  except t h a t  
t h e  width r a t i o  b/L i s  now reduced t o  0.1 t o  decrease r a d i a t i o n  damping a t  
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Fig. 6.3.17 Computed transient wave records at the backwall for 
sinusoidal excitations for various values of 1/~=, 
no viscous dissipation, b / ~  = 0.2, (Al/h)o - 0.05, 
O L / ~  = 1.3. 
the second resonant mode. Case 2e corresponds to the same experimental 
conditions as case Zb, except that the incident wave height is larger. 
This section deals with the excitation of the second mode of the 
harbor by the first harmonic component of the incident cnoidal wave 
system. As a basis of comparison with subsequent results the variation 
from the linear theory of the amplification factor at the backwall with 
the normalized wave number kL is presented in Fig. 6.3.18 for b / ~  = 0.1 
and for a/b = 1.0 and a/b = 0.5, in the absence of viscous dissipation. 
The three maxima in Fig. 6.3.18 correspond to the second (kL = 4 . 3 ) ,  
third (kL = 7.5), and fourth (kL = 10.5) resonant modes. The peak which 
is associated with the second resonant mode appears fairly sharp, but actually 
viscous dissipation tends to modify this by reducing the amplification. 
Table 6.3.5 gives the values of the various dissipation parameters: E ,  
Ys* and fe for each case and the estimated amplification factors at the 
second resonant mode (kL = 4.3) based on the simplified analysis of 
Section 6.2.4. 
Table 6.3.5 Effects of viscous friction on the amplification factor 
at the second resonant mode 

From Table 6.3.5 i t  is  seen t h a t  viscous d i s s i p a t i o n  reduces t h e  
response a t  t h e  second mode s u b s t a n t i a l l y  and the re fo re  must be 
included i n  t h e  va r ious  numerical models f o r  a meaningful comparison 
wi th  t h e  experiments. The experimental and t h e o r e t i c a l  r e s u l t s  f o r  
each case  a r e  presented next .  
6.3.3.1 Case 2a: Moderate Amplitude, Moderate Dispersion, 
Ful ly  Open Harbor 
The v a r i a t i o n  of t he  p o s i t i v e  and negat ive  s teady s t a t e  
wave extrema wi th  U L I ~  i s  presented i n  t h e  upper p a r t  of Fig. 6.3 .i9. 
Although t h e  experimental condi t ions  a r e  s i m i l a r  t o  Case l a ,  t h e  agree- 
ment between t h e  l i n e a r  theory and the  experiments is  not  a s  good a s  i n  
t h e  case  of Fig. 6.3.2. I n  p a r t i c u l a r ,  t h e  experimental p o s i t i v e  
extremum i s  l e s s  than what t h e  theory p r e d i c t s  f o r  oL/Jg?; = 4.3, and a 
secondary peak seems t o  emerge f o r  ULIG = 5.0. The wave extrema 
computed from t h e  nonl inear  theory compare w e l l  wi th t h e  experiments. 
An ext rac ted  po r t ion  of t he  s teady s t a t e  wave records f o r  s eve ra l  
va lues  of U L I ~  i s  presented i n  t h e  lower graph of Fig. 6.3.19. The 
f r o n t  f a c e  of t h e  o s c i l l a t i o n s  s teepens more than t h e  l i n e a r  theory 
p r e d i c t s  from ULIJ~?; = 3.50 t o  4.96, and s m a l l  secondary o s c i l l a t i o n s  
appear on t h e  back f a c e  of t h e  main o s c i l l a t i o n  a t  o~im = 4 . 9 6 .  The 
numerical nonl inear  s o l u t i o n s  agree  we l l  wi th  t h e  experiments and agree 
b e t t e r  than t h e  r e s u l t s  of t h e  l i n e a r  theory.  
The corresponding energy percentage curves a r e  shown i n  Fig. 6.3.20. 
I n  c o n t r a s t  t o  t h e  r e s u l t s  of t h e  l i n e a r  theory,  t h e  experimental r e s u l t s  
show t h a t  t he  growth of t h e  f i r s t  harmonic component near  resonance i s  
accompanied by t h e  simultaneous growth of h igher  harmonics. These higher  
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harmonics cont inue t o  grow a s  t h e  harbor l eng th  is  increased,  u n t i l  
a t  about aL/dgh = 5.0 where t h e i r  r e l a t i v e  importance culminates.  The 
amplitude response curves f o r  t he  f i r s t  t h r e e  Fourier  components a r e  
presented i n  Fig. 6.3.21. The r a t i o  of t h e  wave amplitude predic ted  
by t h e  l i n e a r  theory t o  t h e  experimental wave amplitude a t  aL/Jg?; = 4.4 
i s  about 1.3,  whereas t h e  amplitude f o r  t h e  second and t h i r d  harmonic 
components obtained experimental ly  a t  a~/Jg?;  = 4.4 is  much l a r g e r  
than l i n e a r  theory p red ic t s .  Therefore,  i t  can be concluded t h a t  f o r  
t h e  second resonant  mode a t r a n s f e r  of energy t akes  p l ace  from t h e  
lowest t o  t h e  higher  frequency components, r e s u l t i n g  i n  a "nonlinear 
i nv i sc id  damping" of t h e  lowest harmonic a t  resonance. This  new 
f e a t u r e  d id  n o t  appear t o  e x i s t  f o r  t h e  f i r s t  resonant  mode. A s  
U L / / '  i s  increased f u r t h e r ,  t he  ampl i f i ca t ion  of t h e  second and 
t h i r d  harmonic components grows also, u n t i l  a maximum i s  reached a t  about 
DL/=  = 5 .O. For t h i s  va lue ,  t h e  ampl i f i ca t ion  of t h e  f i r s t  harmonic 
i s  we l l  p red ic ted  by the  l i n e a r  theory,  but  complete disagreement between 
experimental and l i n e a r  curves can be observed f o r  t he  second and t h i r d  
harmonics. This suggests  t h e  ex i s t ence  of a second nonl inear  resonant  
mode around O L / ~  = 5.0 which i s  charac te r ized  by t h e  production of 
harmonics, s i m i l a r  t o  those obtained i n  Sect ion 6.3.2.1 f o r  t h e  f i r s t  mode. 
6.3.3.2 Case 2b: Large Amplitude, Moderate Dispersion, 
Ful lv  O ~ e n  Harbor 
The experimental condi t ions  a r e  t he  same a s  f o r  case  2a, 
except t h a t  t h e  inc iden t  wave he ight  is now twice a s  l a r g e .  The upper 
po r t ion  of Fig.  6.3.22 shows the  v a r i a t i o n  of t he  s teady s t a t e  wave 
extrema wi th  aL/Jg?;. The d i f f e r ence  between the  experimental r e s u l t s  
and t h e  l i n e a r  theory appears  g r e a t e r  than t h a t  shown f o r  case  2a i n  
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Figure 6.3.19. I n  p a r t i c u l a r ,  t he  p o s i t i v e  peak i s  s h i f t e d  from 
DL/@ = 4.4 t o  about UL/@ = 5 .O. The skewness of t h e  p o s i t i v e  extremum 
curve i s  a l s o  q u i t e  apparent .  For o L / G  = 5.0, t h e  r a t i o  of p o s i t i v e  
t o  nega t ive 'ex t rema,  reaches 2.5 compared t o  1.1 f o r  t h e  l i n e a r  theory. 
Thus, t h e  genera l  shape of response curves f o r  t h e  s teady  s t a t e  bea r s  
a c e r t a i n  resemblance t o  t h e  r e s u l t s  obtained f o r  t h e  closed rec tangular  
basin.  It is noted t h a t  t h e  agreement between t h e  nonl inear  d i spe r s ive  
s o l u t i o n  t o  t h e  experiments i s  good. 
Severa l  wave records a r e  presented i n  t h e  lower po r t ion  of Fig. 
6.3.22 f o r  s teady  s t a t e  condi t ions .  The experimental r e s u l t s  and the  
l i n e a r  theory d i f f e r  s i g n i f i c a n t l y  and i n  c o n t r a s t ,  t h e  nonl inear  
theory agrees  reasonably we l l  w i th  experiments f o r  t h e  four  curves 
which were obtained numerically.  For U L / ~  = 3.50, a s l i g h t  extremum 
takes  p lace  on t h e  l i n e a r  curve on Fig. 6.3.22, which i n d i c a t e s  t h e  
e x c i t a t i o n  of t h e  t h i r d  resonant  mode by t h e  second harmonic component of + 
t h e  i nc iden t  wave. However, t h e  wave shape descr ibed by t h e  l i n e a r  theory 
and shown below, charac te r ized  by a d i s t o r t e d  f r o n t  face ,  does not  agree 
wi th  e i t h e r  t h e  experiments o r  t h e  nonl inear  theory. This means t h a t  t he  
harbor cannot be considered f o r  t h i s  case  a s  a l i n e a r  t ransducer  f o r  t h e  
inc iden t  wave. Thus, t he  e f f e c t s  of higher  frequency components i n  t h e  
inc iden t  wave cannot be simply l i n e a r l y  superimposed; they become d i r e c t l y  
r e l a t e d  t o  t h e  over- al l  nonl inear  behavior of t h e  wave i n s i d e  t h e  
harbor.  A s  DL/G increases ,  s o  does the  wave he ight  and t h e  f r o n t  
f ace  of t h e  wave s teepens and secondary o s c i l l a t i o n s  appear and grow 
i n  amplitude. A t  DL/& = 5.2 t h e  secondary o s c i l l a t i o n s  a t t a i n  a 
he ight  about one- third of t h e  main o s c i l l a t i o n .  It should be noted, 
- - 
Fig. 6.3.23 Transient wave records at the backwalb for several values of 
U L / ~  near the second resonant mode, Case 2b; h - 7.5 cm, 
T = 1.81 s. 
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f o r  t hese  experiments, t h e  nonl inear  resonant  processes  i n s i d e  t h e  harbor 
are q u i t e  s i m i l a r  t o  f e a t u r e s  observed i n  t h e  closed bas in ;  i n  p a r t i c u l a r ,  
t h e  main o s c i l l a t i o n  a t  resonance d iv ides  i n t o  seve ra l  secondary 
o s c i l l a t i o n s  a s  a r e s u l t  of t h e  a t tempt  of t h e  wave t o  balance nonlinear 
and d i spe r s ive  e f f e c t s .  However, these  o s c i l l a t i o n s  remain smal le r  
than what w a s  observed f o r  t h e  closed r e t t a n g u l a r  bas in ,  probably 
because of t h e  s t rong  damping ( v i s c i d  and inv i sc id )  f o r  t h e  harbor which 
limits t h e i r  development. For UL/= = 5.94, which corresponds t o  a 
nonresonant condi t ion ,  t h e  wave shape a t  the  backwall i s  aga in  s i m i l a r  t o  
t h e  inc iden t  wave. 
To es t imate  t he  t r a n s i e n t  e f f e c t s  near  t h e  second resonant  mode, 
t he  time h i s t o r y  of t h e  r e l a t i v e  wave e l eva t ion  n/h a t  the  backwall i s  
presented i n  Fig. 6.3.23 f o r  s e v e r a l  va lues  of U L I J ~ ? ;  and is  compared 
with t h e  experiments. Again, t h e  nonl inear  s o l u t i o n  agrees  we l l  with 
t h e  experiments f o r  a l l  cases .  It is  seen t h a t  nonl inear  e f f e c t s  
. 
become f u l l y  developed a f t e r  fou r  o s c i l l a t i o n s ,  and s teady  s t a t e  
condi t ions  occur wi th in  f i v e  o s c i l l a t i o n s  f o r  a l l  examples. Thus, t he  
t r a n s i e n t  e f f e c t s  remain s m a l l  f o r  t hese  condit ions.  
The s teady  s t a t e  energy percentage curves on Fig. 6.3.24 c l e a r l y  
show t h e  genera t ion  of higher  harmonics which accompanies t h e  nonl inear  
resonant  process. For o L / G  = 5.2, t h e  second, t h i r d ,  and fou r th  
harmonic components conta in  about 50% of t h e  wave energy, compared t o  
only 7% predic ted  by t h e  l i n e a r  theory. It can  be observed from Fig. 
6.3.24 t h a t  only h igher  harmonics up t o  t he  f o u r t h  a r e  generated by 
t h i s  nonl inear  resonant  process.  The amplitude response curves f o r  
t h e  f i r s t  t h r e e  harmonic components a r e  shown i n  Fig. 6.3.25. The 


nonlinear process of energy t r ans fe r  from the  lowest to  higher harmonic 
components i s  c l e a r l y  seen f o r  ULIG = 4 .4  where the r a t i o  of maximum 
amplitude computed from the  l i n e a r  theory t o  t h e  corresponding experi- 
mental amplitude reaches 1.4 f o r  t h e  lowest harmonic. The response 
curves f o r  the second and t h i r d  harmonic component obtained experimentally 
is s ign i f i can t ly  d i f f e r e n t  from tha t  which i s  predicted by the  l i n e a r  
theory. This indica tes  t h a t  they r e s u l t  from t h e  nonlinear i n t e r a c t i o n  
of the  main o s c i l l a t i o n  t r iggered by t h e  second resonant mode. 
6 . 3 . 3 . 3  Case 212: Large Amplitude, Small Dispersion, Fully Open 
Harbor 
The experimental conditions are s imi la r  t o  those of 
case 2b, except t h a t  the  depth parameter m/ T i s  decreased from 
0.048 t o  0 .027 .  A s  a consequence, the  amount of energy i n  the  higher 
harmonics i n  t h e  incident  wave i s  l a rge r .  
The va r ia t ion  of t h e  r e l a t i v e  pos i t ive  and negative steady s t a t e  
wave extrema with U L I G  f o r  t h i s  case is  presented i n  Fig. 6 .3 .26 .  The 
second harmonic component i n  the  incident  wave has an amplitude equal 
t o  half tha t  of the  f i r s t  harmonic component, and t h i s  explains the  
presence of these  ra the r  w e l l  defined peaks on the l i n e a r  response 
curve. The peak a t  UL/@ = 3.80  corresponds t o  t h e  amplif icat ion of 
the  second harmonic a t  the  t h i r d  resonant mode, the  main peak a t  
UL/@ = 4 . 3  corresponds t o  t h e  amplif icat ion of the  f i r s t  harmonic 
a t  the second resonant mode, and f i n a l l y ,  the  peak a t  U L I ~  = 5.2 
corresponds t o  t h e  amplif icat ion of the  second harmonic component a t  the  
fourth resonant mode. Relat ively l a rge  d i f ferences  between the  response 
curve predicted from the  l i n e a r  theory and tha t  determined from 
experiments can be observed, and t h e  shape of the  experimental response 
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curve is somewhat d i f f e r e n t  from t h a t  i n  Fig. 6.3.22. Two d i s t i n c t  
experimental extrema now occur  i n  t h e  experimental curve a t  U L / ~  = 4.5 
and ol l r 'gh = 5.4, r e spec t ive ly .  The occurrence of t h e  second experi-  
mental peak and t h e  t h i r d  l i n e a r  peak a t  about t h e  same va lue  of 
U L I ~ ,  i. e. , around 5.2, i s  bel ieved t o  be co inc iden ta l ,  s i n c e  t h e  
experimental wave behavior i s  not  be l ieved  t o  be governed by l i n e a r  
theory f o r  O L I ~  = 5.2, bu t  r a t h e r  emanates from t h e  c h a r a c t e r i s t i c s  
of t h e  nonl inear  resonant  o s c i l l a t i o n s .  
Severa l  s teady  state wave records  a r e  presented i n  t h e  lower p a r t  
of Fig. 6.3.26. For U L / ~  > 4.3, secondary o s c i l l a t i o n s  appear on 
t h e  back f ace  of t h e  main wave bu t  wi th  small amplitudes. Nevertheless ,  
t h e  number of o s c i l l a t i o n s  is  l a r g e r  than f o r  case  2b, e.g., f o r  
U L / ~  = 5.25 fou r  secondary o s c i l l a t i o n s  a r e  c l e a r l y  seen. The same 
f e a t u r e s  a r e  obtained on the  corresponding nonl inear  wave record,  
although secondary o s c i l l a t i o n s  have somewhat l a r g e r  amplitudes.  These 
observat ions are c o n s i s t e n t  w i th  t h e  r e s u l t s  of the  o s c i l l a t i o n  of a 
c losed  r ec t angu la r  bas in  which showed a l a r g e r  number of secondary 
o s c i l l a t i o n s  f o r  smal le r  va lues  of t h e  d i spe r s ion  parameter. For 
DL/= > 4.3, t h e  nonl inear  resonant  condi t ions  which develop a r e  
mainly cha rac t e r i zed  by t h e  presence of higher  harmonic cmponents .  
The frequency of t hese  harmonics i nc reases  as t h e  e f f e c t s  of d i spe r s ion  
decrease, and they  tend t o  b e  damped more e f f i c i e n t l y  by 
d i s s ipa t ion .  Consequently t h e  secondary peak observed i n  uppe rg raph  
of Fig. 6.3.26 may no t  be f u l l y  developed because of d i s s i p a t i o n  e f f e c t s .  
I n  the  energy percentage curves shown i n  Fig. 6.2.27, t h e  e f f e c t s  
of small d i s p e r s i m  i n  genera t ing  h igher  frequency components is  c l e a r l y  
demonstrated. I n  p a r t i c u l a r  f o r  UL/& = 5.6, t h e  f i f t h  and s i x t h  
components con ta in  10% of t h e  t o t a l  energy, whereas i n  ca se  2b those  
components were neg l ig ib l e .  The amplitude response curves i n  Fig. 6.2.28 
e x h i b i t  s i m i l a r  f e a t u r e s  t o  case  2b. The same nonlinear  damping i s  
obsenred f o r  the  f i r s t  harmonic. The r a t i o  of maximum amplitude computed 
from t h e  l i n e a r  theory t o  t h e  corresponding experimental amplitude 
reaches 1.35. Higher harmonics grow u n t i l  a c e r t a i n  po in t  (oL/@ = 5.5) 
and then s t o p  r ap id ly ,  a s  can be seen from t h e  response of t h i r d  
harmonic i n  Fig. 6.3.28. 
To i n v e s t i g a t e  f u r t h e r  t h e  e f f e c t s  of small  d i spers ion  on t h e  
second resonant  mode, numerical experiments using t h e  nonl inear  d i spe r s ion  
s o l u t i o n  were performed with a s inuso ida l  input  wave for : ,  b/L = 0.1, 
DL/@ = 4.95, (Al/h)O = 0.1, and no v iscous  d i s s ipa t ion .  The computa- 
t i o n s  were made f o r  t h r e e  "depth-to-wavelength" parameter values 
(m T) which correspond more t o  pro to type  condit ions:  0.03, 0.009, 
and 0.003. The time h i s t o r y  'of t he  v a r i a t i o n  of t h e  water sur face  
e l eva t ion  n /h  a t  t h e  backwall is presented i n  Fig. 6.3.29 f o r  t hese  
condit ions.  For t h e  t h r e e  curves t h e  s teady s t a t e  wave he igh t  is  about 
twice t h a t  corresponding t o  UL/@ = 0 (compared t o  about un i ty  f o r  t he  
l i n e a r  theory) .  The nonl inear  resonant  o s c i l l a t i o n s  a r e  charac te r ized  
by a s t eep  f r o n t  f a c e  and secondary o s c i l l a t i o n s  on the  back face .  
F i n a l l y ,  t h e  number of secondary o s c i l l a t i o n s  tends t o  i nc rease  f o r  
smal le r  d i spe r s ions  but  t h e i r  amplitude tends t o  decrease i n  t h e  same 
time. 
6 . 3 . 3 . 4  Case 2d: Large Amplitude, Small Dispersion, P a r t i a l l y  
Closed Harbor 
The e f f e c t s  of entrance d i s s i p a t i o n  on nonl inear  resonant 
i n t e r a c t i o n s  near  t h e  second resonant  mode were inves t iga t ed  by reducing 
p = 0.1 x = 0 . 0  
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Fig. 6 .3 .29  Computed transient records a t  the backwall for sinusoidal 
excitations, for various values of 1 1 ~ a .  No viscous 
dissipation b/L - 0.1,  ( A ~ / B ) ~  = 0.1, OZ/&$= 4.95.  
t he  harbor  entrance'  t o  ha l f  t h e  f u l l y  open width. Figure 6.3.30 shows 
t h e  v a r i a t i o n  of t h e  r e l a t i v e  s teady  state extrema wi th  GI,/@. It is 
noted resonance i s  almost completely suppressed near  ULI* = 4.4 
and i n  t h e  experiments a d i s t i n c t  peak r e s u l t s  from t h e  nonl inear  
resonant  process  a t  U L I G  = 5.00. 
Se lec ted  segments of some s teady  s t a t e  wave records  a r e  presented 
i n  t h e  lower po r t ion  of Fig. 6.3.30 . f o r  va r ious  va lues  of DL/@ 
obtained experimentally and from the  nonl inear  and l i n e a r  t heo r i e s .  The 
wave shapes from t h e  l i n e a r  theory a r e  i n  b e t t e r  agreement with the  
experiments than  i n  t he  o t h e r  cases ,  which shows t h a t  nonl inear  
f e a t u r e s  have been reduced by the  energy d i s s i p a t i o n  introduced by 
t h e  p a r t i a l l y  c losed  entrance.  Some secondary o s c i l l a t i o n s  appear 
behind t h e  main wave i n  t h e  wave record obtained experimentally.  This 
f e a t u r e  is not  pred ic ted  by t h e  nonl inear  theory, although t h e  wave 
he ight  i s  c o r r e c t l y  predicted.  
The energy percentage curves a r e  shown i n  Fig. 6.3.31. The genera- 
t i o n  of higher  harmonics around U L I G  = 5.0 is r e l a t i v e l y  l e s s  important 
than  f o r  ca se  2b. I n  t h e  l a t t e r  case  t h e  t h i r d  and fou r th  harmonic 
components conta in  a maximum of about 35% of t h e  t o t a l  wave energy, 
compared t o  12% f o r  case  2d. The amplitude response curves f o r  t he  
f i r s t  t h r e e  harmonic components presented i n  Fig. 6.3.32 show similar 
e f f e c t s  as observed f o r  t h e  f u l l y  open case;  however, t h e  f e a t u r e s  a r e  
somewhat a t t enua ted  by entrance d i s s i p a t i o n .  
6.3.3.5 Case 2e: Large bmplitude, Moderate Dispersion,  
Ful ly  Open Harbor 
I n  previous cases  d a t a  were obtained a t  only one 
loca t ion :  t h e  backwall of t h e  harbor.  I n  t h i s  s ec t ion  i n  add i t i on  t o  
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ob ta in ing  t h e  v a r i a t i o n s  of t h e  water su r f ace  e l eva t ion  wi th  time a t  a 
given loca t ion ,  t h e  v a r i a t i o n  wi th  d i s t ance  was a l s o  evaluated a t  
d i f f e r e n t  e lapsed t i m e s .  The experimental p r o f i l e s  were compared t o  
both t h e  l i n e a r  a n a l y t i c a l  s o l u t i o n  and t h e  nonl inear  d i spe r s ive  so lu t ion .  
To c l e a r l y  cha rac t e r i ze  t h e  nonl inear  behavior of t h e  wave i n s i d e  t h e  
harbor  f o r  t h e  second resonant  mode, a f a i r l y  l a r g e  inc iden t  wave was 
used a s  input ,  i .e . ,  ( q / h ) o  = 0.16 and the  smal l  r ad ius  corners  a t  
t h e  en t rances  used f o r  a l l  o t h e r  cases ( re = 0.5 cm) w e r e  replaced by 
the  l a r g e  r ad ius  corners  ( r e  = 5 cm) t o  minimize en t rance  d i s s i p a t i o n .  
F i r s t  t h e  response curves obtained experimental ly  and from t h e  
l i n e a r  theory a r e  presented i n  Fig. 6 . 3 . 3 3  s i m i l a r  t o  t h e  o the r  cases  
inves t iga ted .  The same nonlinear  f e a t u r e s  seen before,  although some- 
what enhanced here,  are observed. It i s  seen t h a t  t h e  negat ive  
extremum measured experimental ly  i s  r e l a t i v e l y  independent of o L / G .  
The response a s soc i a t ed  wi th  t h e  experiments i s  a maximum f o r  oL/@ = 5.0 
and t h e  corresponding r a t i o  of t h e  p o s i t i v e  extremum over t he  negat ive  
extremum reaches three .  The discrepancy between experiments and l i n e a r  
theory i s  obvious e s p e c i a l l y  when t h e  p o s i t i v e  wave extrema a r e  compared 
at resonance. Good agreement i s  obtained between experiments and non- 
l i n e a r  r e s u l t s  even f o r  ~ L / G  = 5.0 where t h e  experimental r e l a t i v e  
wave he ight  reaches 0.8. 
The experimental s teady s t a t e  wave records  presented i n  the  lower 
p a r t  of Fig. 6 . 3 . 3 3  do not  agree  a t  a l l  with t h e  r e s u l t s  of t h e  l i n e a r  
theory. I n  con t r a s t ,  t h e  experiments agree q u i t e  w e l l  with t he  nonl inear  
d i spe r s ive  theory. For o ~ / a  z 4 . 3  secondary o s c i l l a t i o n s  appear and 
t h e  main wave d iv ides  i n t o  t h r e e  sepa ra t e  waves. 
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Pig. 6.3.33 Cal Variation of the steady state  wave atrema with U L / ~  
at  the backwall, (b) steady state  wave records a t  the 
backwall for several values of U L / ~ ;  comparison between 
experiments, linear and nonlinear solution, Case 2e; 
h = 7.5 cm,  T = 1.78 s.  
The photographic method used t o  o b t a i n  experimental wave p r o f i l e  
( v a r i a t i o n  of t h e  w a t e r  su r f ace  e l eva t ion  wi th  d i s t ance )  i n s i d e  t h e  closed 
rec tangular  bas in  turned out  t o  be unsu i t ab l e  f o r  t h e  harbor because of 
phys i ca l  c o n s t r a i n t s .  Ins tead ,  s teady  s t a t e  wave p r o f i l e s  were obtained 
experimental ly  by using t h e  fol lowing procedure: A s e r i e s  of t r a n s i e n t  
Euler ian  wave gage records  were taken a t  s i x t y  equal ly  spaced loca t ions  
i n s i d e  t h e  harbor.  For each of t hese  s i x t y  runs  the  same inc iden t  
wave was generated and t h e  wave was recorded a t  a given l o c a t i o n  i n s i d e  
t h e  harbor.  Then t h e  wave gage w a s  moved t o  t h e  next  l oca t ion  and t h e  
process  was repeated.  For each run t h e  wave w a s  recorded by a second 
gage, loca ted  a t  a f ixed  p o s i t i o n  j u s t  ou t s ide  t h e  harbor i n  order  t o  
provide the  same time o r i g i n  f o r  a l l  records.  This  method proved 
accura te  because of t h e  high degree of r e p e a t a b i l i t y  of t h e  hydraul ica l ly  
dr iven  wave genera t ion  system, and due t o  t h e  analogue- to- digi tal  da t a  
a c q u i s i t i o n  system used i n  t h i s  study. 
The experimental s teady  s t a t e  wave p r o f i l e s  f o r  twelve d i f f e r e n t  
t imes wi th in  one wave period a r e  presented i n  Fig. 6 . 3 . 3 4 .  These were 
measured along the  c e n t e r l i n e  of t h e  harbor  and t h e  p r o f i l e s  a r e  compared 
wi th  t h e  l i n e a r  a n a l y t i c a l  s o l u t i o n  and the  nonl inear  d i spe r s ive  numerical 
so lu t ion .  The pos i t i ons  X/L = -1 and x/L = 0 correspond t o  t h e  backwall 
and t h e  mouth, respec t ive ly .  The wave e l eva t ion  i n  m i l l i n e t e r s  i s  p l o t t e d  
a s  t h e  ord ina te .  ( I t  i s  r eca l l ed  t h a t  h = 7.45 cm f o r  t h i s  case) .  
The experiments and t h e  nonl inear  theory agree f a i r l y  we l l  f o r  a l l  
times. The l i n e a r  theory produces a completely d i f f e r e n t  p a t t e r n  which 
resembles a s tanding  wave pa t t e rn .  No nodes a r e  seen with t h e  l i n e a r  
theory because t h e  inc iden t  wave used a s  input  i n  t h e  c a l c u l a t i o n  is  
Fig. 6 . 3 . 3 4  Evolution of steady s ta te  wave prof i l e s  with time inside the harbor, Case 2e; h = 7 . 5  cm, 
T = 1.78 s, L - 120 cm, comparison between experiments, l inear and nonlinear solutions. 
not  symmetric about t h e  mean water l e v e l  consequently t h e  i n t e r s e c t i o n  
of the wave e l e v a t i o n  wi th  t h e  mean water l e v e l  o s c i l l a t e s  about t h e  
p o s i t i o n s  X/L = -0.33 and x/L = 0.0. One important f e a t u r e  assoc ia ted  
with t h e  experimental p r o f i l e s  is t h e  moving wave p a t t e r n  charac te r ized  
mainly by two "hump-like" waves ind ica t ed  by t h e  f u l l  l i n e  and t h e  hatched 
arrows i n  Fig.,6.3.34, which t r a v e l  i n  and ou t  of t h e  harbor.  Secon- 
dary  t r a v e l l i n g  o s c i l l a t i o n s  complicate t h a t  p a t t e r n  f u r t h e r ,  and a r e  
mainly r e spons ib l e  f o r  a d d i t i o n a l  l o c a l  extrema such as t h e  one observed 
a t  X/L = -0.6 f o r  t / T  = 0.67. The s i m i l a r i t y  between t h i s  wave p a t t e r n  
and those  obtained wi th  t h e  closed bas in  is obvious ( see  Fig. 5.2.8). 
I f  d i spers ion  e f f e c t s  a r e  decreased one would expect t o  ob ta in  
more secondary l o c a l  extrema along t h e  harbor.  I f  they a r e  f u r t h e r  
reduced, v i scous  d i s s i p a t i o n  i s  expected t o  damp out  t h e  secondary 
o s c i l l a t i o n s  and t r i a n g u l a r  shaped waves t r a v e l l i n g  i n  and ou t  of t h e  
harbor should be  obtained. 
6 . 3 . 4  Summary 
The nonl inear  resonant  o s c i l l a t i o n s  of a narrow rec tangular  
harbor have been inves t iga t ed  experimental ly  and t h e o r e t i c a l l y  and discussed i n  
Sec t ion  6 . 3 .  The main r e s u l t s  can be  summarized a s  follows. 
For s h o r t  bays, such t h a t  OL/= < 0.6, nonl inear  convect ive e f f e c t s  
do not  appear and can be reasonably neglected even when t h e  wave height  
of t h e  o s c i l l a t i o n s  is  of order  uni ty.  I n  t h i s  range t h e  harbor a c t s  
as a l i n e a r  t ransducer  which sees  t h e  inc iden t  wave as a s i g n a l  composed 
of va r ious  frequencies ,  bu t  does not  perceive t h e  nonl inear  na tu re  of 
t h i s  wave. I n  f a c t  t h e  harbor l eng th  L i s  too  s m a l l  f o r  t h e  nonl inear  
e f f e c t s  t o  have space enough t o  develop. 
A s  t h e  bay length  inc reases  r e l a t i v e  t o  t h e  inc iden t  wavelength, 
some nonl inear  f e a t u r e s  of t h e  bay response begin t o  appear.  Nonlinear 
resonant  condi t ions ,  not  pred ic ted  by t h e  l i n e a r  theory,  may be t r i gge red  
i n s i d e  t h e  harbor f o r  a s u f f i c i e n t l y  l a r g e  inc iden t  wave amplitude, and 
higher  harmonics a r e  generated which inc rease  t h i s  wave he ight .  
For even longer  bays, such t h a t  t h e  second mode resonant  condi t ions  
a r e  met, the  importance of n o n l i n e a r i t i e s  is  apparent.  A t  t h e  second 
resonant mode t h e  r a t i o  LIR i s  about 0.75 and t h e  wave has enough space 
(and time) t o  resonate  i n  a nonl inear  manner, similar t o  t h a t  observed 
f o r  t he  closed basin.  These nonl inear  f e a t u r e s  a r e  somewhat a t tenuated  
because of d i s s i p a t i o n ,  but  never the less  they cannot be neglected.  
6.4 The Transient  Exc i t a t i on  of a Harbor 
Sec t ion  6 . 3  was spec i a l i zed  t o  a narrow rec t angu la r  harbor 
with cons tan t  depth, exc i t ed  by a continuous t r a i n  of nonl inear  i nc iden t  
waves. The main purpose w a s  t o  analyze i n  d e t a i l  t h e  i n t e r a c t i v e  e f f e c t s  
of f i n i t e  wave amplitude, d i spers ion ,  and d i s s i p a t i o n  on t h e  wave 
dynamics i n s i d e  the  harbor f o r  t h i s  geometr ical ly  simple shape. 
I n  t h i s  s ec t ion  t h e  i n v e s t i g a t i o n  i s  extended t o  wave o s c i l l a t i o n s  
i n  harbors  induced by a t r a n s i e n t  t r a i n  of inc ident  cnoida l  waves f o r  a 
f u l l y  open rec tangular  harbor with a cons tan t  depth, a f u l l y  open 
rec tangular  harbor wi th  a l i n e a r l y  varying depth, and a f u l l y  open and 
p a r t i a l l y  open harbor with a t r apezo ida l  planform and a cons tan t  depth. 
For each case  inves t iga t ed  t h e  experiments a r e  compared t o  t h e  
r e s u l t s  of t h e  nonl inear  d i spe r s ive  numerical model; t he  l i n e a r  s o l u t i o n  
is  a l s o  presented f o r  most of t h e  r e s u l t s .  A l l  t he  experimental wave 
records  were taken a t  t h e  backwall of t he  harbor.  
6.4.1 A Narrow Rectangular Harbor wi th  a Constant Depth 
In  a f i r s t  s e r i e s  of experiments two cnoida l  i nc iden t  
waves were generated wi th  t h e  primary purpose of i n v e s t i g a t i n g  t h e  
growth and decay of t h e  o s c i l l a t i o n s  i n  t h e  harbor  when t h e  period T 
( a s soc i a t ed  wi th  the  frequency o) of t h e  cnoidal  i nc iden t  wave matched 
one of t he  n a t u r a l  per iodsof  o s c i l l a t i o n s  bf t h e  harbor.  For t h i s  
series t h e  bottom of t h e  harbor  was sea led  t o  t h e  bas in  f l o o r  and t h e  
corners  of t h e  en t rance  were rounded t o  minimize leakage and en t rance  
d i s s i p a t i o n ,  r e spec t ive ly .  
The v a r i a t i o n  of t he  r e l a t i v e  water su r f ace  displacement n/h with 
dimensionless time t / ~  a t  t h e  backwall i s  presented i n  Fig. 6.4.1 f o r  
t h r e e  inc iden t  r e l a t i v e  wave he ights :  ( ~ / h ) ~ ~ ~  = 0.05, 0.$0, and 0.17, 
where H denotes t h e  inc ident  wave he ight  before  i t  reaches the  harbor o r ,  
equiva len t ly ,  one-half t h e  wave he ight  a t  the  c o a s t l i n e  with c losed  harbor 
en t rance  (assuming t h e  r e f l e c t i o n  process  a t  t h e  c o a s t l i n e  i s  l i n e a r ) .  
The o t h e r  dimensionless parameters a r e  b/L = 0.2, T = 0.047, 
O L / ~  = 1.3, ys = 0.13, E = 0.0, f e  = 0.0 corresponding t o  t he  phys ica l  
parameters L = 35 cm, T = 1.92 sec ,  h = 8 cm. The va lue  of t h e  frequency 
parameter o L / G  corresponds. t o  resonant  condi t ions  f o r  t h e  f i r s t  mode 
of o s c i l l a t i o n  of t h e  harbor.  I n  each graph t h e  f u l l  l i n e  r ep re sen t s  
t h e  experiments, t h e  l i n e  composed of s h o r t  dashes r ep re sen t s  t h e  
nonl inear  numerical s o l u t i o n  and t h e  l i n e  of long dashes corresponds t o  
t h e  l i n e a r  so lu t ion .  The upper curve i n  each graph is  t h e  inc iden t  wave 
record a t  t h e  c o a s t l i n e  wi th  t h e  harbor  en t rance  closed. I n  t he  case of 
Fig. 6.4.1 t h e  l i n e a r  curves were obtained from the  a n a l y t i c a l  s o l u t i o n  
of Sect ion 3.3. 
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Fig. 6.4,l Transient wave records at the backwall for a fully open harbor for three incident wave heights. 
Comparison between experiments, linear and nonlinear solutions. L = 35 cm, T = 1.92 s, h = 8 cm. 
For t h e  smallest inc iden t  wave, ( ~ / h ) ~ , ~  = 0.05, both l i n e a r  and 
nonl inear  t heo r i e s  agree  w e l l  wi th  t h e  experiments. Resonance develops 
over  a r e l a t i v e l y  s h o r t  time, and t h e  height  of t h e  second o s c i l l a t i o n  
reaches 3.5 times t h e  inc iden t  wave he ight  a t  t h e  coas t l i ne .  Therefore,  
i n  prototype s i t u a t i o n s  resonance condi t ions  can indeed lead  t o  a 
s u b s t a n t i a l  ampl i f i ca t ion  of t h e  t r a n s i e n t  inc ident  waves even i f  t h e  
number of waves i s  small  (e.g.  l e s s  than th ree ) .  The decay r a t e  of t h e  
harbor o s c i l l a t i o n s  a f t e r  t h e  e x c i t a t i o n  phase is r a t h e r  l a rge :  t h e  
wave motion has almost disappeared i n s i d e  t h e  harbor w i t h i n  f i v e  
o s c i l l a t i o n s .  Good agreement between experiments and l i n e a r  and 
nonl inear  t h e o r i e s  i s  aga in  obtained f o r  (H/h) inc = 0.10. For t h e  
l a r g e s t  i nc iden t  wave (H/h)inc = 0.17 only a s l i g h t  discrepancy i s  
observed between experiments and l i n e a r  theory. I n  p a r t i c u l a r  s m a l l  
secondary o s c i l l a t i o n s  appear on t h e  f r o n t  f a c e  of t h e  t h i r d  wave. 
These o s c i l l a t i o n s  a r e  reproduced by a nonl inear  s o l u t i o n  which agrees  
w e l l  wi th t he  experiments. Such a good agreement appears indeed 
remarkable i f  one cons iders  t he  wave he ight  reached a t  t h e  backwall 
during t h e  second o s c i l l a t i o n  i s  1.4 times t h e  depth! The decay r a t e  of 
t h e  wave is w e l l  p red ic ted  by both theo r i e s .  These r e s u l t s  confirm t h e  
conclusion of Sec t ion  6 . 3 :  f o r  a harbor wi th  a s h o r t  l ength  r e l a t i v e  
t o  the i nc iden t  wave length  convect ive n o n l i n e a r i t i e s  can be neglected and 
i t  i s  s u f f i c i e n t  t o  use a l i n e a r  formulation. 
S imi la r  r e s u l t s  a r e  presented i n  Fig. 6.4.2. The inc ident  wave 
c h a r a c t e r i s t i c s  a r e  t h e  same as f o r  Fig. 6.4.1 and t h e  dimensionless 
parameters a r e  blL = 0.1, Jhlgl T = 0.047, U L / ~  = 4.5, ys = 0.13, 
E = 0,  fe= 0.0, with t h e  phys ica l  parameters L = 121 cm, T = 1.92 sec ,  
h = 8 m. The value of t h e  frequency parameter OL/G corresponds t o  

resonant  condi t ions  f o r  the second mode of o s c i l l a t i o n s  of t h e  harbor.  
For a r e l a t i v e  inc iden t  wave height  of ( ~ / h )  = 0.05 l i n e a r  theory agrees  inc  
f a i r l y  w e l l  wi th t h e  experiments and t h e  agreement i s  even b e t t e r  between 
the  nonl inear  s o l u t i o n  and t h e  experiments. For (H/h)inc = 0.1 t h e r e  is  
some d i f f e rence  between t h e  experiments and t h e  l i n e a r  so lu t ion .  In 
p a r t i c u l a r  secondary o s c i l l a t i o n s  not  pred ic ted  by t h e  l i n e a r  s o l u t i o n  
appear on the  fou r th  experimental wave o s c i l l a t i o n s ;  however, t h e  
d i f f e r ences  a r e  indeed small.  The o s c i l l a t i o n s  a r e  pred ic ted  by t h e  
nonl inear  theory which a l s o  shows a good o v e r a l l  agreement with t h e  
experiments. F ina l ly ,  f o r  (H/h)i,c = 0.17 t h e  d i f f e r ence  between the  
recorded wave and t h e  record computed from the  l i n e a r  theory becomes 
r e l a t i v e l y  l a rge .  The d e t a i l e d  f e a t u r e s  of t h e  o s c i l l a t i o n s  ( i n  p a r t i c-  
u l a r  the  second o s c i l l a t i o n )  emanating from t h e  nonl inear  i n t e r a c t i o n s  
a r e  not  reproduced by t h e  l i n e a r  r e s u l t s .  I n  c o n t r a s t ,  t h e  . l o c a l  experi-  
mental wave forms a r e  i n  nea r ly  pe r f ec t  agreement wi th  the  nonl inear  
theory. It is  seen from t h i s  last p a r t  of Fig. 6.4.2 t h a t  nonl inear  
e f f e c t s  cause the  o s c i l l a t i o n s  t o  peak and d i spe r s ion  e f f e c t s  appear to  
become important and cause t h e  main o s c i l l a t i o n s  t o  s epa ra t e  i n t o  
secondary waves. 
Thus, i f  t h e  second mode i s  exc i t ed  nonl inear  e f f e c t s  tend t o  
modify t h e  shape of t he  wave; i n  p a r t i c u l a r ,  a l a r g e r  d i f f e r ence  is  found 
between experiments and l i n e a r  theory i n  t h e  case of Fig.  6.4.2, where 
t h e  second mode of t h e  harbor is exc i t ed ,  than i n  t h e  case  of Fig. 6.4.1 
where t h e  f i r s t  mode is exc i ted .  These r e s u l t s  a r e  cons i s t en t  wi th  those 
obtained i n  Sec t ion  6 . 3  f o r  t h e  case of a continuous e x c i t a t i o n .  

At ten t ion  i s  focused next  on t h e  number of i nc iden t  waves requi red  
t o  o b t a i n  f u l l y  developed nonl inear  f e a t u r e s  when t h e  second mode of t h e  
harbor is  exc i ted .  
It w a s  seen i n  Fig. 6 . 4 . 2  t h a t  when t h e  inc iden t  wave c o n s i s t s  
of only two o s c i l l a t i o n s ,  some nonl inear  e f f e c t s  modify t h e  shape of t h e  
wave, bu t  t he  o v e r a l l  agreement between the  l i n e a r  theory and experiments 
remains reasonable.  The v a r i a t i o n  of t h e  r e l a t i v e  water su r f ace  
displacement n/h wi th  dimensionless time t / T  i s  presented i n  Fig. 6.4.3 
f o r  t h r e e  inc iden t  waves, cons i s t i ng  of two, four  and s i x  o s c i l l a t i o n s  
r e spec t ive ly ,  with t h e  same r e l a t i v e  wave he ight  (H/h) = 0.1. The i n c  
o t h e r  dimensionless parameters f o r  t he  experiments a r e :  b/L = 0.1, 
T = 0.047, U L / ~  = 5.0, ys = 0.13, E = 0.0, and f e  = 0.0, 
corresponding t o  L = 135 cm, T = 1.92 sec ,  and h = 8 cm. When the  
harbor  i s  exc i t ed  by two inc iden t  waves, some nonl inear  f e a t u r e s  can be 
observed, bu t  t h e  o v e r a l l  response appears t o  fo l low a l i n e a r  theory 
reasonably w e l l .  I n  t h e  case  of f o u r  o s c i l l a t i o n s  of t h e  inc iden t  wave 
t h e  shape of t he  wave a t  t h e  backwall begins t o  d i f f e r  markedly from 
t h e  l i n e a r  so lu t ion .  During t h e  fou r th  o s c i l l a t i o n  i t  sepa ra t e s  out  i n t o  
t h r e e  waves as a r e s u l t  of d i spe r s ion  a c t i n g -a g a i n s t  n o n l i n e a r i t i e s .  F ina l ly ,  
when t h e  inc iden t  wave c o n s i s t s  of s i x  o s c i l l a t i o n s  nonl inear  f e a t u r e s  
emerge a t  about t h e  t h i r d  o s c i l l a t i o n  and become f u l l y  developed during 
t h e  f i f t h  o s c i l l a t i o n .  It is  noted t h a t  f o r  t h e  t h r e e  cases  t h e  non- 
l i n e a r  d i spe r s ive  s o l u t i o n  agrees  we l l  wi th  t h e  experiments wi th  regard 
t o  both t h e  shape of t h e  wave and t h e  he ight .  Thus, it takes some time 
f o r  n o n l i n e a r i t i e s  t o  develop. For e x c i t a t i o n s  of a  s h o r t  dura t ion ,  i t  
should be noted t h e  wave can be damped out  before  n o n l i n e a r i t i e s  can 
e s t a b l i s h  themselves. 
6.4.2 A Narrow Rectangular Harbor with a Linear ly  Varying Depth 
Three experiments were performed wi th  a f u l l y  open narrow 
rec tangular  harbor wi th  a l i n e a r l y  varying depth. The s lope  w a s  made 
out  of a n  anodized aluminum p l a t e  wi th  supports  beneath i t  and i t  w a s  
sea led  onto t h e  harbor wa l l s  with tape. The experiments d i f f e r e d  from 
each o the r  by t h e  he ight  of t h e  inc iden t  wave: H/h = 0.05, 0.1, 0.17. 
The o the r  wave parameters and t h e  harbor dimension remained the  same 
except f o r  t h e  f a c t o r  f e .  (It is important t o  no te  t h a t  t h i s  ca se  w a s  
used t o  demonstrate t h e  c a p a b i l i t i e s  of t h e  numerical program and was 
not  intended t o  i n v e s t i g a t e  v a r i a b l e  depth harbors.) 
The f ixed  dimensionless parameters a r e :  b/L = 0.1, hl/h = 0.5, 
T = 0.047, U L / ~  = 3.69, ys = 0.12, E = 0.0, where h denotes 1 
t h e  s t i l l  water depth a t  t h e  backwall of t h e  harbor.  The corresponding 
phys ica l  parameters a r e  h = 8 cm, L = 100 cm, and T = 1.92 sec. The 
harbor length  was determined such t h a t  i t  corresponds t o  t h e  resonant  
condi t ions  f o r  t he  second mode of o s c i l l a t i o n s  of t h e  harbor  i n  a l i n e a r  
sense, i . e . ,  t he  resonant  f requencies  were determined us ing  the  l i n e a r  
harmonic numerical program used by L e p e l l e t i e r  (1978). Since small r a d i i  
were used a t  t h e  mouth f o r  t hese  experiments (re = 0.5 cm) , t h e  en t rance  
sepa ra t ion  c o e f f i c i e n t  i s  no t  zero and is obtained from the  a n a l y s i s  
of Sec t ion  6.2.4 and Eq 6.2.9 (assuming cons tan t  depth) a s  f e  = 0.2, 
0.4, 0.6, respec t ive ly .  
The v a r i a t i o n  of t h e  r e l a t i v e  water sur face  displacement n/h with 
the  dimensionless time t / ~  a t  t h e  backwall is  presented i n  Fig. 6.4.4 
f o r  each case. Two i n c i d e n t  waves were generated f o r  (H/h) = 0.05 inc  
and 0 .1  while  only one was generated f o r  ~ / h  = 0.17, i n  order  t o  prevent 
breaking from occurr ing i n s i d e  t h e  harbor during the  second o s c i l l a t i o n .  
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Fig. 6.4.4 Transient wave records at the backwall for a fully open harbor with linearly varying slope. 
Comparison between experiments, linear and nonlinear solutions, L = 100 cm, T = 1.92 s, 
h =  8 cm, h = 4 cm. 1 
Since some quadrat ic  d i s s ipa t ion  must be included i n  the  solut ion,  
the  l i n e a r  a n a l y t i c a l  so lu t ion  developed i n  Section 3.3  cannot be used 
f o r  t rans ients ,  ins tead t h e  l i n e a r  curves i n  Fig. 6 . 4 . 4  a r e  produced by 
t h e  l i n e a r  nondispersive numerical solut ion.  For (H/h)inc = 0.05 both 
l i n e a r  and nonlinear solut ions  agree reasonably w e l l  with the  experiments. 
(Some l o c a l  discrepancy occurs with t h e  nonlinear solut ion during the  f i f t h  
o s c i l l a t i o n ,  which is not understood. ) For (H/h) inc = 0.1 t h e  nonlinear 
fea tures  begin t o  c l e a r l y  appear. The f ron t  f ace  of t h e  second osc i l-  
l a t i o n  a t  t h e  backwall is qu i t e  s teep and secondary o s c i l l a t i o n s  develop 
during the  four th  osc i l l a t ion .  A comparison with t h e  graph i n  Fig. 6.4.2 
corresponding t o  t h e  same incident  wave amplitude shows t h a t  nonlinear 
e f f e c t s  develop more f o r  t h e  l i n e a r  varying depth, a s  would be expected. 
The agreement between t h e  nonlinear solut ion and t h e  experiments appear 
qui te  s a t i s f a c t o r y  (except f o r  the  f i f t h  o s c i l l a t i o n ) .  F inal ly ,  f o r  
(H/h)inc = 0.17 a phase s h i f t  appears c l e a r l y  f o r  the  f i r s t  maxima 
between t h e  experimental r e s u l t s  and t h e  r e s u l t s  of the  l i n e a r  theory, 
showing t h a t  t h e  wave c e l e r i t y ,  a s  the  f i r s t  incident  wave propagates on 
t h e  slope, is greater  than what t h e  l i n e a r  theory predic ts .  The secondary 
o s c i l l a t i o n s  appearing on the  f r o n t  face of the  second wave a r e  n ice ly  
reproduced by t h e  nonlinear solut ion.  It is noted tha t ,  i n  t h i s  l a s t  
case, the  lowest mode of t h e  harbor becomes excited a l s o  by the  incident  
wave, a s  evidenced by t h e  long period o s c i l l a t i o n s ,  with a dimensionless 
period of about 2.5 which develops a f t e r  the  f i r s t  osc i l l a t ion .  
In  summary, f o r  t h i s  var iable  depth harbor, the  nonlinear theory 
agrees general ly wel l  with the experiment; however, t h e  overa l l  f ea tu res  
of the  l i n e a r  solut ion a r e  not too d i f fe ren t  from t h e  experiments. This 
is probably because, i n  t h i s  case ,  t h e  r a t i o  of t h e  harbor  length  t o  t h e  
inc iden t  wave length  is only 0.6; nonl inear- dispersive e f f e c t s  which 
begin t o  develop on t h e  s lope  do no t  have time enough t o  develop f u l l y  
before  t h e  wave reaches t h e  backwall of t h e  harbor.  Actual ly ,  t h i s  
s i t u a t i o n  i s  probably t y p i c a l  of most tsunamis, where t h e  wave length  
is usua l ly  much l a r g e r  than  t h e  l eng th  of the  bay o r  harbor so  t h a t  even 
i f  t h e  bottom s lopes ,  nonl inear  and d i spe r s ive  e f f e c t s  may not have space 
(or time) enough t o  develop. 
6 . 4 . 3  A Trapezoidal  Harbor wi th  a Constant Depth 
I n  add i t i on  t o  t h e  dynamic e f f e c t  of resonance the  wave 
he ight  i n  a harbor a l s o  can be increased s i g n i f i c a n t l y  by concent ra t ing  
i t s  energy through geometric focusing. I n  p a r t i c u l a r ,  Green's l a w  
i n d i c a t e s  t h a t  t h e  height  H of a l i n e a r  nondispersive wave propagating 
i n  a constant  depth bu t  decreasing width channel is  given by: 
I n  t h e  case of a n a t u r a l  bay wi th  a t r apezo ida l  shape, t he  
r e s u l t i n g  concent ra t ion  of energy is  a t  the  bay head and may r e s u l t  i n  
a very l a r g e  wave he ight  wi th  devas t a t ive  e f f e c t s .  To explore  t h i s  
e f f e c t  t h r e e  experiments were performed wi th  a f u l l y  open harbor with 
cons tan t  depth f o r  r e l a t i v e  wave he ights :  (H/h)inc - 0.05, 0.10 and 0.17. 
The c h a r a c t e r i s t i c s  of t h e  harbor a r e  given by L = 122 cm, t h e  en t rance  
width b = 20 cm, t h e  backwall width bl = 4 cm, the inc iden t  wave 
period T = 1.92 sec ,  and t h e  water depth h = 8 cm. The va lues  of t h e  
corresponding dimensionless parameters a r e  = 0.047, OL/ @ = 4.51, T 
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s 
= 0.10 and E = 0.0. The en t rance  l o s s  c o e f f i c i e n t  f based on t h e  
e 
i nc iden t  wave he ight  is 0.1, 0.2, 0.3, r e spec t ive ly ,  f o r  t h e  th ree  
r e l a t i v e  wave he ights .  Figure 6.4.5 shows t h e  v a r i a t i o n  of t h e  r e l a t i v e  
water  su r f ace  displacement a t  t h e  backwall q/h,with t /T.  For 
(R/h)in= = 0.05 and 0.10 t h e  agreement between t h e  experiments and both 
l i n e a r  and nonl inear  t heo r i e s  is  f a i r l y  good although t h e  nonl inear  
r e s u l t s  agree  b e t t e r .  For (B/h)inc = 0.17 t h e  f i r s t  two o s c i l l a t i o n s  
a r e  c o r r e c t l y  pred ic ted  by the  nonl inear  theory. The shape of the second 
o s c i l l a t i o n  i s  p a r t i c u l a r l y  i n t e r e s t i n g  and d i f f e r s  from everything 
encountered so f a r .  It c o n s i s t s  of a very peaked and impulsive type 
wave; such a wave,shape would have q u i t e  an  impact on c o a s t a l  s i t e d  
s t r u c t u r e s  due t o  t h e  amount of energy concentrated over a r e l a t i v e l y  
s h o r t  t i m e .  It i s  noted t h e  p o s i t i v e  wave he ight  a t  t h e  backwall is  
q u i t e  l a r g e  (n /h  = 0.8). I n  comparison, t h e  l i n e a r  theory p r e d i c t s  a 
somewhat smal le r  wave al though c e r t a i n  gross  f e a t u r e s  of t h e  wave system 
a r e  re ta ined .  A s  mentioned, considering t h e  e f f e c t s  of such a wave it i s  
probably important i n  t h i s  case  t o  u s e  the  nonl inear  theory t o  more 
c o r r e c t l y  p r e d i c t  t h e  exac t  wave shape. Af t e r  t he  second o s c i l l a t i o n ,  
however, a marked discrepancy i s  noted between theo r i e s  and experiments 
f o r  t he  negat ive  p a r t  of t h e  wave records.  It i s  be l ieved  t h a t  problems 
of experimental d a t a  reduct ion  may be respons ib le  f o r  t h i s .  I n  t h e  case  
of t h e  l a r g e s t  wave he ight ,  t h e  wave record w a s  taken i n  two s t eps ,  
fol lowing a procedure described i n  Chapter 4. It is q u i t e  poss ib le  t h a t  
an e r r o r  w a s  introduced when reducing t h e  da t a  r e l a t e d  t o  t h e  negat ive 
p a r t  of t h e  wave record causing some v e r t i c a l  s h i f t  i n  t h e  da ta .  This 
explanat ion seems t o  be supported by t h e  f a c t  t h a t ,  a p a r t  from the  s h i f t ,  
t h e  shape of t h e  o s c i l l a t i o n s  agree  we l l  between experiments and nonl inear  
theory . 
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Fig. 6.4.6 
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Transient wave records at the backwall for a trapezoidal harbor 
kith partially closed entrance, ,comparison between experiments 
-and nonlinear soiutions, L = 122-&, T = 1.92-s, 
8-=8 cm, b = 20 cm, b 7 4 c m .  
The e f f i c i e n c y  of a breakwater a t  t h e  mouth t o  reduce those  
dramatic ampl i f i ca t ion  e f f e c t s  is inves t iga t ed  next  by considering the 
inc iden t  waves which correspond t o  (R/h)inc = 0.17 i n  Fig. 6.4.5, and 
t h e  same harbor c h a r a c t e r i s t i c s  as previous ly  descr ibed except t h a t  t h e  
harbor en t rance  is p a r t i a l l y  closed.  The v a r i a t i o n  of t he  r e l a t i v e  water 
su r f ace  displacement n/h with t / ~  a t  t h e  backwall i s  presented i n  Fig. 
6.4.6 f o r  opening r a t i o s :  a /b  = 0.5, 0.25, 0.125, and 0.0625, r e spec t ive ly .  
The entrance l o s s  c o e f f i c i e n t ,  f is set equal  t o  1.15 f o r  t h e  fou r  
e ' 
cases.  It is noted f i r s t  t h a t  t he  nonl inear  d i spe r s ive  numerical s o l u t i o n  
agrees  w e l l  wi th t h e  experiments f o r  a l l  fou r  cases .  This agreement 
demonstrates dec i s ive ly  t h e  c a p a b i l i t y  of t h e  present  numerical so lu t ion  
i n  modelfing t h e  i n t e r a c t  ion  e f f e c t  of n o n l i n e a r i t i e s ,  d i spe r s ion  and 
en t rance  d i s s ipa t ion .  The curves of Fig. 6.4.6 a l s o  show t h a t  t h e  
breakwater becomes markedly e f f i c i e n t  only f o r  opening r a t i o s  less o r  
equal  t o  0.125. For va lues  g r e a t e r  than t h i s ,  t h e  wave o s c i l l a t i o n s  
are not  markedly reduced f o r  t h i s  harbor configurat ion.  Therefore,  i n  
p rac t i ce ,  t h e  r e s u l t i n g  length  of t h e  breakwater requi red  t o  p ro t ec t  a 
t r apezo ida l  bay e f f i c i e n t l y  may be r a t h e r  s u b s t a n t i a l .  (More a t t e n t i o n  
w i l l  be  given t o  t h i s  f e a t u r e  i n  the  d iscuss ions  of Chapter 7.)  
6 . 4 . 4  Summary 
I n  summary, t h e  t r a n s i e n t  s tudy has shown t h a t  i f  t h e  
i nc iden t  waves are l imi t ed  t o  a small  number of o s c i l l a t i o n s ,  t h e  o v e r a l l  
behavior of the  wave dynamics i n  t h e  harbor  f o r  t h e  harbor  conf igura t ions  
inves t iga t ed  and f o r  resonant  e x c i t a t i o n  condi t ions  remains reasonably 
c l o s e  t o  t h a t  pred ic ted  by t h e  l i n e a r  theory. I n  p a r t i c u l a r  t h e  e f f e c t s  
of l i n e a r  resonance and geometric focusing can s i g n i f i c a n t l y  enhance 
t h e  wave he ight  i n s i d e  t h e  harbor o r  bay even f o r  a s h o r t  dura t ion  of 
t h e  e x c i t a t i o n .  It appears  t h a t  nonl inear  e f f e c t s  and d i spe r s ion  
e f f e c t s  change t h e  wave form l o c a l l y  by inducing wave peaking and t h e  
formation of small secondary o s c i l l a t i o n s ,  but  they do not  modify the  
o v e r a l l  wave s t r u c t u r e  pred ic ted  by t h e  l i n e a r  theory.  However, i n  
cases  where a p r e c i s e  knowledge of t h e  wave p r o f i l e  i s  des i r ed  a non- 
l i n e a r  s o l u t i o n  must be used. I n  f a c t ,  i t  is d i f f i c u l t  t o  e s t ima te  
t h e  degree of agreement between t h e  r e s u l t s  of l i n e a r  and nonl inear  
t h e o r i e s  based only on one Euler ian measurement. Probably a b e t t e r  
app rec i a t ion  of t h e  discrepancy would be obtained from comparing wave 
p r o f i l e s  along t h e  harbor as was done i n  Fig. 6 . 3 . 3 4 .  Thi s  f i g u r e  showed 
t h a t  a moderate discrepancy between experiments and theory f o r  t h e  Euler ian  
wave records  a t  t h e  backwall could occur f o r  completely d i f f e r e n t  s p a t i a l  
wave p a t t e r n s  i n s i d e  t h e  harbor.  
CHAPTER 7 
APPLICATION OF THE RESULTS TO PROTOTYPE SITUATIONS 
I n  Chapters 5 and 6 t h e  d iscuss ion  of t h e  dynamics of waves i n  
closed bas ins  and harbors  i n  genera l  was r e s t r i c t e d  t o  labora tory  
condi t ions .  Most of t h e  conclusions i n f e r r e d  wi th  regard t o  those 
i n v e s t i g a t i o n s  would be expected t o  be v a l i d  i n  prototype harbors wi th  
similar geometric c h a r a c t e r i s t i c s .  However, i n  t h i s  regard some 
important d i f f e r e n c e s  wi th  r e spec t  t o  t h e  d i s s i p a t i o n  and t h e  importance 
of n o n l i n e a r i t i e s  i n  t he  prototype compared t o  t h e  labora tory  case  must 
be given a t t e n t i o n .  These two a spec t s  w i l l  be considered i n  Sect ion 7 . 1  
and 7.2, r e spec t ive ly .  The numerical method developed i n  Sect ion 3 . 4  
has been appl ied  t o  t h e  response of Ofunato Bay (Japan) t o  t h e  tsunami 
of 16  May 1968 and t h i s  i s  t r e a t e d  i n  Sect ion 7.3. F i n a l l y  genera l  
cons idera t ions  f o r  prototype harbors  wi th  a r b i t r a r y  planform and v a r i a b l e  
dep th ' a r e  presented i n  Sect ion 7.4. 
7 .1  The Various Sources 'of  D i s s ipa t ion  i n  t h e  Prototype 
Several  sources of d i s s i p a t i o n  a r e  considered i n  t h e  harbor 
response s tudy presented i n  Chapter 6 .  These inc lude  t h e  e f f e c t s  o f :  
laminar boundary f r i c t i o n ,  leakage underneath t h e  harbor w a l l s ,  su r f ace  
tens ion ,  s epa ra t ion  l o s s e s  a t  c o n s t r i c t i o n s  and energy r a d i a t i o n  t o  t h e  
open sea. The second and t h i r d  apply s p e c i f i c a l l y  t o  labora tory  
condi t ions .  At ten t ion  w i l l  be given i n  t h i s  s ec t ion  t o  t h e  e f f e c t s  of 
energy d i s s i p a t i o n  on t h e  response of a prototype harbor.  The e f f e c t  of 
t u rbu len t  f r i c t i o n  a t  t h e  boundary w i l l  be considered here  compared t o  
laminar f r i c t i o n  which w a s  incorporated i n  t h e  labora tory  arrangement 
discussed i n  Chapter 6 .  I n  add i t i on  t o  t h e  boundary f r i c t i o n  
d i s s i p a t i o n ,  r a d i a t i o n  damping and t h e  sepa ra t ion  l o s s  a t  t h e  en t rance  
a r e  discussed;  t h e s e  later two have been t r e a t e d  previously.  Two 
o the r  forms of d i s s i p a t i o n  a r e  presented here  which p e r t a i n  p r imar i ly  
t o  prototype s i t u a t i o n s .  The f i r s t  d e a l s  with p a r t i a l l y  absorbing 
l a t e r a l  boundaries,  i.e.;the e f f e c t  of imperfect r e f l e c t i o n s  
from t h e  harbor boundaries.  T h e  second i s  a poss ib l e  way of l i m i t i n g  
t h e  e f f e c t s  of resonance and i t  i s  a s soc i a t ed  wi th  t h e  cons t ruc t ion  of 
submerged breakwaters t o  add t o  t h e  i n t e r i o r  d i s s i p a t i o n .  These w i l l  
be discussed ind iv idua l ly  here in .  To o b t a i n  some q u a n t i t a t i v e  e s t ima te s  
t he  harbor planform i s  assumed t o  be rec tangular  wi th  a small  width 
t o  l eng th  r a t i o ,  and t h e  e f f ec t iveness  of each d i s s i p a t i v e  source S i 
i s  measured by computing t h e  f a c t o r  Ri which i s  assoc ia ted  wi th  i t .  
( i) Radiat ion Damping 
The ampl i f i ca t ion  f a c t o r  r e l a t e d  t o  r a d i a t i o n  damping has 
been der ived  i n  Sec t ion  6.2.4 as: 
where b and L denote t h e  width and t h e  length ,  r e spec t ive ly ,  of t h e  
harbor and n r e f e r s  t o  a p a r t i c u l a r  n a t u r a l  mode of o s c i l l a t i o n  of t h e  
harbor.  
( i i )  Separa t ion  Loss a t  t h e  Entrance 
The ampl i f i ca t ion  f a c t o r  Rf r e l a t e d  t o  t h e  l o s s  of energy 
due t o  flow sepa ra t ion  a t  t h e  entrance of t h e  harbor has  a l s o  been 
derived on Sec t ion  6.2.4 as: 
where R denotes  t h e  o v e r a l l  ampl i f i ca t ion  
r e s u l t i n g  from a l l  sources of d i s s i p a t i o n  
where f  i s  t h e  sepa ra t ion  l o s s  
e 
f a c t o r  a t  t h e  backwall 
and Kf i s  defined by: 
c o e f f i c i e n t ,  (2) i s  t h e  r e l a t i v e  wave 
. - 
amplitude of t h e  inc ident- ref lec ted  wave a t  the  c o a s t l i n e ,  i . e . ,  twice 
t h e  inc iden t  wave amplitude, a i s  t h e  mouth width. 
( i i i )  Turbulent Boundary F r i c t i o n  
The f a c t o r  Q corresponding t o  t u rbu len t  boundary f r i c t i o n  
T 
has been computed i n  Appendix E. The expression f o r  R fol lows,  us ing  
'r 
Eq.  (3.3.99) as: 
where 
where g i s  t h e  a c c e l e r a t i o n  of g rav i ty ,  T is  t h e  period of t h e  wave 
motion and C is  the  boundary f r i c t i o n  c o e f f i c i e n t .  I n  genera l ,  t h e  
e 
c o e f f i c i e n t  Ce depends both  on a l o c a l  Reynolds number and t h e  r e l a t i v e  
roughness of t h e  bottom. For a rough tu rbu len t  flow (which i s  l i k e l y  
t o  be the  case  f o r  most prototype s i t u a t i o n s ) ,  it i s  only a func t ion  
of t h e  r e l a t i v e  roughness a6/kr (according t o  Jonsson, 1978) where a 6 
denotes  t h e  water p a r t i c l e  excursion ou t s ide  t h e  boundary l a y e r  and 
kr i s  t h e  Nikuradse roughness parameter. I n  most prototype tsunami 
s i t u a t i o n s  a /k > 1000 which g ives  from Jonsson 's  diagram, Ce < 0.01. S r 
I n  t h e  subsequent cons idera t ion  Ce is  chosen somewhat l e s s  than t h i s  a s :  
APPENDIX E 
COIPUTATION OF THE Q FACTORS CORRESPONDING TO 
VARIOUS SOURCES OF DISSIPATION IN A NARROW RECTANGULAR 
HARBOR AND IN A RECTANGULAR BASIN 
E . l  Case of a Narrow Rectangular Harbor 
A definition sketch for the coordinate system and the notation 
are the same as presented in Section 3.3.2. Combining Eqs. (3.3.20) to 
(3.3.23), (3.3.33), (3.3.34) and (3.3.35) and the relations (3.3.87) and 
(3.3.88) corresponding to the resonant condition for a narrow rectangular 
harbor induced oscillations leads to the resonant mode shapes defined by: 
Re ; Agk cosh k(z4-h) 1 0 cosh kb sin k(x+L) e 
u(x,z,t) = (E.1) 
b & cosh k(z+h) sin kL -<ut t , x = O  
where the expression for u at the harbor entrance is derived from 
continuity considerations 
ri(x,t) - Re A coa k(x+L) I I 
(v) Submerged Breakwaters 
A s  mentioned e a r l i e r  one p l a u s i b l e  way t o  i nc rease  i n t e r i o r  
harbor d i s s i p a t i o n  may be t o  i nc rease  t h e  roughness of t h e  bottom of a 
harbor by cons t ruc t ing  a s e r i e s  of submerged breakwaters perpendicular  
t o  t h e  d i r e c t i o n  of wave propagation. Neglecting o the r  wave e f f e c t s  
which may be important i n  c e r t a i n  a spec t s  of t h e  problem i t  is  i n t e r e s t i n g  
t o  es t imate  t h e  e f f e c t  of such s t r u c t u r e s  on reducing t h e  e f f e c t  of 
resonance. It should be noted t h a t  t h i s  d i scuss ion  i s  presented here  
only t o  suggest  t h e r e  may be o the r  types of d i s s i p a t i o n  which can be 
introduced ( i f  f e a s i b l e  from an engineering viewpoint) t o  reduce t h e  
e f f e c t s  of long waves i n  a harbor.  I f  a submerged breakwater i s  
considered, t h e  mean power d i s s ipa t ed  by a  s i n g l e  breakwater can be 
given as: 
where h denotes  t h e  height  of t h e  submerging breakwater,b i s  the  width b 
of t he  bay, u  is t h e  wave p a r t i c l e  v e l o c i t y  along t h e  bay, T is the  
c h a r a c t e r i s t i c  wave period and C i s  t h e  drag c o e f f i c i e n t  of order  
s 
uni ty .  I f  a  s e r i e s  of such breakwaters a r e  b u i l t  and spaced a d i s t ance  
xb a p a r t ,  t h e  c a l c u l a t i o n s  show t h a t  t h e  r e s u l t i n g  quan t i t y  W is  T S  
given by Eq, (7.1.7) with t h e  boundary f r i c t i o n  c o e f f i c i e n t  replaced 
by an e f f e c t i v e  s k i n  f r i c t i o n  c o e f f i c i e n t  Ces such t h a t :  
I n  t h e  fol lowing d i scuss ion  Cs i s  chosen equal  t o  un i ty .  
The r e l a t i v e  importance of t h e  f i v e  d i s s i p a t i v e  sources mentioned 
can be est imated us ing  t h e  s imp l i f i ed  method presented i n  Sec t ion  6.2.4 
f o r  t h e  following fou r  cases :  
( i )  F i r s t  resonant  mode, f u l l y  open harbor 
( i i )  F i r s t  resonant  mode, p a r t i a l l y  closed harbor 
( i i i )  Second resonant  mode, f u l l y  open harbor 
( iv)  Second resonant  mode, p a r t i a l l y  c losed  harbor.  
The va lue  of t h e  inve r se  ampl i f i ca t ion  f a c t o r  corresponding t o  each 
d i s s i p a t i v e  source i s  shown i n  Fig. 7.1.1 f o r  each of t h e  fou r  cases .  
The prototype parameters from which t h e  parameters 1 / R .  were computed 
1 
a r e  ind ica ted  i n  t h e  f i g u r e ;  they correspond t o  t y p i c a l  pro to type  
condi t ions  wi th  a  f a i r l y  l a r g e  inc iden t  tsunami. 
Comparison between F ig .  7 . 1 . 1  and Fig. 6.2.9 i n d i c a t e s  an o v e r a l l  
r a t e  of energy d i s s i p a t i o n  i n  t h e  harbor which i s  l a r g e r  i n  t h e  proto-  
type than i n  a  l abo ra to ry  model, a t  l e a s t  f o r  t h e  condi t ions  of 
Figs .  7,.1.1 and 6.2.9. ( I t  i s  r e c a l l e d  t h a t  t h e  t o t a l  r a t e  of energy 
d i s s i p a t i o n  is  propor t iona l  t o  t h e  sum of t h e  inve r se  of t h e  ampl i f i-  
c a t i o n  f a c t o r s  r e l a t e d  t o  each source.) This  d i f f e r e n c e  is  mainly due 
t o  t h e  presence , in  prototype,  of one a d d i t i o n a l  highly d i s s i p a t i v e  
source,  namely t h e  pos tu la ted  use  of submerged breakwaters. Turbulent 
boundary f r i c t i o n  and p a r t i a l  r e f l e c t i o n  a t  the  bay head a r e  of l e a s t  
importance a s  d i s s i p a t i o n  mechanisms f o r  t he  f i r s t  resonant  mode and 
f o r  t h e  condi t ions  of Fig. 7.1,l. A t  t h e  second mode they d i s s i p a t e  
more energy than en t rance  sepa ra t ion  only f o r  a  f u l l y  open harbor.  
For t h e  condi t ions  of Fig,  7.1.1 submerged breakwaters f o r  t h r e e  
out  of four  cases  appear even more e f f i c i e n t  than  sepa ra t ion  l o s s e s  a t  
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~ i g .  7.1.1 The relative importance of the various sources of dissipation near resonance for four different 
situations, in prototype conditions. 
the entrance. This suggests their potential usefulness. They could 
conceivably be used for bays which may not be completely protected 
by breakwaters at the bay entrance. In particular it was seen that a 
trapezoidal bay required a very small opening ratio to be effectively 
protected from tsunamis. An alternative would be to allow a wider 
entrance and to build submerged breakwaters regularly spaced from the 
mouth to the head of the bay. 
7.2 Manifestation of Nonlinear Oscillations in Prototype: Case of Long 
and Narrow Bays 
This discussion is limited to long narrow bays with constant depth 
so that the wave motion inside the bay remains essentially one-dimensional. 
The extension to more general harbor shapes will be discussed in 
Section 7.4.  
Results from Chapter 5 have shown that some of the nonlinear 
features associated with wave oscillations in closed narrow basins can 
be conveniently characterized by the Stokes parameter equal to: 
where H denotes half 
water de~th and T is 
the wave height at the end walls, h is the still 
the period of the oscillation motion. It was 
found (Section 5.2.4) that in the absence of strong dissipation and 
for U > O(10) the main oscillation usually decomposed into a number 
-s 
of secondary oscillations proportional to s. This feature constituted 
one of the most important manifestations of the interaction of non- 
linearities with frequency dispersion. Also, when the front face of the 
wave steepened nonlinearities tended to transform a standing wave 
pattern into a moving wave pattern inside the closed basin. 
From the results of Chapter 6 two situations must be considered 
when the effect of nonlinearities must be estimated in a long narrow 
harbor. Each of these two cases is presented next. 
7.2.1 Case of a Harbor Length Much Smaller Than the Incident 
Wave Length 
For a small harbor length to wave length ratio, i.e., 
LIA < 0.25, convective nonlinearities do not have space enough to 
develop so that linear theory can be used for the complete range of 
relative wave height, H/h, and depth to wave length, h/A. The harbor 
does not perceive the nonlinear nature of' the incident wave and tends 
to act as a linear transducer. As a result the significance of the 
Stokes number in characterizing the importance of the nonlinear effects 
becomes irrelevant in this case. 
7.2.2 Case of a Harbor Length of the Same Order as the Incident 
Wave Length 
When the harbor length becomes of comparable magnitude 
to the incident wave length (i.e., L/A > 0.25) convective nonlinearities 
have enough space to be realized. The resulting nonlinear character- 
istics induced near resonance by the buildup of wave energy in the 
harbor were found to be qualitatively similar to those which developed in 
the closed basin. However, these effects are reduced somewhat because 
of the comparatively stronger effects of dissipation in the harbor. In 
prototype situations the dispersion parameter, which can be measured 
by (h/~&)~ is typically smaller by two orders of magnitude than in 
laboratory conditions. Two conclusions regarding prototype situations 
can be drawn from this. First, the Stokes parameter is likely to 
be much greater than 10 (which is the upper limit at which the wave 
oscillations can be considered as linear). Therefore, if resonant 
conditions develop, the resulting wave interactions will tend to be 
governed by a nonlinear theory. Second, the large number of emerging 
secondary oscillations, which is an increasing function of the parameter 
U becomes at the same time very much affected by dissipation (this 
5' 
was seen in Chapters 5 and 6); in particular the transient experiments 
with the closed basin in Section 5.2.4, showed that for the same 
value of the dissipation coefficient y the damping effects on the 
S 
secondary oscillation increased with the number of these oscillations. 
Therefore, in the prototype secondary oscillations may not be observed 
at all, and resonant conditions are likely to be characterized by a 
steepening of the front face of the oscillations and the evolution with 
time of the advancing wave towards a shape which has a tricngular finite 
bore-like profile somewhat smoothed by damping effects. 
Based on the results of Fig. 6.3.29 dispersion can be neglected 
and a nonlinear nondispersive theory can be used if: 
A n  important question not addressed so far is the time required 
for nonlinearities to develop in the harbor (or basin) near resonant 
conditions. Physically, at resonance, the wave system can be 
considered as traveling back and forth between the end and the entrance 
of the harbor or bay. One way to estimate the time required for the 
nonlinearities to develop is to compute the corresponding propagation 
distance for a wave traveling in one direction only required for the 
effects of nonlinearities to become important. Goring (1978) computed 
Fig. 7.2.1 Theore t i ca l  v a r i a t i o n  of t h e  time tn requi red  f o r  nonl inear  
e f f e c t s  t o  become important near  resonance, wi th  r e l a t i v e  wave 
he ight  (adapted from Goring, 1978). 
such a distance x for a wave with a hump-like shape defined by a 
n 
characteristic frequency .Q and ics relative height H/h. The distance xn 
was determined such that a local Ursell number associated with the front 
face of the wave differed by 10% between the values computed from the 
linear nondispersive theory and the nonlinear nondispersive theory. 
These results can be directly applied to the present problem by assuming 
a = R. The variation of 21~t IT with H/h is presented in Fig. 7.2.1 
n 
where t indicates the time after which nonlinear effects cannot be 
n 
neglected for a wave trapped in the harbor at resonance. From this 
graph it is seen that for all harbor experiments presented in Chapter 6, 
nonlinear effects must be considered after the first oscillation. It 
is important to emphasize at this point that the degree to which non- 
linear effects affect harbor oscillations remains fairly small in 
most cases, as seen from the results obtained in Chapter 6. For 
engineering purposes these effects may possibly be ignored; their 
appreciation depends on the application being considered. 
7.3 The Response of Ofunato Bay to the Tsunami of 16 May 1968 
As an example of the application of this research to a prototype 
harbor, the numerical scheme presented in Section 3.4 is used to 
determine the effect of tsunamis in Ofunato Bay located in Japan along 
the northeast coast of Honshu Island, Iwate Prefecture. The feature 
which makes this bay of particular interest is that a breakwater was 
constructed there in 1967 to reduce the effect of tsunamis. It is 
useful to use the analysis developed in this study to investigate its 
effectiveness. 
A map of t h i s  bay (ex t rac ted  from the  B u l l e t i n  of t h e  Earthquake 
Research I n s t i t u t e ,  Tokyo Imper ia l  Univers i ty ,  1934) i s  presented i n  
Fig. 7.3.1. Ofunato Bay i s  1.7 km wide a t  t h e  mouth and has a l eng th  
of about  7.7 km. I t s  bathymetry is  r a t h e r  complicated, a s  shown on 
Fig. 7.3.1, wi th  a water depth varying from 50 meters a t  the  mouth t o  
less than 10 meters a t  t h e  bay head. 
On May 16,  1968 an  earthquake of magnitude 7.8 ( t h e  Tokachi-Oki 
earthquake) occurred o f f  t h e  P a c i f i c  coas t  of no r theas t  Japan and a 
tsunami w a s  generated and reached t h e  coast.  Actual wave records were 
obtained a t  Nagasaki 'and Ofunato loca ted  near  t h e  bay mouth and the  bay 
head, r e spec t ive ly  ( see  l o c a t i o n s  on Fig. 7.3.2). A breakwater had been 
constructed a f t e r  t he  Chilean tsunami of 1960 and had been completed 
i n  1967. It has a width opening of 200 m and i t s  l o c a t i o n  across  t h e  
bay is  indica ted  i n  Fig. 7.3.2 by t h e  l e t t e r s  I and J. 
I t o  (1970) performed a s e r i e s  of numerical c a l c u l a t i o n s  t o  examine 
t h e  e f f i c i ency  of t h e  newly cons t ruc ted  breakwater i n  d i s s i p a t i n g  t h e  
wave energy of t h e  incoming tsunami and p ro t ec t ing  t h e  town of Ofunato. 
These computations were performed wi th  a f i n i t e  d i f f e r e n c e  model based 
on t h e  l i n e a r i z e d  long wave equat ions except f o r  ac ros s  from the  
breakwater opening where a quadra t i c  form f o r  t h e  head l o s s  was 
incorporated i n  t h e  equat ions of motion. I n  h i s  c a l c u l a t i o n s  t h e  
ou te r  s ea  was replaced by a long channel s l i g h t l y  wider than t h e  bay 
mouth. To r econs t ruc t  t he  inc iden t  wave I t o  obtained t h e  t r a n s f e r  
func t ion  of t h e  bay a t  Nagasaki from h i s  numerical scheme and divided 
each of t h e  f i r s t  30 Four ie r  components of t h e  wave record a t  Nagasaki 
by t h e  magnitude of t h e  t r a n s f e r  func t ion  a t  each corresponding 
frequency. I n  the  present  s tudy,  t h e  same inc iden t  wave a s  determined by 
It0 w a s  used a s  input  f o r  t h e  numerical ca l cu la t ions .  
Fig. 7.3.1 Map of Ofunato Bay '(from the Bulletin of the Earthquake 
Research Institute, Tokyo Imperial University, 1934). 

For the calculations presented in this study the bay region and 
the outside region were represented as shown in Fig. 7.3.2. Beyond 
points A and B the coastline was taken to be straight. The bay region 
is delineated by the curve ADBG with depths obtained from Fig. 7.3.1. 
(The water depth was set to a minimum of 10 meters along the lateral 
boundaries.) The exterior region is delineated by the curve EAGBF 
and 
The 
The 
the semicircle I" with a depth assumed constant and equal to 50 m. R 
plane incident wave used was the same as determined by Ito (1970). 
incident wave has a dominant period of about 15-20 min. and 
hence, the characteristic wave length can be computed as: 
The ratio of the mouth width (without breakwater) to the wave 
length is about 0.1. Therefore, from the analysis of Section 3.4 the 
radiated wave is correctly transmitted through the radiative boundary 
rR with the present numerical scheme: 
This gives: RrX 12 km. 
The finite element grid corresponding to Rr = 11 km is presented 
in Fig. 7.3.3 without breakwater. To check how much error would be 
introduced in the time records inside the harbor if Rr was reduced, 
computations were also carried with the mesh presented in Fig. 7.3.4 
which corresponds to R = 7 km. The numerical wave records obtained 
r 
with these two mesh configurations, using linear nondispersive theory 
with no viscous dissipation, are compared in Fin. 7.3.5 at four different 
locations, L1 (Nagasaki), L2, L3, and L4 (Ofunato) indicated in 
F i g .  '1.3.3 Finite element grid without breakwater, Rr = Ilkm. 

Fig. 7 . 3 . 2 .  Surp r i s ing ly ,  v i r t u a l l y  no d i f f e r e n c e  i s  noted between 
t h e  two sets of r e s u l t s .  This  i n d i c a t e s  t h a t ,  i n  practice. t h e  radiative 
boundary can be loca ted  a t  a smaller  d i s t a n c e  from t h e  mouth than t h e  
a n a l y s i s  i n d i c a t e s  which r e s u l t s  i n  increased computational e f f i c i ency .  
This  probably in t roduces  an e r r o r  i n  t h e  r a d i a t i v e  wave p a t t e r n  i n  region 
QL bu t  t h i s  e r r o r  does n o t  appear t o  propagate back i n t o  the  i n t e r i o r  
region,  a t  l e a s t  f o r  t h e  inc iden t  wave shown i n  Fig. 7 . 3 . 5 .  
The nonl inear  e f f e c t s  were inves t iga t ed  by comparing t h e  r e s u l t s  
of t h e  l i n e a r  nondispersive theory t o  those of t h e  nonl inear  d i s p e r s i v e  
theory and t h e  r e s u l t s  a r e  presented i n  Fig. 7 . 3 . 6 .  I n  t h i s  case  where the  
r a t i o  of t h e  bay l eng th  t o  wavelength is aliout 0.25 t h e  l i n e a r  theory agrees 
we l l  wi th  the  nonl inear  theory. From t h e  r e s u l t s  of Chapter 6 ,  with 
such a small r a t i o ,  nonl inear  e f f e c t s  do not have space t o  develop and 
t h e  l i n e a r  theory should apply. This  i s  confirmed by the  r e s u l t s  i n  
Fig. 7 . 3 . 6 .  
The e f f e c t s  of t he  breakwater on t h e  tsunami were f i n a l l y  i nves t i-  
gated. The f i n i t e  element mesh wi th  the  breakwater i n  p lace  i s  shown 
i n  Fig. 7 . 3 . 7  and t h e  r e s u l t s  of t h e  computations wi th  and without 
t he  breakwater a r e  shown i n  Fig. 7.3.8 a t  each of t h e  four  l oca t ions .  
F a i r l y  small  d i f f e r ences  a r e  noted between t h e  two s e t s  of r e s u l t s  
except a t  Ofunato where the  peak amplitudes a r e  reduced a maximum of 
40% by t h e  breakwater. When t h e  breakwater i s  i n  p lace  l i t t l e  amplif i-  
c a t i o n  i s  obtained between Nagasaki and Ofunato which agrees  wi th  I t o ' s  
r e s u l t s .  However, I t o ' s  r e s u l t s  p r e d i c t  a t  Ofunato wave amplitudes 
without  breakwater which a r e  twice a s  l a r g e  as those r e s u l t i n g  from 
the  presence of t h e  breakwater (compared t o  only a maximum of 40% d i f f e r e n c e  i n  
LINEAR NON-DISPERSIVE THEORY R, = I I krn 
----- LINEAR NON-DISPERSIVE THEORY R, = 7 krn } NO BREAKWATER 
LOCATION L 4  
(OFUNATOI i 
Fig. 7 . 3 . 5  Computed wave records a t  four locations inside the 
Ofunato Bay from the linear nondispersive theory. 
Comparison of the results for R r =  7 Ian and Br - 11 km. 
L 
- LINEAR NON-DISPERSIVE THEORY R, = I1  krn 
----- NON- LINEAR DISPERSIVE THEORY R, = 7 k m  } NO BREAKWATER I 
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Fig. 7.3.6 Computed wave records  a t  fou r  l o c a t i o n s  i n s i d e  t h e  
Ofunato Bay. Comparison between t h e  nonl inear  d i s-  
pe r s ive  s o l u t i o n  and t h e  l i n e a r  nondispersive so lu t ion .  
t h e  peak v a l u e s  wi th  the  preeent  r e s u l t s ) .  Such a discrepancy poss ib ly  can 
be explained by t h e  f a c t  t h a t  open sea  condi t ions  a r e  no t  simulated i n  
I t o ' s  model, t he re fo re  t h e  c h a r a c t e r i s t i c s  of t h e  wave response i n s i d e  
t h e  harbor may be a f f ec t ed  by t h i s .  Also t h e  wave records  computed from t h i s  
present  s tudy e x h i b i t  l a r g e r  amplitudes by more than  50% of t h e  
measured wave records  presented i n  1 t o ' s  paper.  This  i s  probably 
because t h e  t r a n s f e r  func t ion  a t  Nagasaki used f o r  t h e  determinat ion 
of t he  inc iden t  wave would have been d i f f e r e n t  i f  computed wi th  t h e  
present  model. Therefore,  a q u a n t i t a t i v e  comparison between t h e  
present  computation and t h e  measured wave records  a t  Ofunato would be 
meaningful only i f  t h e  i n c i d e n t  wave was computed from t h e  t r a n s f e r  
func t ion  derived with t h e  present  f i n i t e  element model. 
It i s  d i f f i c u l t  from t h e  wave records  i n  Fig. 7.3.8 t o  
der ive  any q u a n t i t a t i v e  r e l i a b l e  information on t h e  s teady s t a t e  
response c h a r a c t e r i s t i c s  of t h e  Ofunato Bay wi th  and without break- 
water because of t he  s h o r t  t ime du ra t ion  of t h e s e  records.  Neverthe- 
l e s s  c e r t a i n  f e a t u r e s  of t h e  response can be seen i n  Fig. 7.3.9(a) 
which represent  t he  normalized energy dens i ty  spec t r a  f o r  t h e  
two computed wave records  a t  Ofunato wi th  and without  breakwater,  which 
a r e  shown i n  Fig. 7.3.8. The s p e c t r a  a r e  normalized by t h e  mean square 
of t he  amplitude f o r  t h e  ca se  w i t l ~ ~ ~ u t  breakwater so  t h a t  t h e  a r ea  under 
t h e  curve f o r  t h e  ca se  without  breakwater i s  uni ty .  Two peaks a r e  
apparent on each spectrum. The peak corresponding t o  t h e  40 min period 
i s  almost wiped ou t  by the  a c t i o n  of t h e  breakwater while t h a t  
corresponding t o  t h e  17minper iod  remains l a r g e l y  unaffected.  TWO 
computed response curves of t h e  bay at Ofunato a r e  presented i n  
Fig. 7.3.9(b). They were obtained by taking the  r a t i o  of t h e  square 
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Fig. 7.3.8 Computed wave records at four locations inside the 
Ofunato Bay from the linear nondispersive solution, 
with and without breakwater. 
root of energy density at Ofunato to that of the incident-reflected wave. 
The two peaks on each curve correspond to the lowest resonant modes 
of Ofunato Bay. It is apparent from Fig. 7.3.9(b) that the lowest 
mode has about a 40minperiod while the second mode has about a 15 min 
period. The breakwater is most efficient in reducing the bay response 
at the lowest mode by a factor of about 2.5 but it does not affect 
significantly the amplitude of the second mode. These features agree 
with the field data presented by Horikawa and Nishimura (1970). 
The reason why the breakwater is efficient at the lowest mode and 
- 
inefficient at the second mode can be understood by considering the values 
of the length parameter O L / ~  , where L denotes the distance between 
the bay head and the breakwater, h is the average depth of the bay 
between the bay head and the breakwater and a is the circular frequency 
associated with the incident wave. At the first mode o ~ l G  - 1.2 
(based on L = 6500 m and h = 20 m) which from the results of Section 3.3 
indicates the existence of a node around the breakwater location; 
therefore the amplitude of the wave velocity is maximum at that location 
and this, in turn , maximizes the efficiency of the breakwater in 
dissipating energy. At the second mode, a~/Jg?;w 3.2, which indicates the 
existence of an antinode at the breakwater location; the wave velocity 
is therefore small near that location and the breakwater is inefficient 
in dissipating energy. 
7.4 General Considerations for Prototype Harbors with 
Arbitrary Planforms and Variable Depths 
Most of the present investigation has been limited to long and 
narrow harbors with constant depth. However, the results obtained for 
this rather restrictive geometry can reasonably be extended to fully 
FREQUENCY I cycle / hr ) 
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Fig. 7.3.9 (a) Computed normalized energy density spectra at 
Ofunato, (b) Response curves at Ofunato from the 
computed transient wave records. 
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three-dimensional harbor shapes as follows, in the case- where no 
significant runup takes place at the lateral boundaries. 
(i) If L/X < O(1) where L denotes a characteristic length for the 
harbor or bay, nonlinear effects are expected to remain small or 
negligible. The Helmholtz mode, which is the most susceptible to 
be excited by the long period tsunamis, falls generally in that 
category. 
(ii) If L/X 2 O(l), nonlinear theory should, in general, be 
used if the Stokes number defined by Eq. (7.2.1) is much larger than 
ten. The manifestation of nonlinear-'effects cannot be described in 
general terms and must depend on the bathymetric conditions as well as 
the specific shape of each particular harbor. A study of nonlinear 
effects in each case can be carried out using the nonlinear program 
presented in Section 3.3 which proved adequate for the harbor situations 
investigated in this study. 
If significant runup takes place at the lateral boundaries, the 
conclusions stated above'do not hold anymore. Since the runup is a 
nonlinear process in itself it can induce a different overall wave 
pattern inside the harbor or bay and the characteristics of the 
subsequent wave oscillations may be drastically modified in some cases. 
Page 414 is blank. 
CHAPTER 8 
CONCLUSIONS AND RECaMMENDATIONS FOR FUTURE STUDIES 
8 . 1  Conclusions 
The major o b j e c t i v e  of t h i s  s tudy  has been t o  i n v e s t i g a t e ,  
experimental ly  and t h e o r e t i c a l l y ,  t h e  response of an  a r b i t r a r y  shaped 
harbor (o r  bay) wi th  v a r i a b l e  depth t o  t r a n s i e n t  nonl inear  i nc iden t  
long waves, r e s u l t i n g  i n  poss ib l e  nonl inear  o s c i l l a t i o n s .  F i r s t ,  i n  
Chapter 5 t h e  wave dynamics of a c losed rec tangular  bas in  were 
inves t iga t ed  i n  t h e  shallow water wave range. Some of t h e  d i s s i p a t i v e  
and nonl inear  e f f e c t s  which appl ied  t o  o s c i l l a t i o n s  i n  t h e  bas in  could 
a l s o  be appl ied t o  t h e  waves induced i n  harbors .  Thus, t h i s  prel iminary 
s tudy  helped c l a r i f y  s e v e r a l  f e a t u r e s  pe r t a in ing  t o  harbor o s c i l l a t i o n s .  
The r e s u l t s  from t h e  second p a r t  of t h e  inves t iga t ion  dea l ing  wi th  t h e  
continuous and t r a n s i e n t  e x c i t a t i o n s  of a harbor were presented i n  
Chapter 6. A d e t a i l e d  s tudy of t h e  nonl inear  and d i spe r s ive  e f f e c t s  and 
d i s s i p a t i v e  e f f e c t s  has been conducted f o r  a long and narrow rec tangular  
harbor w i t h  cons tan t  depth f o r  t h e  ca se  of a continuous exc i t a t i on .  This  
s tudy  has been extended t o  o the r  harbor shapes f o r  t h e  case  of a 
t r a n s i e n t  e x c i t a t i o n .  The r e s u l t s  of t h i s  i n v e s t i g a t i o n  have been 
appl ied t o  prototype s i t u a t i o n s  and t h i s  is  discussed i n  Chapter 7. 
I n  p a r t i c u l a r  t h e  genera l  theory has been used t o  compute t h e  response 
of Ofunato Bay t o  t h e  tsunami r e s u l t i n g  from t h e  Tokachi-Oki earthquake 
of May 16, 1968. 
For convenience, t h e  major conclusions drawn from t h i s  s tudy a r e  
arranged i n  t h e  order  i n  which t h e  r e s u l t s  have been presented i n  
Chapters 5,6, and 7. 
Energy Diss ipa t ion  i n  Standing Waves i n  a Closed Rectangular Basin 
1. The major sources  of energy d i s s i p a t i o n  f o r  waves induced 
i n  a c losed rec tangular  bas in  i n  t h e  labora tory  a r e  bottom, 
w a l l  - and su r f ace  viscous laminar f r i c t i o n ,  and d i s s i p a t i o n  
assoc ia ted  wi th  s u r f a c e  tens ion  e f f e c t s .  
2. For a narrow bas in  (b < 8 cm) and f o r  a bas in  not  wetted by 
t h e  l i q u i d  i n s i d e  i t  (e.g. ,  l u c i t e  and d i s t i l l e d  water)  t h e  most 
s i g n i f i c a n t  source of d i s s i p a t i o n  is dry f r i c t i o n  of t he  meniscus 
aga ins t  t h e  wal l .  
Rectangular Closed Basin Exc i t a t i on  i n  t h e  Shallow Water Wave Range 
3 .  For a cont inuously exc i t ed  bas in  and f o r  shallow water  waves the  
l i n e a r  theory becomes inadequate a t  resonance. The nonl inear-  
d i spe r s ive- d i s s ipa t ive  s o l u t i o n  developed i n  Sec t ion  3.2.1 shows 
good agreement with t h e  experiments f o r  a l l  cases  i nves t iga t ed  
i n  t h i s  s tudy .  
4 .  The wave shape, f o r  a cont inuously exc i ted  bas in  near 
resonance i s  very s e n s i t i v e  t o  t h e  frequency of e x c i t a t i o n ;  a 
cnoida l  wave shape which can be predic ted  a n a l y t i c a l l y  develops 
near  t h e  main b i f u r c a t i o n  frequency, provided t h e  d i spe r s ion  
parameter i s  no t  too small and a "hump-like" wave t r a v e l s  t o  and f r o  
between t h e  bas in  wa l l s .  For smal l  d i spe r s ion  as t h e  e x c i t a t i o n  
frequency is decreased t h e  main wave d iv ides  i n t o  a number of 
secondary o s c i l l a t i o n s .  
5. The nonl inear  s tanding  wave s o l u t i o n  presented i n  Sect ion 3 . 2 . 3  
agrees reasonably we l l  wi th  t h e  experiments i f  t h e  d ispers ion  
parameter h/A is no t  l a r g e r  than  about  0.03; no cnoida l  wave p r o f i l e  
could be obtained experimental ly  f o r  smal le r  va lues  of h/X. 
6. For t h e  t r a n s i e n t  e x c i t a t i o n  of a c losed rec tangular  bas in  
t h e  importance of t h e  Stokes number i n  de f in ing  t h e  range of 
a p p l i c a b i l i t y  of t h e  l i n e a r  theory and i n  p red ic t ing  some of t h e  
waves f e a t u r e s  which develop with time (e.  g., t h e  number of 
secondary o s c i l l a t i o n s )  has been demonstrated. The Stokes number 
a l s o  has been found u s e f u l  i n  t h e  case  of t h e  waves generated by 
a continuous bas in  exc i t a t i on .  
The Generation and Propagation of Long Waves of Permanent Shape i n  t h e  
Wave Basin 
7. A l l  t h e  waves generated experimental ly  had a wave he ight  of 
25% t o  30% smal le r  than  predicted by t h e  genera t ion  r e l a t i onsh ips .  
Some of t h i s  discrepancy may be a t t r i b u t e d  t o  leakage between 
the  wave p l a t e  and the bottom and guide wal l s  of t h e  wave basin.  
8. I f  t h e  guide wa l l s  a r e  extended f o r  t h e  whole bas in  length  
and i f  leakage e f f e c t s  a r e  minimized, t h e  s o l i t a r y  wave p r o f i l e  
obtained a t  t h e  c o a s t l i n e  agrees  reasonably we l l  with 
t h a t  obtained from t h e  theory of  Boussinesq. However, t h e  d i f-  
f r a c t i o n  of a s o l i t a r y  wave i n t o  t h e  wave absorbers  along t h e  
s i d e s  of t h e  bas in  a l t e r s  t h e  s o l i t a r y  wave shape s i g n i f i c a n t l y .  
g .  The shape of cnoida l  waves a t  t h e  c o a s t l i n e  agrees reasonably 
w e l l  wi th  t h e  cnoida l  wave theory.  The e f f e c t  of d i f f r a c t i o n  
of t h e  waves due t o  t h e  wave absorbers  mounted along t h e  wa l l s  
of t h e  b a s i n  somewhat modif ies  t h e  experimental  p r o f i l e s  but 
n o t  as much a s  f o r  s o l i t a r y  waves. 
E f fec t  of D i s s ipa t ion  i n  a Long and Narrow Rectangular Harbor 
10. Leakage lo s ses ,  caused by t h e  presence of a small gap 
underneath t h e  w a l l s  f o r  a harbor j u s t  s i t t i n g  on t h e  bas in  f l o o r  
have been found t o  be  s i g n i f i c a n t .  
11. Flow sepa ra t ion  a t  t he  en t rance  of t h e  harbor  is  very 
e f f i c i e n t  i n  d i s s i p a t i n g  wave energy and thus  i n  reducing t h e  
e f f e c t s  of resonance i n  t h e  harbor.  This  source of d i s s i p a t i o n  
increases  f o r  smal le r  r e l a t i v e  openings, a/b,  and f o r  l a r g e r  
r e l a t i v e  inc iden t  wave he igh t s ,  H/h. 
12. Experiments i n d i c a t e  t h a t  t h e  head loss coefficient f e  
v a r i e s  l i n e a r l y  wi th  t h e  parameter ue/aa i f  Ue/ao < 1. I f  ue /ao>l ,  - 
t h i s  c o e f f i c i e n t  remains approximately cons tan t ;  f o r  t h i s  range 
good comparison between t h e  theory and t h e  experiments has been 
obtained i f  f, is taken equal  t o  0.8 f o r  a f u l l y  open harbor  and 
1.15 f o r  a p a r t i a l l y  closed entrance (a/b - < 0.8). 
13. Among t h e  four  sources of d i s s i p a t i o n  inves t iga t ed  
experimental ly ,  en t rance  d i s s i p a t i o n  appears t o  be t h e  most 
e f f i c i e n t  i n  reducing t h e  e f f e c t  of resonance. Leakage comes 
next ,  followed by viscous laminar f r i c t i o n  and su r f ace  tens ion .  
The Exc i t a t i on  of a Narrow Rectangular Harbor by a Continuous Tra in  of 
Per iodic  Long Waves 
14. For t h e  f i r s t  resonant  mode, f o r  which L/A < 0.25, non- 
l i n e a r i t i e s  can be  neglected even f o r  l a r g e  r e l a t i v e  wave 
amplitudes i n s i d e  t h e  harbor.  It appears t h a t  a l i n e a r  d i s s i p a t i v e  
theory  is s u f f i c i e n t  t o  desc r ibe  t h e  wave evolu t ion  i n  t h e  harbor 
f o r  t h i s  condi t ion .  
15. For a r a t i o  of t h e  harbor l eng th  t o  t h e  wave length ,  L/A 
l a r g e r  than  0.25, a nonl inear- dispers ive- diss ipa t ive  theory 
genera l ly  must be used a t  o r  near  resonance. Secondary resonant 
peaks n o t  pred ic ted  by t h e  l i n e a r  theory have been obtained 
using the  nonl inear  s o l u t i o n  developed i n  Sec t ion  3 . 4  and confirmed 
experimental ly .  Near t h e  second resonant  mode t h e  main o s c i l l a t i o n  
sepa ra t e s  i n t o  s e v e r a l  secondary oscillations and the number of 
these  increases  a s  t h e  d i spe r s ion  parameter decreases .  
Trans ien t  Exc i t a t i on  of Harbors 
16. For t h e  th ree  shapes inves t iga ted  ( a  narrow rec tangular  
harbor  wi th  a cons tan t  depth, a narrow rec tangular  harbor with a 
l i n e a r l y  decreas ing  depth and a t r apezo ida l  harbor wi th  a constant  
depth) nonl inear  e f f e c t s  have been found t o  remain n e g l i g i b l e  
near  t h e  f i r s t  mode and small near  t h e  second mode. They tend 
t o  a f f e c t  t h e  wave shape l o c a l l y  but  t h e  o v e r a l l  wave p a t t e r n  
appears t o  be predic ted  reasonably wel l  by a l i n e a r  theory. 
17. The e f f e c t  of t h e  converging s idewa l l s  on t h e  wave f o r  t h e  
t r apezo ida l  harbor is s i g n i f i c a n t .  This  can be mit igated by a 
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breakwater only f o r  very smal l  opening r a t i o s ,  e.g., a /b  < 0.125, 
f o r  t h e  harbor wi th  t h e  t r apezo ida l  shape which was inves t iga t ed  
here.  
18. For almost a l l  t h e  cases  i nves t iga t ed  i n  t h e  harbor  s t u d i e s  
good agreement has  been found between t h e  numerical s o l u t i o n  
developed i n  Sec t ion  3 . 4  and t h e  experiments.  This suggests  
t h a t  t h i s  s o l u t i o n  could be used wi th  some confidence i n  prototype 
s i t u a t i o n s  i f  t h e  corresponding 
accu ra t e ly  evaluated.  
Applicat ion t o  Prototype S i tua t ions  
19. Some a d d i t i o n a l  sources of 
d i s s i p a t i o n  sources can be 
d i s s i p a t i o n  have been inves t iga t ed  
a n a l y t i c a l l y  a s  a means t o  reduce f u r t h e r  t he  e f f e c t s  of resonance 
i n  pro to type  harbors  o r  bays. It has been found that submerged 
breakwaters ( i f  f e a s i b l e  from an  engineering po in t  of view) 
y i e l d  a degree of e f f i c i e n c y  comparable t o  t h e  usual  breakwaters 
a t  a harbor en t rance  i n  d i s s i p a t i n g  wave energy. 
20. The response of Ofunato Bay t o  t h e  tsunami caused by t h e  
Tokachi-Oki earthquake of May16, 1968 has been obtained 
numerically.  The numerical s o l u t i o n  has shown t h a t  t h e  nonl inear  
convective e f f e c t s  must have remained very smal l  i n  t h e  Ofunato 
Bay f o r  t h i s  tsunami. It has a l s o  shown t h a t  t h e  breakwater 
constructed across  t h e  Ofunato Bay ope ra t e s  s e l e c t i v e l y ,  i n  t he  
sense  t h a t  i t  i s  e f f i c i e n t  i n  d i s s i p a t i n g  wave energy a t  a per iod 
corresponding t o  t h e  fundamental resonant  mode of t h e  bay but  i t  
does not  reduce resonant  e f f e c t s  corresponding t o  t h e  second 
n a t u r a l  mode of o s c i l l a t i o n .  
8 . 2  ~ e c b e n d a t i o n s  f o r  Future S tudies  
The numerical model on t r a n s i e n t  harbor  o s c i l l a t i o n s  presented i n  
t h i s  s tudy  al lows us t o  handle f a i r l y  genera l  s i t u a t i o n s .  However, 
some u n c e r t a i n t i e s  remain and gome important a spec t s  r e l a t e d  t o  harbor 
and bay o s c i l l a t i o n s  need f u r t h e r  i nves t iga t ion :  
1. The p re sen t  experimental i n v e s t i g a t i o n  should be extended t o  
more genera l  harbor  geometries and compared t o  t h e  present  
model t o  c a r e f u l l y  i n v e s t i g a t e  under which condi t ions  a simple 
l i n e a r  a n a l y t i c a l  model can be used t o  desc r ibe  t h e  harbor 
o s c i l l a t i o n  f o r  t h e s e  geometries. 
2. It has been r e a l i z e d  t h a t  flow sepa ra t ion  at a sudden 
con t r ac t ion  and expansion c o n s t i t u t e s  a p a r t i c u l a r l y  e f f i c i e n t  
means of  d i s s i p a t i n g  wave energy i n  harbors  and bays i n  some 
s i t u a t i o n s .  However, some doubt s t i l l  remains on t h e  va lue  of 
t h e  head l o s s  c o e f f i c i e n t  f e  f o r  a wider range of parameters 
than  those  inves t iga t ed  i n  t h i s  s tudy.  Experiments which 
i n v e s t i g a t e  t h i s  l o s s  d i r e c t l y  without  working from t h e  harbor 
response "backwards" a r e  suggested. 
3 .  An important e f f e c t  no t  considered i n  t h i s  s tudy is  t h e  run-up 
and run-down of waves on t h e  s loping  boundaries around t h e  bay 
o r  harbor.  More work is needed t o  understand t h e  na tu re  of t h i s  
process.  Then i t  may be poss ib l e ,  i n  a subsequent s t e p ,  t o  
couple t h e  run-up process  t o  t h e  numerical program developed i n  
t h i s  s tudy  i n  order  t o  t r e a t  t he  t o t a l  problem of t h e  i n t e r a c t i o n  
between wave o s c i l l a t i o n s  i n s i d e  t h e  harbor  and t h e  run-up along 
t h e  boundaries.  
4. O f  i n t e r e s t  t o  se i smologis t s  and geophys ic i s t s  i s  t h e  knowledge 
of t h e  deep-water s i g n a t u r e  of t h e  tsunami which would hopeful ly 
lead  t o  a b e t t e r  knowledge of t h e  t e c t o n i c  genera t ion  mechanism. 
However, most of t h e  t i d e  gages a r e  placed i n  bays or  harbors  
where t h e  o s c i l l a t i o n s  induced by tsunamis a r e  very much 
a f f ec t ed  by t h e  l o c a l  response c h a r a c t e r i s t i c s .  Once the  
importance of t h e  f a c t o r s  a f f e c t i n g  t h e  wave o s c i l l a t i o n s  (e .g . ,  
n o n l i n e a r i t i e s ,  d i spe r s ion ,  d i s s i p a t i o n )  have been evaluated,  
using,  f o r  i n s t ance ,  t h e  p re sen t  numerical program, a  s t r a t e g y  
should be inves t iga t ed  t o  determine the  s igna tu re  of t h e  inc iden t  
wave ou t s ide  t h e  bay, from t i d e  gage records  in s ide .  This  
. c o n s t i t u t e s  what can be termed t h e  " inverse harbor problem." 
It i s  r e l a t i v e l y  simple when t h e  o s c i l l a t i o n s  i n  t h e  harbor  a r e  
governed by t h e  l i n e a r  i n v i s c i d  theory.  It becomes much more 
involved when t h e  e f f e c t s  of convect ive n o n l i n e a r i t i e s  o r  nonl inear  
viscous d i s s i p a t i o n  (e.g. ,  due t o  t h e  e f f e c t  of breakwaters) 
become s i g n i f i c a n t  . 
5 .  I T  has  been assumed throughout t h i s  s tudy t h a t  t h e  outer  
reg ion  has  a  constant  depth. However, i n  prototype s i t u a t i o n s  
i t  usua l ly  has a  v a r i a b l e  depth. I n  add i t i on  t h e r e  may be an 
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interaction between the continental shelf and the harbor or 
bay which should be investigated. Neither of these would 
introduce an unusual complication to the present numerical 
treatment of the harbor problem. 
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Turbulent boundary f r i c t i o n  f a c t o r  
E f fec t ive  sk in  f r i c t i o n  c o e f f i c i e n t  f o r  submerged breakwater 
Linear wave c e l e r i t y  ( l i n e a r  d i spe r s ive  theory)  
Drag ' coef f ic ien t  f o r  a submerged breakwater 
Surface contamination f a c t  o r  
Complete e l l i p t i c  i n t e g r a l  of t h e  second kind 
Mean wave energy i n  harbor (bas in )  
Equivalent wave amplitude f o r  a per iodic  wave containing 
seve ra l  harmonies 
Deccy c o e f f i c i e n t  
Entrance f r i c t i o n  c o e f f i c i e n t  
Accelerat ion due t o  g rav i ty  
Wave height  
Mean negat ive  wave he ight  of t h e  t r a i l i n g  wave 
S t i l l  water depth 
Height of submerged breakwater 
Cha rac t e r i s t i c  s t i l l  water depth 
hl 
i 
K 
k 
kr 
L 
R 
m 
Nf 
Ni' N J 
Ns 
N~ 
P 
d 
Q 
Qc 
f 
Qob 
QF 
Q, 
QE 
Qr 
&-r 
QTS 
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S t i l l  water depth a t  backwall of t h e  harbor f o r  a l i n e a r l y  
decreasing depth 
Imaginary number 
Complete e l l i p t i c  i n t e g r a l  of t h e  f i rs t  kind 
Constant r e l a t e d  t o  res idua l  surface tension d i s s ipa t ion  
Wave nunber 
Nikuradse roughness parameter 
Basin length  o r  c h a r a c t e r i s t i c  harbor length 
Character is t ic  length of a wave 
E l l i p t i c  parameter 
Number of emerging secondary waves 
Shape functions 
Number of o s c i l l a t i o n s  required t o  reach steady s t a t e  
Number of o s c i l l a t i o n s  required t o  achieve maximum t r a n s i e n t  
o s c i l l a t i o n s  
S t a t i c  pressure 
Dynamic pressure 
"Q" f a c t o r  
"Q" fac to r  associated with 
"Q" f ac to r  associated with 
"Q1' f ac to r  associated with 
"Q" f ac to r  associated with 
"Q" f ac to r  associated with 
"Q" f ac to r  associated with 
11 I1 Q f ac to r  associated with 
"Q" f ac to r  associated with 
"Q" fac to r  associated with 
dry damping of meniscus against  t h e  wal l  
separat ion losses  
res idua l  surface tension diss ipat ion 
p a r t i a l  r e f l e c t i o n  
laminar boundary f r i c t i o n  
leakage losses  
radia t ion damping 
turbulent  boundary f r i c t i o n  
d i s s ipa t ion  from submerged breakwater 
Overall amplification fac to r  (The subscript  notat ion fo r  the 
amplification f ac to r  r e l a t ed  t o  a pa r t i cu l a r  source i s  t he  
same as  t ha t  used fo r  t he  corresponding Q f a c to r )  
Distance of radia t ion boundary from t h e  harbor mouth 
(L2 + y2)k 
Reflection coeff ic ient  
Radius of curvature of t h e  corners a t  t he  harbor entrance 
Par t i cu la r  source of d iss ipat ion 
Shape fac to r  of t he  entrance 
Stroke of wave p l a t e  motion 
complex var iable  
Wave period 
Time 
Width of t h e  harbor walls 
Time required fo r  non-linearities'  t o  become important 
Amplitude of veloci ty  a t  t he  mouth 
Amplitude of t he  component of t he  veloci ty  i n  x direct ion i 
Urse l l  number . 
Stokes number 
Same as  
"1 
Horizontal component of leakage veloci ty  i n  t h e  gap underneath 
t h e  wall 
Velocity component i n  xi direct ion (i = 1,2) 
Velocity component i n  xi direct ion ( i  = 1 ,2 )  ins ide  boundary 
l ayer  
Average veloci ty  component i n  xi direct ion (i = 1,2) 
Outward normal velocity 
Translat ional  veloci ty  component of frame of reference i n  
x direct ion (i = 1,2) i 
v Same as u2 
W Overal l  energy d i s s i p a t e d  i n  one per iod   he subsc r ip t  no ta t ion  
f o r  t h e  energy d i s s i p a t e d  by a p a r t i c u l a r  source i s  t h e  same 
a s  t h a t  used f o r  t h e  corresponding Q f a c t o r )  
w Veloc i ty  component i n  v e r t i c a l  d i r e c t i o n  
W 
8 V e r t i c a l  component of v e l o c i t y  i n  t h e  gap underneath t h e  w a l l  
X O  Basin motion i n  t h e  5 d i r e c t i o n  
1 
x Distance between two submerged breakwaters b 
x Distance requi red  f o r  nonl inear  e f f e c t s  t o  become important 
n 
x ( o r  x)  Co-ordinate d i s t ance  i n  t h e  f i r s t  ho r i zon ta l  d i r e c t i o n  
I 
x2 ( o r  y )  Co-ordinate d i s t ance  i n  t h e  second ho r i zon ta l  d i r e c t i o n  
Co-ordinate d i s t ance  i n  the  f i r s t  h o r i z o n t a l  d i r e c t i o n  i n  a 
Newtonian frame of  re ference  
Co-ordinate d i s t ance  i n  t h e  second ho r i zon ta l  ho r i zon ta l  
d i r e c t i o n  i n  a  Newtonian frame of re ference  
Co-ordinate d i s t ance  i n  v e r t i c a l  d i r e c t i o n  
Co-ordinate d i s t ance  i n  v e r t i c a l  d i r e c t i o n  i n  a Newtonian 
frame of re ference  
€ + x va r i ab l e  
t - x v a r i a b l e .  
Nonlinear parameter 
Decay c o e f f i c i e n t  
Correction f a c t o r  f o r  k i n e t i c  energy 
Dispersion parameter 
Numerical parameters 
Surface t ens ion  
Diss ipa t ion  parameter 
D i s s ipa t ion  parameter fo r  a sinusoidal motion 
Frequency parameter 
Boundary l a y e r  th ickness  
'bs 
Leakage parameter 
Small number compared t o  uni ty  
Equivalent leakage parameter 
Distance from t h e  boundary i n  d i rec t ion  normal t o  boundary 
Wave e levat ion 
Wave elevation of t h e  incident  r e f l e c t e d  wave system 
Wave elevation of t h e  radiated wave system 
Nondimensionalized wave number 
Coefficient of Coulomb f r i c t i o n a l  force  
Wavelength f o r  a periodic wave 
Penalty parameter i n  f i n i t e  element solut ion 
Laminar boundary f r i c t i o n  f a c t o r  associated with bottom and 
surface f r i c t i o n  
Laminar boundary f r i c t i o n  fac to r  associated with botton,  
s ide  walls and surface f r i c t i o n  
Laminar boundary f r i c t i o n  fac to r  associated with bottom, 
s ide  wal ls ,  end w a l l s  and surface f r i c t i o n  
Kinematic v i scos i ty  
Distance i n  f i r s t  d i rec t ion p a r a l l e l  t o  boundary 
Distance i n  second d i rec t ion  p a r a l l e l  t o  boundary 
Wave p l a t e  displacement 
The constant 3.14159 
Fluid densi ty 
Character is t ic  frequency of t h e  forcing motion 
Resonant frequency f o r t h e  l i n e a r ,  s l i g h t l y  dispersive model 
Boundary shear s t r e s s  
Po ten t i a l  function 
Averaged p o t e n t i a l  function over t h e  dept h 
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Potential function for the incident-reflected wave system 
Shape function 
Dissipat ion parameter associated with r ad ia t ion  damping 
Dissipat ion parameter associated with separat ion losses  
Dissipat ion parameter associated with leakage losses  
Dissipat ion parameter associated with laminar boundary f r i c t i o n  
Character is t ic  frequency of a wave with a hump-like shape 
Potential function for the radiated wave 
SPECIAL SYMBOLS 
Modulus o r  absolute value 
Averaged value 
Amplitude of harmonic function 
Grazient operator 
Proportion'al t o  
Approximately equal t o  
P a r t i a l  de r iva t ive  
Order of magnitude of quant i ty  between brackets  
In teger  indices  
Scalar  product 
APPENDIX A 
THE UNSTEAI>Y BOUNDARY LAYER EQUATIONS AND SOLUTION 
Consider a slightly viscous three-dimensional flow near a flat 
solid surface. The coordinate system is shown in Figure A l .  
Fig. Al Definition sketch for the local 
coordinate system of the boundary 
layer equations. 
5 denotes the coordinate in the direction normal to the boundary, 
5 and t2 are the coordinates in the plane normal to the I; direction, 1 
6,(c19 c2) is the boundan layer thiclmese, ui(S1,S2,Be, t) is the velocity 
component in the directiim 5 (i=1,2) just outside the boundary layer i 
and uia(5 ,5 ,~,t) is the velocity component in the direction 5 inside 1 2  i 
the boundary layer. The unsteady laminar boundary layer equations are 
given by Schlichting (1960) as: 
where p is the pressure impressed in the boundary layer by the external 
R flow, w the velocity component in the 5 direction, v the kinematic 
viscosity and p the fluid density. Just outside the boundary layer the 
momentum equations in the direction parallel to the boundary are: 
Neglecting convective terms and subtracting Eq. A.2 from Eq. A.l yields 
the linearized boundary layer equations in unsteady flow: 
a 
u is a function of E1,EZs~ whereas ui only depends on El and E 2 .  i 
Equivalently Eq. (A.3) can be written as: 
a i. 
~(u,-u 1 a2(ui - ui 
s,) 
at 
with the boundary conditions: 
Eq. (A.5) expresses the zero slip condition at the boundary. 
Eq. (A.6) is justified by performing a formal matching procedure 
between the exterior and the boundary layer regions, valid as long as 
remains small cmpared to a characteristic horizontal length. 
Equation (A.4) is solved using the Laplace transform technique. 
Define : 
The Laplace transform of f is defined as: 
Assume the following initial condition: 
Multiplying both sides of Eq. (A.4) by eWst , integrating with respect 
to t and using Eq. (A.9) yields a differential equation for gi: 
with the boundary conditions: 
The solution for Zi is: 
(A. 10) 
(A. 11) 
(A. 12) 
fi is obtained from the inversion integral for the Laplace transform: 
f- 
where h is the Bromwich contour defined as: 
(A. 15) 
where v is a positive constant. Of special interest is the expression 
for the shear stress r in the Ei direction at the wall, defined as: 
i 
a~ R 
'i 
- 
i 
= v -- 
P as S = O  (A. 16) 
R 
The expression for - at 5 = 0 can be derived from Eq. (A.13)andone in- a s 
tegration by parts (assuming the fluid motion starts from rest at t=O) as: 
Using the following relations: 
-st 
e dtds S r O  (A. 17) 
where the sign 1 denotes the correspondence between a function and its 
auiR 
Laplace transform, a final expression for - as is obtained at 5 = 0 as: 
R OD aui (t-t' ) 
dt' 5 = 0 as 
The laminar shear stress component T at the boundary is given by: i 
(A. 18) 
Special izing t o  a s inusoidal  flow defined by 
Equation (A.19) becomes: 
(A. 20) 
(A. 21) 
The energy diss ipated  i n  one period per u n i t  a rea  is computed as :  
(A.  2 2 )  
= i The same value f o r  W is achieved from an expression f o r  - a t  5 = 0 
P 
given by 
Equation (A.23) can then be considered equivalent t o  Eq. (A.21); i t s  
big  advantage l ies  i n  t h e  f a c t  t h a t  the  shear stress a t  the  boundary 
i s  simply re la ted  t o  the ve loc i ty  component ui, which brings considerable 
s impl i f ica t ion f o r  the  numerical treatment of Equation (3.1.35). 
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APPENDIX B 
DERIVATION OF THE EXPLICIT FORM OF THE LINEAR SOLUTION 
OF THE CLOSED BASIN EXCITATION PROBLEM 
The expression f o r  t h e  wave amplitude n (x , t )  has been derived i n  
i n t e g r a l  form i n  Eq. (3.2.56) of Sect ion (3.2.2) and i s  r ewr i t t en  
f o r  c l a r i t y :  
1 
s i n h  ro (x - .Z?) 
.(x,t) = - -& [ exp ( s t )  + (-l)*lexp(s(t - 7) ids 
K $ O S ~  ( 7 )  
r 
wi th  - 
The no ta t ions  are t h e  same a s  i n  Subsection (3.2.2): B,ys,6 a r e  f ixed  
parameters,  i i s  t h e  imaginary number G, m i s  an i n t e g e r  and Br 
denotes  t h e  Bromwich contour.  I n  order  t o  render  t he  func t ion  K O  (s) 
a n a l y t i c a l  almost everywhere i n  t h e  s plane,  branch c u t s  must be 
defined along wi th  the  range of v a r i a t i o n  of t h e  var ious  angles  
a s soc i a t ed  wi th  them. With the choice  ind ica t ed  on Fig .  B l  i f  can 
be checked  that^ (s) is s i n g l e  valued and a n a l y t i c a l  everywhere i n  thPs 
0 
plane,  except along t h e  branch c u t s  i nd ica t ed  by hatched l i n e s .  The 
problem is t o  f i n d  an  e x p l i c i t  expression f o r  n (x , t )  i n  a s e r i e s  form. 
mn 
Two cases  must be considered according t o  t h e  s i g n  of (t - 6). 
mn (i) F i r s t  case:  t > - 6 
Fig. B1 Location of the branch cuts (hatched l i n e s )  and range 
of variatdon of the various angles associated with them. 
Defining G(s) as the  integrand under t h e  i n t e g r a l  s ign i n  Eq. ( B . l )  
t h e  Residue theorem is applied i n s i d e  t h e  i n t e g r a l  contour C indicated on lr 
Fig. B2 , and t h e  following equation is obtained: 
where Clp denotes t h e  path on t h e  big c i r c l e  with radius  I ' , ~ B ~ ~  i s  the
path along a l l  the  branch cu t s ,  the  path along a l l  the  small c i r c l e s  
C, r 
- A  A 
of radius ri around the  branch points ,  and sn a s ingular  point  ins ide  
the  contour. After  ca lcula t ions  it turns  out tha t  the  sum of the 
i n t e g r a l s  along the  branch cu t s  and each i n t e g r a l  around a branch point 
" 
tend t o  zero a s  ri tends t o  zero. G(s)ds + 0  as r + - , therefore JC, 
I 1  
an e x p l i c i t  expression f o r  n(x, t)  is given as:  
An examination of G(s) shows t h a t  three  removable s i n g u l a r i t i e s  e x i s t  
as PO, ,-i6 : the  residue of G(s) a t  those points  is therefore  zero. 
The only i so la ted  s i n g u l a r i t i e s  of G(s) a r e  given by: 
2 Neglecting terms of order O(y ) the  solut ion of Eq. (B.5) is: 
F i g .  B2 Definition sketch for the integral contours Clr and CZr 
(the hatched l i n e s  represent the branch cuts and the  
dots indicate the position of the poles) .  
with a = (2n-t-1)a. 
n 
The residue of G(s) at smsn can then be computed. The result is: 
It can be noticed that-Res .GCs=s ) is conjugate of Res ~ ( s = s  ), n -n-1 
n=0,1,2.. ., so that 
The complete solution follows directly from Eqs. ( ~ ~ 4 1 ,  (b.7) and (B.10). 
mn Second case: t r 7 
The integrand G(s) must be separated into two functions: 
GCs) = GI&) + G2 (s) where: 
1 
s 
s inh I$, (X - T) 
G2Cs) = - (B. 13) 
s2+62 K 0 C O S ~  %) 
so t h a t  : 
(B. 14) 
Applying the  Residue theory ins ide  t h e  i n t e g r a l  contour C2r indicated i n  
- 
Pig. B2 the following equation i s  obtained: 
/ G,(s)~s +J ~ , ( s ) d s  = - 2 n i C ~ e s ~ ( s = s ~ )  (B. 15) 
Br C2r 
No s i n g u l a r i t i e s  e x i s t  i n s i d e  t h i s  contour. Furthermore, 
(B. 16) 
Therefore, the  value of t h e  second i n t e g r a l  i n  Eq. (B.14) Is zero. 
For t h e  f i r s t  i n t e g r a l  of Eq. (B.14) t h e  same contour Clr a s  i n  the  case 
mn 
where t >  7 is considered. I n  addi t ion  t o  t h e  s i n g u l a r i t i e s  already 
found, two poles a r e  located as i=+i6. It is assumed t h a t  6 < so  
t h a t  t h e  
The 
poles do not l ie  on a branch cut .  
residues of G1(s) at  s=+i6 a r e  obtained as:  
1 
1 s i n  K (x- T) R e s  Gl(sd56) = 7 e f i d t  
.K 
K C O S  - 2 
where K is defined a s  : 
where it is understood that ysc<l. 
The expression 
except that i n  
f o r  the Residue of 
Eq. (B.7) fnt  must 
G (s) a t  sPsn i s  the same as before 1 
be replaced by fn .  The solution 
n(x,t) for t h i s  case i s  then: 
m 
t )  - -2 X&e{&es G1(s=s n ) }  - 2Re{Res G l ( s = + i d ) }  (B. 19) 
n=1 
This completes the derivation of the e x p l i c i t  solution for the linear 
basin excitation problem. 
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APPENDIX C 
EQUIVALENT LEAKAGE LOSS COEFFICIENT ASSOCIATED 
WITH A PARTIALLY REFLECTIVE BOUlQARY 
Consider a l i n e a r  harmonic plane wave i n  shallow water  which is  
normally inc iden t  t o  a beach o r  any wave absorber  loca ted  a t  x = 0. 
The wave system can be decomposed i n t o  an  i n c i d e n t  wave q (x,t) and a 1 
r e f l e c t e d  wave q ( x , t )  such t h a t :  2 
where the  wave number k is  r e l a t e d  t o  the  frequency o by: 
where h and g denote t h e  depth and t h e  a c c e l e r a t i o n  of g rav i ty ,  respec- 
t i v e l y .  The e f f ec t iveness  of the  absorbing boundary i s  measured by 
t h e  r e f l e c t i o n  c o e f f i c i e n t  r defined a s  t h e  r a t i o  of t h e  r e f l e c t e d  wave 
amplitude A2 t o  t h e  inc iden t  wave amplitude A1. 
I n  o rde r  t o  e s t ima te  t h e  e f f ec t iveness  of t h i s  source of d i ss ipa-  
t i o n  i n  reducing resonance i n  harbors ,  an  equiva len t  leakage v e l o c i t y  
u is sought i n  t h e  form: 
n 
where & is a n  equivalent  leakage c o e f f i c i e n t  to  be determined. 
e 
The wave energy by u n i t  width d i s s i p a t e d  i n  one period by p a r t i a l  
r e f l e c t i o n  is  equal  to: 
where, i n  shallow water t h e  dynamic pressure  p and t h e  ho r i zon ta l  d 
v e l o c i t y  u a r e  given, r e spec t ive ly ,  by: 
Subs t i t u t ing  Eq. (C.6) i n t o  Eq. (C.5) one obtains:  
The wave energy by u n i t  width d i s s i p a t e d  i n  one period by leakage 
o r ,  using Eq.  (C.4), 
Equating expressions (C.7) and (C.9), t h e  equiva len t  leakage ve loc i ty  
is found as: 
(C. 10) 
This result is used i n  Chapter 7 to  compare the effectiveness of 
the various sources of dissipation in  prototype harbors, including 
dissipation related to partial reflection. 
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APPENDIX D 
DERIVATION OF THE BOUNDARY CONDITION AT A WALL 
WITH A SMALL GAP BETWEEN THE WALL AND THE BOTTOM 
The problem is illustrated by the definition sketch of Fig. Dl. 
A small gap, e, exists underneath a vertical wall with te 
separating a region where wave action takes place from a quiescent 
semi-infinite region. The presence of the wave in regian A creates a 
pressure difference between A and B, inducing a flow underneath the 
wall. Three steps are successively considered in this development: 
the computation of the velocity profile in the gap, the relation 
between the pressure difference between A and B and the wave parameters, 
and the derivation of an equivalent leakage velocity to be used as a 
boundary condition at the walls. 
( i  Computation of the velocity profile in the gap 
The velocity vector consists of the horizontal velocity 
component u (x z, t) and 'the vertical velacity component w (x z , t) , g n' g n' 
where x refers to the normal horizontal outward direction to the wall. 
n 
Assuming the flow is unidirectional (w E O), the continuity equation 
g 
and the momentum equation in the z direction yield: 
where p is the static pressure.. 
The momentum equation in the x direction yields: 
n 

where p and v a r e  t h e  densi ty  and the  kinematic v i scos i ty  of the f lu id ,  
respectively.  The order of magnitude of the unsteady term can be 
compared t o  t h a t  of the  viscous term i n  the  following: 
where T r e f e r s  t o  t h e  t y p i c a l  period of the  motion in t y p i c a l  laboratory 
conditions e s .3mm, T , 1 sec and v = 1 0 - ~ c m ~ / s e c  so t h a t  
The unsteady term can consequently be neglected and the  momentum 
equation becomes: 
The boundary conditions are:  
Since * does not depend on r ,  Eq. (0.6) can be in tegra ted  readily:  
axn 
The mean veloci ty  is obtained as: 
-we ,. 
- 
u ( t )  2 y 
8 
-h 
From Eq. (D. 9 ) ,  * does not depend on x ,  theref  ore  : Bx 
n 
(D. 10) 
where pg and pA denote t h e  pressure at B and A. 
( i i )  Relation between the  pressure d i f ference  between 0 and B 
and the  wave parameters 
The Bernoui l l i  equation can be applied between the  points  P 
and A, A and B, B and C :  
where a is  a correction fac tor  fo r  the k ine t ic  energy (a = O(1)) 
C C 
where E i s  t h e  head l o s s  due t o  laminar friction along the gap. The 
g 
pressure p can be derived from t h e  invisc id  i r r o t a t i o n a l  wave theory as: P 
P~ 
- P  + h  
pg cosh kh 
where n is t h e  wave e levat ion a t  A and k is  the wave number. 
Combining Eqs . (D. 11) t o  (0.14) t h e  following is obtained : 
;2 E 
= a  JL+A 
cosh kh c 2g pg 
Eq. (D.16) can be wr i t t en  i n  the  form: 
where 
(D. 16) 
(D. 17) 
(D. 18) 
(D. 19) 
The solut ion of Eq. (D.17) is: 
Typical values corresponding t o  the  experimental conditions are 
e = . 3  mm, II = 10 mm, v = 0.01 cm2/sec, t = 1 cm, kh<< 1 so t h a t  
e 
& (.I. 
0 
Thus, neglecting t h e  quadrat ic  ve loc i ty  term induces a r e l a t i v e  
e r r o r  less than 10%. Therefore, as  a reasonable approximation, the  
leakage veloci ty  is  considered a s  a l i n e a r  function of the  wave ampli- 
tude at the  wall ,  such that :  
g 12vte cosh kh 
(iii) Derivation of the boundary condition at the wall 
The expressions for the horizontal components of the 
velocity vector and the dynamic pressure are assumed to be of the 
form: 
where u denotes the outward normal component of the horizontal velocity 
n 
vector at the wall. 
The idea consists of deriving an expression for rn such that the 
energy flux caused by the "equivalent" leakage velocity un is equal to 
the energy flux caused by the actual leakage. is thus determined 
by the equation: 
T /'/lnpd dzdt = el ; P tit 
0 -h 
8 d 
Mter calculations \ is found as : 
(D. 24) 
Eq. (D.24) expresses the boundary condition to  be used i n  case of 
a leakage through a small gap a t  the bottom. 
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APPENDIX E 
COIPUTATION OF THE Q FACTORS CORRESPONDING TO 
VARIOUS SOURCES OF DISSIPATION IN A NARROW RECTANGULAR 
HARBOR AND IN A RECTANGULAR BASIN 
E . l  Case of a Narrow Rectangular Harbor 
A definition sketch for the coordinate system and the notation 
are the same as presented in Section 3.3.2. Combining Eqs. (3.3.20) to 
(3.3.23), (3.3.33), (3.3.34) and (3.3.35) and the relations (3.3.87) and 
(3.3.88) corresponding to the resonant condition for a narrow rectangular 
harbor induced oscillations leads to the resonant mode shapes defined by: 
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where the expression for u at the harbor entrance is derived from 
continuity considerations 
ri(x,t) - Re A coa k(x+L) I I 
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The total mean energy in the harbor is given by (Ippen, 1966): 
At this point each source of dissipation must be considered individually: 
(i) Loss due to separation at the entrance 
A consistent head loss equation can be written as: 
APd(~,r,t) - 1 cosh kh 
Pg 
- - f l~(~J,t)l 2g e u o z t  cosh k(h+z) (E-8) 
where Ap is the 
In order to check the 
pressure difference across x=O. 
consistency of Eq. (E.8), Eqs. (E.l) and ( E . 3 )  
can be substituted into Eq. (E.8) to give: 
No dependence in z appears for An(0,t) as expected. Furthermore, 
the expression for the wave amplitude discontinuity is the same as for 
shallow water waves with the horizontal component of the velocity 
evaluated at the surface. 
The mean power dissipated by flow separation at the entrance is 
given by : 
The Q, factor is defined as: 
After some algebraic manipulations Qf is found as: 
The quantity Q can also be expressed as: f 
where x is defined by Eq. (3.3.831, by noting that the quantity C3(O,~) f 
appearing in Eq. (3.3.78), from its definition becomes equal in the 
bAkg. present case to a a 
(ii) Laminar Boundary Friction 
The mean power dissipated in the harbor is given 
by (see Appendix A) : 
(E. 14) 
where s is the total surface wetted by the fluid. The Q factor is 
v 
defined as: 
After calculat ions Q i s  found as: 
tt 
2kh )] (E.16) kh (l - s inh 2kh + tanh kh r 
The terms between brackets r e s u l t  from s ide  w a l l s ,  bottom, surface and 
backwall f r i c t i o n  respectively,  
The parameter Q can be wri t ten  a l so ,as :  u 
(E. 17) 
where x is given by Eq. (3.3.81) and pt is given by Eq. (3.3.37) except 
u 
fo r  the  f r i c t i o n  term at the  backwall which was  not considered when 
Eq. (3.3.371 was derived. A heu r i s t i c  way t o  account fo r  t h i s  term 
would consis t  i n  replacing the  expression fo r  v t  i n  Eq. (3.3.81) by: 
(E .l8) 
However, i n  practice,  the  correction term can be neglected when 
compared with the other f r i c t i o n  terms e i t he r  i n  the  case of a narrow 
basin (kb << 1 )  o r  in shallow water which corresponds t o  the  range of 
the present harbor experiments. 
(iii) Leakage Losses 
The mean power dissipated in the harbor in one period is 
given by : 
where 5 is the fluid velocity underneath the gap in the outward normal 
g 
direction to the boundary;from the results of Appendix D ii is related 
g 
to Pd by: 
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vp 12te Pd(x,-h, t) 
where e and t denote the gap and the wall thicknesses. The Q factor 
e 
is defined as: 
After calculations Q E  is found as: 
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Equation (E.21) can be written as: 
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(E. 21) 
(E. 22) 
where x is defined' by Eq. (3.3.82). 
E 
( iv)  Radiation Damping 
The mean power last by rad ia t ion  i s  given by: 
where Pdr is the p r e s s u r e  a s s o c i a t e d  w i t h  the  r a d i a t e d  wave and g i v e n  by:  
The expression f o r  the  radia ted  wave amplitude n, at the  harbor 
e n t r a n c e  can be  d e r i v e d  f rom Eq.  (3.3.73) as: 
b &  where G(o,o) = i - 
a 0 
(E.27) 
The Q f ac to r  i s  defined as: 
r 
After ca lcula t ions  Qr i s  found as: 
1 4 1 b  
- = -  
1 
Q r 
lCh 'h n (2n+l) a Xr (T + s inh 2kh 
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where xr is defined by Eq. (3.3.80) . 
(v) Rough Turbulent Boundary Friction 
This type of friction is likely to occur in actual harbors 
and it is of interest to compute the associated Q factor in order to 
estimate its wave attenuating effect as compared with the other sources 
of dissipation. 
For simplification purposes the analysis is restricted to bottom 
friction in shallow water. The turbulent shear etress for oscillating 
flows is usually considered in the form: 
where C denotes the average boundary friction factor. Experiments 
e 
by Karnphuis (1975) showed that Ce depends on both a Reynolds number 
and a relative roughness parameter and its usual range lies between 
and lom1. The mean power dissipated in the harbor is given by: 
QT is defined as: 
After calculation Qr is found as: 
(vi )  Dry f r i c t i o n  from meniscus act ion 
The v e r t i c a l  force per un i t  length on the  f l u i d  a t  the  l iquid- 
luci te- air  in terface  is  given by Eq. (3.3.3) as: 
where re denotes the  surface tension a t  the  air- liquid in terface  and 
a constant. The resu l t ing  mean power dissipated i n  the  harbor is 
given by: 
Qc 2s defined as : 
After calculat ion Q is found as: 
C 
(E. 35) 
(E. 36) 
(v i i )  Residual . surface tension diss ipat ion 
It has been conjectured i n  Section 3.3.1 t ha t  there  ex i s t s  
a d i ss ipa t ive  source re la ted  t o  surface tension but independent of dry 
f r i c t i o n  from meniscus action. It has been assumed tha t  i t  could be 
expressed mathematically by a v e r t i c a l  force  applied on the  water surface 
a t  equi-distance between t he  w a l l s ,  as: 
Assuming fu r the r  a s l i g h t  phase s h i f t  between F and n, the  resul t ing  
mean power d iss ipated  i n  the  harbor can be expressed by: 
which gives: 
where K i s  a c o n s t a n C t o  be found from experiments. Qob is  defined as: 
ob 
1 ,  dwob/dt 
- -  - 
Qob OEn 
After ca lcula t ions ,  Qob is given by: 
K r 1 2 1 o b e  
-3--- 
Qob n b2 Pg 
(E. 4 1 )  
E . 2  Case of a Closed Rectangular Basin 
The mode shapes a r e  the  same as f o r  t h e  narrow rectangular harbor 
except t h a t  t h e  resonant values of kT., a r e  given by: 
f o r  a r i g i d  basin excited back and for th .  
Five sources of d i s s ipa t ion  must be considered i n  t h i s  case: 
laminar bottom f r i c t i o n ,  laminar wall  f r i c t i o n ,  laminar surface f r i c t i o n ,  
dry f r i c t i o n  from meniscus ac t ion,  res idual  d iss ipat ion from surface 
tension. 
After  ca lcula t ions ,  it  turns  out tha t  the  expression f o r  t h e  Q 
IJ 
fac to r  associated with t h e  laudnar boundary f r i c t i o n  fo rces  i s  t h e  
same a s  i n  the  case of the  harbor except t h a t  f r i c t i o n  is  exerted i n  
the  basin case on two end w a l l s ,  not only one. Thus the  f a c t o r  i s  9Y 
given by : 
2kh kh 2kh 2kh ) I  (E.44) +- 
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The Qc f ac to r  associated with dry f r i c t i o n  from meniscus ac t ions  
can be derived s imi la r ly  from the  harbor r e s u l t s  by noticing t h a t  
f r i c t i o n  is  exerted on the  end walls ,  not only one: 
The expression f o r  the  Q f ac to r  corresponding t o  the  res idual  
ob 
source of d i s s ipa t ion  associated with surface tension is i d e n t i c a l  t o  
t h e  expression found i n  t h e  case of t h e  harbor and is  therefore  given 
by Eq. (E.42). 
One important appl ica t ion of these r e s u l t s  is the  p o s s i b i l i t y  of 
uncoupling t h e  experimental inves t igat ion of d i s s ipa t ion  caused by 
laminar boundary f r i c t i o n  and surface  tension from t h e  inves t igat ion of 
the  o ther  sources of d i s s ipa t ion  present i n  t h e  harbor. One can j u s t  
conduct t h i s  inves t igat ion i n  a closed rectangular  basin s ince  the re  
e x i s t s  almost a one t o  one correspondence between the  Qi f ac to r s  corres-  
ponding t o  those sources f o r  t h e  harbor, and f o r  t h e  closed basin. 
Indeed, these considerations a r e  applied i n  Section 5.1 i n  the  experi- 
mental study of boundary f r i c t i o n  and surface tension diss ipat ion.  
APPENDIX F 
F l .  DERIVATION OF A TIME DEPENDENT RADIATIVE BOUNDARY CONDITION FOR 
RADLAUY SPREADING LINEAR NONDISPERSIVE WAVES 
This de r iva t ion  is based on the  approach taken by Mungall and Reid 
(1978). Consider t h e  f l u i d  domain bounded on t h e  l e f t  by a s t r a i g h t  
c o a s t l i n e  indented by a harbor  ( s ee  Fig.  F l ) .  
I n  Region nL (de l inea ted  by AGC, TR, BA, CD i n  Fig. F1, t h e  wave 
system charac te r ized  by t h e  p o t e n t i a l  wave funct ion  @ c o n s i s t s  of two 
pa r t s :  the  inc ident- ref lec ted  wave, Q ~ ,  and t h e  r ad i a t ed  wave @ . 
Region I;Z is assumed t o  be  loca ted  s u f f i c i e n t l y  f a r  away from the  harbor L 
ent rance  s o  t h a t  t h e  n o n l i n e a r i t i e s  i n  t h e  r ad i a t ed  wave due t o  harbor 
o s c i l l a t i o n s  become neg l ig ib l e .  The p o t e n t i a l  func t ion  assoc ia ted  wi th  
t h e  r ad i a t ed  wave s a t i s f i e s  t h e  l i n e a r  nondispersive wave equation: 
where h is t h e  s t i l l  water depth (assumed uniform throughout t h e  f l u i d  
domain) and g is t h e  a c c e l e r a t i o n  of grav i ty .  Since t h e  c o a s t l i n e  i s  
perfectly reflective $ must satisfy t h e  fol lowing boundary condition: 
A genera l  eo lu t ion  of Eq. (F.1) s a t i s f y i n g  Eq. (F.2) can be found 
i n  polar  coord ina tes  as: 
Fig. F1 Definition sketch for radiated wave away from the harbor. 
Fig. F2 Definition skktch for a straight coastl ine a l l  the way 
to  the harbor entrance. 
where H: denotes the Hankel fuqction of the first kind, of nth order, 
o = k a  and qn(k) are functions of k depending on the geometry of 
the radiative disturbance. In principle, any Bessel function would be 
suitable but only the Hankel function R: sat is fie s the requirement that 
waves originating from the harbor entrance are outgoing. 
The next step is to evaluate &- at a large distance from the origin. 
ar 
From Eq. (F.3): 
m CD 
d ( 1  iot 
ar d (kr) e cosne dk 
for large values of z = kr (Abramowitz and Stegun (1972), p. 364) the 
Hankel function H l becomes : 
n 
(4n2-1) (4n2-9) + iO(z-3) I i (z- (2n+1) ~/4) - 2 (82) 
and, 
d~,' (2) 
A relationship between 8,' (z) and dz of the following form is inves- 
tigat ed : 
47 6 
The unknown coefficients A and B can be evaluated by identification 
using Eqs. (F.5) and (F. 6) : 
If the approximation is made that 
Then, Eq. (F. 4) becomes: 
(F. 10) 
(F. 11) 
Eq. (F.ll) is the time dependent boundary condition for a radially 
spreading wave far away from the source region. This condition is 
incorporated in the numerical schene presenti.d in Section 3.4 to force 
the radiated wave to be transmitted according to Eq. (F.ll) through a 
radiative boundary which is a semicircle located at some distance from 
the harbor mouth. (It is noted a perfectly reflective boundary would 
correspond to = a r 0). Actually Eq. (F.ll) is exactly satisfied 
mathematically only for an infinite distance from the mouth. Therefore 
its use in the numerical scheme at some finite distance r induces 
reflection of a small percentage of the radiated wave energy back towards 
the harbor mouth. The amount of reflection depends on the distance r 
at which the radiative boundary is placed and an estimate of this 
will be made presently. Eq. (F.ll) can also be written as: 
(F. 12) 
I n  o ther  words, t h e  quanti ty (&I2$) is consemed along an outward- 
d i rec ted  charac te r i s t i c .  One obvious question is: how close  t o  
t h e  source can the  rad ia t ion  condition (F. l l )  be used within a few 
percent e r ro r?  As the  approximation made i n  Eq. (F. 9) shows, it 
depends both on the  s i z e  of the  source and the  c h a r a c t e r i s t i c  wave 
length,  r e f l ec ted  i n  the  importance of the  neglected terms 0(n2/k2r2) 
2 2 2  
o r  r a the r  O(qnn /k r ). For a point  source $ = 0 f o r  n 2 1, and thus 
n 
the minimum distance from the  mouth beyond which Eq. ( F . l l )  appl ies  
reasonably w e l l  only depends on the  wave lengbh. However, i f  the source 
has a f i n i t e  s i z e ,  t h i s  distance is increased due t o  the  presence of 
2 the term $ n which grows with the source s i ze .  
n 
To get  an estimate of the  minimum radius R f o r  which the radia t ion 
r 
condition (F . l l )  can be used within a few percent e r r o r ,  consider the  
s impl i f ied  case of a s t r a i g h t  coas t l ine  a l l  t h e  way t o  the harbor en- 
t rance  (Fig. F2). ~ s s & n e ,  i n  addit ion,  t h a t  the  radia ted  wave 
s a t i s f i e s  the  l i n e a r  nondispersive wave equation even near the harbor 
mouth. The solut ion f o r  $ is  expressed i n  the  harmonic case as (Lamb, 
1932, Art. 305) : 
(F. 13) 
where a is the  mouth width and r t  t h e  d is tance  between a f i e l d  point 
M(x,y) and a source point  (0,n) located along t h e  entrance: 
(F. 14) 
For a small value of a/r,where r is the distance between M and 
the origin,rt is given by: 
Restricting the analysis to small values of ka a Taylor expansion 
of H' (kr') around F' = r yields: 
0 
(F. 16) 
- 
Assume that 2 can be approximated by a conetant value 2 along the 
mouth. The expression for $ becomes: 
d2H1 (kr) 
o 1 0 (P.17) ==8l(kr) + F s i n 9  ~ ' ( l c r )  + 
a 22 d (kr) 
an 
For large values of z =. kr 
(F. 18) 
(F. 19) 
Differentiating Eq. eF.17) with respect to r and using Eq. (F.18) gnd (F.19) 
?!k& can be approximated by: it is found that ar 
(F. 20) 
with a relative e r r o r :  
1 ka  Er% = Max (F. 21) 
Eq. (F.20) corresponds t o  t h e  r a d i a t i o n  condi t ion  G.11) f o r  t h e  harmonic 
case  f o r  l a r g e  va lues  of r. The r e l a t i v e  e r r o r  i n  Eq. (F.21) can a l s o  
be i n t e r p r e t e d  a s  a r e f l e c t i o n  c o e f f i c i e n t  f o r  the  r ad i a t ed  wave 
a t  t h e  r a d i a t i v e  boundary. 
For va lues  of ka l e s s  than 0.5, Eq.  (F.20) i s  v e r i f i e d  wi th in  a 
few percent  according t o  Eq. (F.21) i f  t h e  r a d i a t i v e  boundary is loca ted  
a t  a d i s t ance  from the  o r i g i n  equal  t o  0.6A where h denotes the  wave 
length .  A s  ka increases ,  t he  va lue  of k r  should b e  increased accord- 
ing ly  t o  keep t h e  r e l a t i v e  e r r o r  small a s  seen from t h e  second term of 
Eq.  (F.21). I f  ka is l a r g e r  than  0.5, Eq. (F.21) becomes inadequate t o  
es t imate  t h e  r e l a t i v e  e r r o r  and new terms should be considered i n  t h e  
Taylor expression of Eq. (F.16). But t h e  t r end  f o r  l a r g e r  values of ka 
can be i n f e r r e d  from Eq. (F.21): A s  ka increases, kr must a l s o  inc rease  
f o r  a given r e l a t i v e  e r r o r ,  u n t i l  eventua l ly  i t  reaches a va lue  f o r  
which t h e  r a d i a t i v e  condi t ion  is no longer  economical t o  use  because of 
t h e  l a r g e  region t o  d i s c r e t i z e  outs ide  t h e  harbor.  
A s  a concluding remark it can be  not iced  t h a t  t h e  reg ion  from which 
the  r ad i a t ed  wave propagates need not  be centered a t  t h e  o r i g i n  as long 
as the  order of magnitude of t h e  product kd (where d denotes t h e  dis- 
tance between the  o r ig in  and the center  of the  source) remains smaller 
than unity.  
F2. ESTIMATION OF THE RADIATED WAVE HEIGHT OUTSIDE A NLPROW MOUTHED 
HARBOR 
The po ten t i a l  function of a l i n e a r  wave radiated from t h e  entrance 
of a harbor is expressed by Eq. (F.13). Special izing t o  the  case of a 
narrow mouth, ide., ka << 1, Eq.  (F.13) can be approximated by: 
(F. 22) 
where r denotes the  distance between t h e  f i e l d  point  and t h e  center  of 
the mouth. a$/an represents  the  flow veloci ty  associated with the  
radiated wave a t  the  entrance and is estimated by 
(F. 23) 
where A denotes a typ ica l  wave amplitude ins ide  the  harbor. Since 
the  magnitude of A depends on and is usually of the  same order as the  
amplitude AI of the  incident- reflected wave system, expression (F.23) 
can a l s o  be  approximated by: 
(F. 2 4 )  
The p o t e n t i a l  function $ is  r e l a t e d  t o  t h e  amplitude As of the  
radiated wave by : 
Substituting Eqs. (F. 25) and (F. 24) into Eq. (F.22) yields: 
Noting that u = km in shallow water the following relationship 
follows : 
(F. 26) 
Eq. (F.26) provides an order of magnitude for the radiated wave rela- 
tive to the incident-reflected wave system. If for a given distance r, 
O[ka ~'(kr)] < 0(1), nonlinear interaction between the radiated and 
0 
the incident wave system can be neglected beyond that distance. This 
result is used in the analytical formulation presented in Section 3.4. 

